(a) 3xly +xy? - 18=0
d d
(6xy + 3xzay) + (y2 + 2xyay) =0

dy —6bxy-— y2
dx  3x2 + 2xy
(b) Let (a, b) be the coordinates of the point of contact.

—6ab — b
3a2 +2ab
—6ab — b* = —94* — 6ab

b =+3a

-3

When b = —3a, 3x’y + xy*> — 18 = 3a*(=3a) + a(-3a)* — 18 = =18 # 0.

When b = 3a,

3a*(3a) + a(3a)>* - 18 =0
a=1
a=1

The tangent to C at (1, 3) is parallel to the straight line 3x + y + 1 = 0.

There is only one required tangent.

The claim is disagreed.

_2(x=5) - (2x-4)(1)

@ f'(x) 32
-6
C (x-5)?
(b) The coordinates of A are (2, 0).
-6

Slope of tangent = —— = —=

(2-5)2
Required equation is

2
y-0=-3(x-2)

2x+3y—-4=0
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(b) Let (a, b) be the point of contact.

b+d4  —90a
a+4  (5+a2)?
45
(‘4+m) 4 _90a
a+4 ~ (5+a?)?

45(5 + a*) = —90a(a + 4)

135a% + 360a + 225 = 0

a=-1 or
7 dy 5
Whena——l,b—ianda—i.

The equation of tangent is

7
y——=§@+D

2
5x-2y+12=0
5 25 d 243
When a = _§’b: ﬁanday = o8
The equation of tangent is
25 243 5
ITRT) ( * 5)

243x - 98y +580 =0

(@) 101n(0 — ek) = 0% + 10
In(—ek) = 1
—ek =¢
k=-1
(b) 10In(x — y) = x> + 10

10 d
(1——y):2x
xX—y dx

dy 2
552 —2_
dx X Xy

dy x> +xy+5

d 0+55
y

AtA (0, —e), = = —= =
( ¢ dx 5

Required equation is

1.

y+e=1(x-0)
x—-y—e=0
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%(zbc +y?) = %(16)

d

4+2ﬁ§=0
dy 2
.

Let the coordinates of the point of contact of L and the curve be (a, b).

b-0 2
a-8 b

b’ =16-2a

(16 — 4a) = 16 - 2a

a=0

The coordinates of the point of contact are (0, 4) and (0, —4).
Equation of tangent to the curve at (0, 4) is
2
—4=—(x-0
y 10-0
X
=—=+4
)
Equation of tangent to the curve at (0, —4) is

2
y+4:—@(x—0)

X
~X 4
Y=3

TheequationofLisy:—§+4ory:3_4,

3t —xy-y*=9

d d
6x—(y+x—y)—2y—y=0

dx dx
dy _6x-y
dr  x+2y
Let (a, b) be the point of contact.
6a—-b 5
a+2b 3
18a —3b = 5a + 10b
13a = 13b
a=b>b

Put a = b into 3a® — ab — b* = 9.
36> -a*>-d*>=9
a’>=9
a==+3

The points of contact are (3, 3) and (-3, —3).
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Required equations are

y—3=§(x—3) and y+3=§(x+3)
5x-3y-6=9 5x-3y+6=0
gx—y = %(xz—m)—%(zx)
3 X
CVAaZ-16
Let (a, b) be the point of contact.
b+2 a
a-2 viZ_16
\/Mw_ a
a-2 VaZ_16
(a®> = 16) + 2Va? — 16 = a* - 2a
a’?-16=8-a
a*—16 = a® — 16a + 64
16a —80=0
a=>5

Required equation is
y+2= L(x -2)
V52— 16
5x-3y-16=0

(a) ¥y-3x+1=0

d
(3x2y +x3ay) -3=0
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(b) Let (a, b) be the coordinates of the point of contact.
b-7 3-3a%

IM
2 3
a+ 3 a
a’b—7a* = 3a-3a’b +2 - 2a%b
4a*h —7a® = 3a +2 - 24%b
3a-1
4(3a 1) - 7d3 =3a+2—2( a )
a
12a> = 4a - 7a* =3a*> +2a - 2(3a - 1)
~7a* +9a*-2=0
2
a*=1 or =
7
2
a==x1 or =*4/= 1M
7
2 21 7V14 \/E 21 TV14
h =(1,2 -1, 4 - = - — /= =—+—|. M
We have (a, b) = (1, 2) or (-1, )or(\/;,2 7 )or( 7,2+ 2 )
Note that the slopes of tangents at four points are different.
2
There are four distinct tangents to C which passes through the point (—5, 7).
The claim is disagreed. 1A

Remarks:

Candidates are expected to mention that the tangents at four points of contact are distinct before
arriving at the conclusion.

It may happen that the tangent to the curve at certain point touches the curve again at another point.

x2:y2—25
dy
2x = 2y— M
X ydx
dy x
dr
Let P (a, b) be the point of contact.
a b-1
I M
b a+1
a>+a=b*-b
(b*-25)+a=0b*-b
a=25-b M
The point (25 — b, b) lieson C.
(25-b)> =bp*-25
b* — 50b + 625 = b* - 25
b=13
12
Whenb:13,a:12andd—y— 1M

dx 13



Required equation is
12
-1l=—=(x+1
y e+

12x =13y +25=0

10. (a) a)’ _ _e—3x—2 —xe_3x_2(6x_3)
= —e_3"_2(6x_2 +1)
Py e 3 —3x72 -3
@=e (6x2)(6x ™"+ 1) —e (-12x77)
= 6x_3e_3x72(1 —6x7%)
d?y
®) el
6x_3e_3x_2(1 —6x ) =0
6
1 - ; = 0
=6
x=+V6
X x<-Vo -V6<x <0 0<x<Vo x>V6
2
y - + - +
dx2

3
The graph of y = —xe »? has two points of inflexion.

The claim is disagreed.

11. (a) Vertical asymptote is x = 1.
x-2
(x=1)2

Oblique asymptote is y = 2x — 1.
(x-D2=2(x-2)(x-1)

r(x) =2x—-1+

(b) ir()c) =2+

dx (x=1)*
-x+3
ooy —(x— 13 -3(—x+3)(x - 1)?
© r(x)= —
_ 2x-8
S (x-1?
_2(x—-4)
(-1

When r”’(x) = 0, x = 4.
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12. (a)

(b)

13. (a)

(b)

14. (a)

X

l<x<4

r// (x)

There is only one point of inflexion at x = 4.

The claim is agreed.

Vertical asymptote is x = 2.

_ ?-3x+4

Y x-2

=2x+1+

x—=2

Oblique asymptote is y = 2x + 1.

C cuts the y-axis at (0, —2).

dy 6
A
dx (x —2)2
dy 6
- =2_
dx |, (0-2)2
1
2
Required equation is
1
y+2= E(x -0)
x-2y-4=0

Maximum point is (0, —1).
Minimum point is (2, 3).
(Shape of the graph)

(All correct)

(2, 3)

=N

_ —sin(Inx)

dy
dx X
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2y cos(Inx) (%) + sin(In x)

dx2? x2
_sin(Inx) — cos(Inx)
- 2

x
(b) When f”(x) =0, sin(Inx) — cos(Inx) = 0.

sin(In x) = cos(In x)

tan(lnx) = 0
3n T
Inx=—— or -—
4
_3n L
XxX=e 4 or e*
- _3z _3z ks ks P
X e T<x<e 4 e r <x<e* e+ <x<e
dzy
—_— + - +
dx2

. . . _3z z .
There are two points of inflexion at x = e~ 4 and x = e 4 respectively.

The claim is agreed.

15. (a) Vertical asymptote is x = 1.

Horizontal asymptote is y = 4.

(b) (Correct shape)
(Maximum point, intercepts)

(Al correct)
(=1, ¢) Ya

SR N

(¢) Wehave f(x) > 0.
Thus,x <aorx > b.
From the graph above, we have f(x) < c.
y2 <c

—Ve < yvVe

16. (a) Vertical asymptotes are x = 1 and x = 4.

Horizontal asymptote is y = 0.

M

1A

IM

IM

1A

1A
1A

1A
1A
1A

1A

1A

1A
1A



A(x? —5x +4) - Ax(2x - 5)
(x2 = 5x +4)?

_ —AX? +4A

C (x2—5x+4)2

5
The graph of y = f’(x) passes through (3, —5).

(b @ f(x)=

5 -9A+4A

2 (9-15+4)?

A=2

, —2x2+8
Thus,f (X) = m

o 2(x+2)(x-2)
@ 0 = g

When f’(x) =0,x = -2 or 2.

X x <=2 2<x<1 l<x<?2 2<x<4 x>4
ro o - + + - -
The maximum point is (2, —2).
, (x —4)(2x) —x*(1)
17. =
@ f(x) 4
B x% - 8x
S (x—4)2
x2 - 8x
b) ——— =0
®
x=0 or 8
X x<0 O0<x<4 4<x<8 x>8
1 (x) + - +

f(0) =3and f(8) =19
The local maximum is 3 and the local minimum is 19.
(c) Vertical asymptote is x = 4.

x2

fx) =3+ 1

16
x_

X

=x+7+

Oblique asymptote is y = x + 7.
The claim is disagreed.
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18. (a)

(b)

19. (a)

f(x) =3 +3x° -4
£/ (x) = 3x% + 6x

=3x(x+2)
f(x)=6x+6

=6(x+1)
When f'(x) =0,x =0 or -2.

X x <=2 -2<x<0 x>0
1/ (x) + +
The maximum point is (-2, 0).
The minimum point is (0, —4).
When f”(x) =0,x = —1.
X x < -1 x> -1
I (x) - +
The point of inflexion is (-1, —2).
(Correct shape)
(Al correct)
A
y=f(x)
SN (=2x = 3)(x — 1) = (=x% = 3x)(1)

f (X) - (x _ 1)2

_—(x=3)(x+ 1)

o (x-1)?
When f'(x) =0,x = -1 or 3.

X x < -1 -I<x<1 l<x<3 x >3
() - ¥ ¥ -

The maximum point is (3, —9).

(b) The vertical asymptote is x = 1.

f@)= x4
x—1
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20. (a)

(b)

21. (a)

(b)

The oblique asymptote is y = —x — 4.

d
ay =(4- 6x)62x + (4x - 3x2)(2e2")
= (4 + 2x — 6x%) &>
dzy 2x 2 2x
Fi (2-12x)e”™ + (4 + 2x — 6x°) (2¢™)
= (10 — 8x — 12x%) e

dzy

When — =0,
dx2
—12x* -8x+10=0
6x* +4x-5=0
4+ 42 - 4(6)(-5)
T 2(6)
2+ V34
6
—2-34 -2-34 —2+34 -2 +34
X x < <x< x> —
6 6 6 6
2
&y _ ' _
dx2
, o -2 +34 -2-34 _
There are two points of inflexion at x = 5 and x = 5 respectively.

The claim is agreed.

Vertical asymptote is x = =2.

f(x)zx—4+)%

Oblique asymptote is y = x — 4.

by _,__9
dr — (x+2)?
Put f'(x) = -8.
9
T i
(x+2)2 =1

x=-1 or -3

The points of contact are (-1, 4) and (-3, —16).
At the point (-1, 4), the equation of tangent is

y—4=-8(x+1)
8x+y+4=0
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22. (a)

(b)

(©

(d)

At the point (-3, —16), the equation of tangent is

y+16 = —8(x +3)

8x+y+40=0

f(=4)=-5

(-*+a(-4)+b _
—4+2

—4a+b=-6

-5

f'x) =

2x +a)(x +2) — (x> +ax + b)(1)

(x +2)2

_x2+4x+2a—b
B (x +2)2

f(-4)=0
(-4)?+4(-4)+2a-b _

(-4 +2)2

2a-b=0

Solving, we have a = 3 and b = 6.

Vertical asymptote is x = —2.

f(x)=x+1+i
x

+2

Oblique asymptote is y =

x+ 1.

X2+ 4x _x(x+4)

=002~ Grae
When f'(x) =0,x =0 or —4.
X x <-4 -4 <x<-2 -2<x<0 x>0
() + - - +

Maximum point is (-4, —=5).

Minimum point is (0, 3).

(Shape)
(All correct)
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23. (a)

(b)

©)

(d)

(_4» _5)

Vertical asymptote is x = 3.

C2(x-1)°
ARCEEE

16

=2x+6+

Oblique asymptote is y = 2x + 6.

) 24 32
L e A
C2x-DXx-7)

S (x-3)p
When f'(x) =0,x=1or7.

+
x-3 (x-3)2

X x <1

l<x<3

3<x<7

x>7

f'(x) +

Minimum point is (7, 27).
No maximum point.
., 48 94
S = G Y Gy
_48(x—1)
C(x-3)
When f”(x) =0,x = 1.

X x<1

l<x<3

J7(x) -

Point of inflexion is (1, 0).
(Asymptote)

(Shape)

(All correct)
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y=f(x)
(7, 27)
2l . J
ol 1
24. (a) Vertical asymptote is x = 6.
x?—2x—15
fx) = ———
x—06
=x+4+
x —
Oblique asymptote is y = x + 4.
b)) fx)=x+4+
x —
, 9
fi(x) = m
X2 12x+27
(x - 6)
_ (x=-3)x-9)
o (x-6)?
When f’(x) =0,x =3 o0r9.
X x<3 3<x<6 6<x<9 x>9
£/() + - - +

The maximum point is (3, 4).

The minimum point is (9, 16).

rev g9
ooy 18
() = Go6p

Note that f”'(x) # 0 for all x # 6.
G has no points of inflexion.

The claim is agreed.

(d) (Correct shape)
(Asymptotes)
(All correct)
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25. (a)

(b)

(©

(d)

(3, 4)

2T

(9, 16)

_3 o

(2x + k)(x = 1) — (x2 + kx — 2)(1)

f(x) = e
3 x2-2x+3-k
(x = 1)?
f(=1)=0
(-1)?=2(-1)+2-k=0
k=5

We have f'(x) = al

2—2x—3_ (x=3)(x+1)

When f’(x) =0,x = —1or3.
Thus, h = 3.

Maximum point is (-1, 3).
Minimum point is (3, 11).
No point of inflexion.

Vertical asymptote is x = 1.

x2+5x-2

flo) = =%

4
=x+6+ ——
x—1
Oblique asymptote is y = x + 6.

y-intercept is 2.

(Maximum points, minimum points)
(Asymptotes)

(All correct)

(k-1 (x-1)?
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(3, 11)

(_l’ 3)

26. (a) x>=AC?>-17
= (12+12-2(1)(1) cosd) — 1

x=7VI1-=2cos0
dx 1 dée
(b) E=E(21—200396)_%(125in6)5
JT
Pute—?anda—m.
1

de 1 2r\ 2 2r\ (1
a—z(l‘m?) (2““?)(5)
de _ V6
dr ~ 40

6
Required rate is Z—; m/s.

27. (a) y=10e™"
v
w_ vV
“ "0
w=—In—
The coordinates of D and E are (0, v) and (0, 10).

1 v
Area of APDE = 3 (—ln E) (10 -v)

1 v
= E(V - 10) In E
(b) v=10e™"
dv_ —lOe_”d—u
dr t
Let S square units be the area of APDE.

v
10
dS_l[v—lO i v}dv

a "2y Tl

1
S = E(v —10)1In

16
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28. (a)

(b)

Put u = In2 and du _ 1, we have v = 10~ "2 = 5 and d_ —10e~"2 x
de 5 dr
ds 1[5-10 5
a2 T“f‘m](‘”
_1+In2
2
1+In2

Required rate is square units per second.
d 1 d
We have a(lnx) == and a(e") =e”.

ex=l
u

x=—Inu
1
When x = —Inu,y = —.
u
Required equation is

1 1
y——=—(x+Inu)
u u

x Inu+1
y=-—+
u

u
The coordinates of P and Q are (u, Inu) and (u, e") respectively.
OP? = u? + (Inu)?
dop? ( 21nu) du
=|2u+

dr u dr
2
Putu=2andd0P =2
dr
2:(4 21n2)d_u
2 t
du_ 2
dr  4+In2
Let A be the area of AOPQ.

1
A= Eu(e” —Inu)

A _1 [(e”—lnu)+u(e“—i)} du

dr 2 dr
dA 1 , , 1 2
— == —In2)+2|e? - =
ar,_, 2[(e n2)+ (e 2) 4+In2
_3e2—1n2—1
4+ 1In2
3¢2-In2-1

Required rate is square unit per second.

4+1In2

17
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29. (a) Letrcm be the radius of the water surface.
r_ 10
h V262 - 10°
5h
12

2

Sh Sh
A=n|=]1[n2+ =
(e ()

(Sh) 169h2
=7

r

12 144

(b) =nm

dA 65 dh
a - 72"
= gn(u) (9)
n=12 12 d
=65

Required rate is 65 cm7s.

dA
dr

1
30. (a) V=§7r(htan60°)2h

(b) — =3nh"—

dh 1
dt &

1
The water level is falling at a rate of —— cm/s.
Vs
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31. (a) Let A be the area of the circle.

2
A:(_Vuz”z) _

2
_7rS
4

dA _ ndS

dr 4 dr

7 dS
dr = ==
TTaw
ds

— =16

dr

S increases at a constant rate.

(b  S=u*+3%72

ds du
e ] 2 2u-2 1 -
5 [2u +2(3**7%) In3] 5
Putu =1.
du
16 =(2+2In3)—
( n )dt
du 3 8
dt  1+In3
Let B be the area of AOPQ.
3u_3u—1
B:(—2 )u
=u(3”_1)
dB du
P 3u—1 3u—1 1 3 el
ar - 37w Thins]
du 8
P =1 — = .
utw="land 35 = 7903
dB
— =(1+1
TR P

=38

Required rate is 8 square units per second.

2u
32. (a) The coordinates of P are (u, %)

Let the coordinates of R be (r, 0).

2u

e

0 2 _ 2u
=e

r—u

r=u-—=

2

19



The coordinates of R are (u — %, 0).

(b) The coordinates of Q are (u, cos (2u + %))

b4 1
2 —):--
cos(u+3 3
T 2
2u+ - =—
“T3T3

T

u=—

6

Let A square units be the area of APQR at time ¢ s.

1 [e™ 1
A=§>%—cos(2u+%) [u—(u—i)}
1,
= 3 »eZ“ —2cos (2u + %)]
dA 1 d
= =5 |2e™ +4sin (2u+%)] d—bt’
1[. « 27 d
0.5= »2e? +4sin ?’T] d—bt‘
du_ 2
dt ¢37 +3

Required rate is —;

e?+\/§

unit per second.

1
33. Volume of the pyramid = 5(4)2(6)

=32cm’
Consider when the container is half filled with water.
n\3
16=32|—=
9
h =108

Consider the relationship between V and h.

Let ¢ s be the time elapsed since the water is poured into the container.

h3

V—32X(6)
T
27

dv _ 4h* dh

dr 9 dr

Put % =0.08 and & = V108.

av 4(~\108)2
dr 9
~ 0.806

(0.08)

Required rate is 0.806 cm7s.
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34. (a V=

(® ©

(i)

35. (a) Letrcm be the radius of the water surface in the container.

1 h\?
3

B
16"

Required volume

3
= —x(12> - 10°
167 )

_273x .
)

Let H cm be the depth of oil at time 7 s.

3 ., 2B 3 ;

Eﬂ'h + 7 - 167T(h+H)
dh

271}12—:

16 dr

dh dH
dr  dr

19—6yr(h + H)? (— +
Puth = 1.
3 273 3

+ — —

6T 2 T 16"

(1+H)> =729
H=38

(1+H)?

Puthzl,H:Sand%:—O.Z.

9 9 dH

—7(1)%(=0.2) = —n(1 202+ —

1677()(0) 167r(+8)(0 +dt)
dH 16

dr 81

16
Required rate is 30 cm/s.

;
— = tan30°
h an
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When h = 4,
Vi

V==Ch
9
v w  , dh
T 9B
b8 dh
87 = — (48)—
=W
an_3
dt 2
Also,
ar _ (4x,\ an
de \3 ) dr
_lor (3
T3 \2
=8r

Required rate is 877 cm7s.

36. (a) tanf =tan(LARQ + ZBRQ)

_ tan ZARQ + tan ZBRQ

" 1-tan ZARQ tan ZABQ

100 y
T00+x * 100

1- (1(%8&) (%)
10000 + 100y + xy
100(100 + x — y)
(b) (i) Whent=0,wehavex =y =0.
10000 + 100(0) + (0)(0)
B 100(100 + 0 — 0)

tan 0

=1

The value of 6 remains unchanged.

10000 + 100y + xy |
100(100 +x —y)

10000 + 100y + xy = 10000 + 100x — 100y
200y + xy = 100x

_ 100x
Y= X +200
. dy 100(x +200) — 100x dx
(i) — = X —
dr (x +200)2 dr

20000 dx

—F X
(x +200)2 " dr
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When 7 = 50, x = 4(50) = 200.
dy _ 20000  dx
dr (200 +200)2 ~ dt

1
=-x4

| — oo

1
Required speed is 3 m/s.

37. (@) y=2e?
dy _

Q
(13

Let the coordinates of R be (r, 0).
0-2e?2

r—u

—e?
—2=r—-u
r=u-—2
The coordinates of R are (u — 2, 0).

(b) Let A be the area of APQOR.

(2e% —In(2u))(2)
- 2
=2e? —In(2u)
dA _( 4 1) du

A

a \C Tular

1
When Q lies on the x-axis, u = 3

I du
0.5 = (ef-2)
¢ dr
du 1
dr - 2(ei -2)
Required rate is 1 unit per second.
2(e* —2)

38. (a) Let A be the area of the circle.

A= (a*+b))n
=Sr
dA ds
—_— =T —
dr dr
ds
dn = m1—
T T dl‘
ds
|
dr
>0
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S increases at a constant rate.

(b) Let B be the area of AOPQ.

1
B = _a(ea+1 _ea)

2
_ae(e-1)
B 2
dB _ae“(e—1)+e“(e—1) da
de 2 dr
ds
F ,— =4.
rom (a) ”
disy .2
£ +b)=4
dt(a
da db
2a— +2b— =4
T dt
da
2a— +2e% - e*— =4
a3 +2e - e o
da 2
dt  a+e2a
Put ¢ = 3.
dB B+ 1)(e-1) 2
dr 2 3+e
_4e3(e—1)
346
4e3(e —1)

Required rate is 3
+e

39. (a) y=e !

dy _ x+1
¢ .
Let (g, 0) be the coordinates of Q.
0-— eu+1 _ eu+1
qg-—u
g=u-1

The x-coordinate of Q is u — 1.

(b) OP* = u* + (e"*)?
2 4 o2
d du
—(0P?) = (2u+2e2+2) £
dt( uwee dr
du
8 = (2u +2e™*%)—
%
Put u = 2, we have & e
df 24 e

24

square units per second.
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40. (a)
(b)
41. (a)

Let A square units be the area of AOPQ.

A= 5= 1))

dA 1 u+l u+l u+l du
- = + — -
dr 2(6 e ¢ )dt
_1 u+1du
BT
du 4
Putu =2 and — = .
utu an dr  2+e¢°
dA 1 4
= =226
i 2% s
B 4¢3
T 24 ef

3

Required rate is
q 2+ b

Let A be the area of AOPQ.
A= %ue“_1
% = % (e“_l + ue“_l) i—btt
2= %e“_l(l + u)((ii—btt
du 4

dr et (1 +u)

Let p units be the perimeter of AOPQ.

p=u+e" VU2 42D

dp B
dr
Whenu:l,d—uzL=2
dr (1 +1)
Pl laeen 12429 @
dr 2

=2(2+V2)

Required rate is 2(2 + V?2) units per second.

Let 4 cm be the depth of water in the vessel.

I"_tnﬂ'
oG

h=V3r

A= ﬂr\/(\/gr)z +r2

= 2772

square units per second.

25
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(b) LetV cm’ be the volume of water in the vessel.

1
57rr2(\/§r) =192r

r=4V3
A =2nr?
dA dr
5—471'1’)(5
dr
—8m =4nr X —
n nr m
dr_ 2
R
Whenr=4\/§,

V= %71’1’2(\/5}’)

dav ,dr
E—\/gﬂ'r a
2
= V3n(4V3)? [-——=
Var(4v3) ( 4x/§)
= -24n

The volume of water is decreasing at a rate of 247 cms.

42. (a) Letrcm be the radius of the water surface.

r—=6 3 h
10-6 12
h+18
ry =
3

Consider the volume of the water.

o, (k18] (h+18)
V—3h[6 +6( 3 )+( 3

T
= —h(h* + 54h + 972
>7 ( )

- 2”—7(;13 +54h% + 972h)

® O V= %(iﬁ + 5412 +972h)
av _

dr

b4 dh

= —(h* + 36h + 324)—

9( M * )dt

T dh
— (3Kh% + 108K + 972) —
27 3h+ 108R +972)

When the radius of the water surface equals the depth of water,

_h+18
3
3h=h+18

h=9

h

26

IM

1A

M

1A

IM

M

IM



When (:1—‘; =—10rand h =9,

T dh
—107 = = (9% + 36(9) + 324) —
n 9( +36(9) + )dt

ah __10
dr 81

10
Required rate is ~31 cm/s.

.. dv dh
(i) When Fri —107m and i —0.144,

~107 = g(hz +36h + 324)(—0.144)

625 = h? + 36h + 324
0 = h* +36h — 301
h=7 or —43(rejected)

When h =12,V :977%4%71. 284
When h =7,V = d il

More than half of the water in the container has been pumped out.

The claim is agreed.

43. (a) x2+y2—2xycosg - 13

x2+y2—xy=13

(b) Whenx =3,
32 +y? -3y =13
Y’ =3y-4=0
y=4 or -1 (rejected)

dx 1
Putx=3,y=4and — = ——.
ut x y an gP 3

dy (2(3)-4\( 1
dr - (3 —2<4>) (‘5)

N | —

1
Required rate is 3 m/s.

2
44. (a) (g) +y? =132

x* +4y? = 676
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(b) When y = 12, we have x = 10.

i()c2 + 4y2) = %(676)

dy
Pt :10, :12 d—:
ut x y an ar

dr 1
10<5 4 4(12) (=] =0
a T4 )(3)

d« 8
a5
Let S m? be the area of AABH.
S = %xy
dS 1 dx dy
&2 (ya ”a)

CRER

1
Required rate is T m7s.

()

u
2

S

PO =¢

=e? te”
Let A square units be the area of the rectangle POSR.

dr 2 2 dr
When u = 2,
2= (ere) (e G
e“=|le+e +(e—e —
dr
du e
dr 2

. . e . .
Required rate is 3 units per minute.

(b) Let p units be the perimeter of the rectangle PQSR.
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46. (a)

(b)

When u =

(H )(g)

2
e__

2 2
&2 1

Required rate is > +e— 3 units per minute.

Let r cm be the radius of the water surface in the vessel.

We have r = htan% = V3h

A = n(V3h)\h?2 + (V3h)2
= 2V3rh?

When the volume of water in the vessel is 2167 cm”.

1
3n(\@h)zh = 2167
h=6
From (a), we have A = 2V3nh?.

A
A _ 4\/§7rhc(11—}tl

dr
A
Put d— =—12mrand h = 6.
dr
—127n = 4\/_77(6)—
dh _ V3
a6

3
Required rate is —% cm/s.

47. (Cancelled)

48. (a)

y=8e""
dy _
= — _ge X
¢
Let the coordinates of R be (r, 0).
e ™ -0
- g
u-r
r=u+1

The coordinates of R are (u + 1, 0).
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(b) When the y-coordinate of Q is —1,

-1 =2sin2u
g
u=——
"6
n
U=—-——
12

Let A be the area of APQOR.

4 L+ D) —ul[8e™ —2sin2u]

2
=4e™ —sin2u
dA d
i (-4e™ —2cos 2u)d—L;
n -] du
-/ = —4 7 — 2 _ —
e cos @
du 2
dt 4efz +43
2
Required rate is — per second.
deT: +V3

49. (a) PO =Vul+64++(u-9)2+16
dPQ _ u N u-9
de V2164 Jw-92+16
B u\/m + (u - 9)\/m
- Vi + 64/t —9)2 + 16
W [(u—9)2+16] — (u—9)%(u* + 64)

) Vi + 644/ (u — 9)2 + 16(ur/(u — 9)% + 16 — (u — 9) Vu? + 64)
—48(u — 6)(u — 18)

Vs 644/ (1 —9)2 + 16(ur/(u — 9)2 + 16 — (u — 9) Vu? + 64)
dPQ
For

=0, we have u = 6.
Thus, we have a = 6.

(b) (1) Let A square units be the area of the rectangle POSR.

A =uPQ
dA dPQ
= _p
du Q+M du
When u = 6,
dA
d_=\/62+64+ (6-9)%2+16+6(0)
u
=15+0

Hence, A does not attains its minimum value when u = 6.

The claim is disagreed.
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50. (a)

(i)

OP = \u? + (u? + 64)

= V2u? + 64

dOP 2u du

dt V22 + 64 dr
When u = 6,

. 2(6) ( du

V2(6)2 + 64 \ df
) _ava

dr u=6

)

Let w units be the perimeter of the rectangle POSR.

w=2(u+ PQ)
dw du dPQ du
PR I R

When u = 6,
d
d—vt” = 2(2V34) + 2(0)(2V34)
u=6
=434

Required rate is 434 units per second.

[(1 —sin8) + 1](2 — cos0)

AO) = g
_ (2-5sin6)(2 - cos h)
- 2
dfc\l(:) =~ [(=cos0)(2 - cos 0) + (2 — sin ) (sin )]

[2(sin 6 — cos ) — (sin” 6 — cos® 6)]

(sinf — cos 0)(2 — sin @ — cos )

D= N =N =

(b) (1) For0<#6< g,we have sinf < 1 and cos 9 < 1.

(i)

2—-sinf@—-cosf§>2-1-1
2—sinf —cosf >0
When A(6) =0,

sing —cos@ =0

tan@ = 1
9_71'
T4
6 0<0<7T 7T<6<7T
4 4 2
dA(6)
S do B *
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.. .. T
A(0) attains its minimum value at § = 1

Required value

= % (2—sin%) (2—cos%)
_9-4\2
4

(c) Letts be the time.

dA(0) _ dA(6) o

dr de dr
T de 1
WhenH—ganda——E,
dA() l(s'nﬂ cosﬂ) (2 s'n7r cosﬂ) !
= —(sin= — - —sin = — = |l-—
dr 2 3 3 3 3
1 V3-1 4-43-1 (1
22 2 10
_3-2v3
40
3-2vV3
Required rate is V3 m7s.

51. (a) The coordinates of A and B are (h, (h—18)% + 100) and (h,

AB = (h—18)> + 100 — (-h* + 12)
= h* + h* = 36h + 412

dAB
=43 +2h -
i + 36
=2(h-2)(2h* + 4h +9)
dAB
When AB attains its minimum value, I =0.

(h—2)(2h* +4h+9) =0
h=2 or 2R’ +4h+9=0

10

Consider the equation 2h> + 4h +9 = 0, A = 4> — 4(2)(9) = —56 < 0.

The equation has no real roots.

Thus, we have a = 2.
(b) (i) Let p units be the perimeter of the rectangle ABDC.

p=2(AB+h)

dp _dAB
an s an T

9ol o0y +2

il
=240

p does not attains its minimum value when 2 = 2.

32
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The claim is disagreed.

(ii) OB = Vh? + (=h* + 12)?
dOB _ 2h+2(=h* +12)(-4h?)
dh 2R+ (i + 12)2
dOB| _ 4+2(-16+12)(-32)

dh

h=2 234+ (=16 + 12)2

6

V5
dOB _dOB dh

12V5
65

dt ~ dh dr
65\ dh
-12 = (_) -
V5/ dr o
dn| 125
dt|,_, 65
Let S square units be the area of the rectangle ABDC.
S = (AB)h
ds dAB dh
— =h— + AB—
dr dr " dr
ds 492
— =2(0)+ [27" +2°-36(2) +412] |-
dr |,_,
8645
13

Required rate is —

52. (@) (1) (2, 16) is a stationary point of Cj.
y = ax + bx®
gx—y =a +3bx>
0=ua+3b(2)>
(2, 16) is a point on Cj.
16 = 2a + b(2)*

Solving, we have a = 12 and b = —1.

(ii) =12 3x2
d2
S o 6x
dx2
2
D _ <o
dx2 x=2
Thus, (2, 16) is a maximum point of Cj.
d?y
(i11) When w2 =0,x=0.

33
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53. (a) ZPOQ =

X x<0

d2y
dx2

Point of inflexion is (0, 0).

® @) PQ:(12r—r3)—1n(12r—r3)

=12r —r3 - ln(12r - r3)
(i) Let A square units be the area of AOPQ.

A= %r[12r — % —n(12r - 7%)]
= %[121*2 —rt- rln(er - r3)]
% - % [24r — 4 - ln(12r - r3)
‘il_’: = % [24(2) -42° - 1n(12(2) - 2°)

=32-2Inl6

Required rate is 32 — 2 1n 16 square units per minute.

T
2 T T
ZOQP=q-=-0==-0
QP =m-3 T2
4QCR:n—2(§—9):29
20 1
A :n(l)zxﬂ—i(l)zsmze
1
:9—§sin29
2
xX=—
tan 6
When x = 2V3,
2
2V3= —
tan 6
s
6="=
6
. . 2
Consider the equation x = —.
tan 6
tanf = —
X
do 2 dx
2
00— =—-—
T x2 dr
, mdo 2
sec” —— = — (-2)
6 dr (2V3)?2
o 1
dt 4

34
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1
Consider the equation A = 6 — 3 sin 26.

dA dé do
= _ 20—
dr dr €08 6]dt
—l—cosﬂ 1
T4 3 4
_1
~ 8

1
Required rate is 3 m/s?.

54. (a) The coordinates of S are (a, e“2+“).

2

y — ex +x
d
Ey = (2 £ 1)
Let (r, 0) be the coordinates of R.
2
0 — e¢ +a
=g 4 1)
r—a
1
r=a-
2a + 1
1 1 2
A — _ _ a“+a
®) 2 | (a 2a+1)€
ea +a
“2Q2a+1)
dA _ e®*(2a+ 1)(2a + 1) — e'+4(2)
da 2(2a +1)2
a’+a 1 1
=e e —
2 (2a+1)?
(¢) Note that ST = edra,
d
—(ST) <2
557

d
e+ (24 + 1)d—6t’ <2

da 2
dt = (2a + 1)ea’+a
11 1
Note that for a > 35" —(2a 12 >0
dA dA da
dr  da dr
_ g+ [1 1 | da
2 (2a+1)?] dt
< ea2+a [l _ 1 . 2
= 2 (2a+1)2] (2a+ 1)ea*+a
dA 1 2

- < _
dt “2a+1 (Qa+1)3
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2

+1 a+1)3%

, 2 12

) == T Gar 1
_ —2(4a* +4a -5)

Let f(a) = 7

(2a + 1)*
-1 6 -1-+v6
When f'(a) =0,a = ; V6 or — V6 (rejected).
L V6 J ol V6
“ 2~ 2 . 2
f'(a) + -
1=
Maximum value of f(a) is f( 7 \/6) = ? <0.3.
dA
We have T < f(a) <0.3.
The claim is agreed.
) V3Z+x2 20-4-x V32442
55. (@ (1) T= + +
10 24 ( 600 )
16—x
V9 +x2 x4
10 20 5
g oL T
dx 10 2494142 20
__x 1
%1(7)3/9 +2 20
When — =0,
o 1
10V9 +x2 20
(2x)% = (V9 + x2)2
X2 =3
x=V3 or —-V3 (rejected)
X 0<x<V3 V3<x<16
dr .
dx
T attains its minimum at x = V3.
Minimum value of T = o+3 — ﬁ + 4—1
10 2 5
_3V3+16
20
SM =v32+3
=VI2km
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(b)

56. (a)

(b)

(i) SC=(V12)(¥3) = 6km

(i)

1
Volume of the pyramid = 5(12)2(6) =288 cm’.

CN =32+ (16 - 6)2 = V109 km
3 10

dr

sin 8 = and cos 8 = Nch
RN CN
sina sin ZCRN
RN = '\/@sina
sin(r —a — )
3 V109 sin
~ sin(a + B)
3 109 sin
~ sinacos 8 + sin B cos «
3 V109 sin &
sin (\/%) + cosa (\/%@)
_109tan«
~ 10tana +3
dRN _ 109secza(10tanaf +3)—10sec’atana da
dr (10tan a + 3)2
327 sec? @ da
" (10tana +3)2 dr
RN _ 24
dr 3600 150
327 sec? 1 da
7150~ (10tan1+3)2 dr
da
m ~ —0.0021

Required rate is —0.0021 rad/s.

Volume of pyramid below water surface

|

= 2[6-(6-m1[6

4

4n3

6—h)3

=5 - 24h% + 144k

4h3
vV =12n* - (T —24h% + 144h)

dv

4
=24h% - —1?
3
dh dh
— = 48h— — 4h>—
dr dr

dt

24+6(6-h)+(6-h)?%
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Put — =1,
4 dr
YV 48h— a2 > 140
dr
—4h% +48h — 140 > 0 M

S<h<7 1M

dv
h < 5 by considering the height of the container. It is not possible to have T > 140.

The claim is disagreed. 1A

av
(c) Put e —(12=h)(nh + 1)?,

dh
—(12=h)(nh+1)> = (48h—4h2)a M
dh  (Inh+1)>?
dr 4h
d (an) 20nk+1) (%) (h) = (Inh + 1) N
dh\dt) —4h?
_ (Inh+1)(Inh-1)
- 4h2
d (dh
When — [— | =0
N dn (dt ) ’
Inh=+1
1
h=e or -
e
111
h O<h<-|-<h<e|le<h<5
e | e
IM
d (dh
— | — + - +
dh \ dr
2
dil gana ¥ —_lq 4 _(nS+D7
When depth of water decreases from 5 cm to e cm, the rate of change of the depth of water
In5+1)2 1
decreases from —% cm/s to a local minimum —— cm/s. 1M
e
1
When the depth of water decreases from e cm to — cm, the rate of change of the depth of water

e

) 1 .
increases from —— cm/s to a local maximum O cm/s.
e

1
When the depth of water decreases from — cm to O cm, the rate of change of the depth of water
e

decreases indefinitely. 1A

57. (a) AD =2cos@+2+2cosf 1M
= (4cosf+2)m

38



1
V= E(AD + BC)(BX)| (5)
1
= 5(40059 +2+2)(2sin6)(5)
= 20(sin § cos 6 + sin ) m>
dv . .
(b) i 20[sin 8(—sin @) + (cos ) cos 8 + cos 0]
= 20(=(1 = cos? ) + cos’ 6 + cos 0)
=20(2cos’ 6 + cos 6 — 1)
=20(2cosf —1)(cosf + 1)
dv
When — =0,
en 9
1 .
cosf = 3 or — 1 (rejected)
g~
3
0 0<0< d dl <6< T
3 3 2
dv
[ + —
do
. . n
V is maximum at 6 = 3

Required value of 6 is —.

(© ®

Wl

Let #m and Y m? be the depth of water and the volume of water.

Consider the cross section of the water in the plane ABCD.

Length of water surface

h h
= —+2+ —~
tan§ tang
2h
=|l—+2| m
5
Consider the volume of water.
= 1(2h+2+2)(h)](5)
2\vV3
2
:&+10h
V3
dw 10h dh
(== 510] =
d (\/§+ )dt
5= 10 ﬁ + 10 dn
V3l 2 dr
dn _ 1
dt 3

1
Required rate is 3 m/h.
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(i1) Area of the water surface

=(%+2)x5
280

Note that m 1S a constant.

dw _ (10h dh
— =(—=+10|—
dr V3 dr

dh
= (area of water surface) m

The claim is agreed.

58. (a) The coordinates of P are (r, In(2r + 1)).

y=In2x+1)
dy 2
dr  2x+1
Let (¢, 0) be the coordinates of Q.
0-In(2r +1) _ g 2
q-r 2r +1
2In(2r +1)
r+1 17
_2In(2r +1)

2r+1
(b) Let A be the area of APQOR.

1]({2In(2r +1
A= 3 [(%+r) —r|In(2r + 1)
_ [In(2r + 1)]?
B 2r +1
4 @D [%ﬂ”’] — [In(2r + 1)]*(2)
dr (2r +1)2
_2In(2r + D[22 -1In(2r + 1)]
B (2r + 1)2
When da =0,
dr
In2r+1)=0 or 2
21
r =0 (rejected) or >
O0<r< e -1 > i
r r r
2 2
dA
- + -
dr
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(©)

2
. . ec—1
A is maximum when r = .

Required area

w2 n)]

21
2(S5t) + 1
_ 4
o2
OP = \r2 + [In(2r + 1)]2
dOP 1 [ 4In(2r +1)| dr
2r + —— | —
dr 2\/},2 [In(2r + 1)]2 2r + 1 dr
-1
Wh = ,
enr=—
dop 1 4Ine | dr
= -1 -
di (e-1)+ ] di
2\/(5E) + (nep?
B 1 (62 —e+ 4) dr
Vie-1)2+4 e dr
-1
Consider the rate of change the area of APQR when r = ¢ 5
dA dA dr
dt  dr dr
21ne —Ine] e\/(e -1)2+ ~dop

2—e+4 dr

2\/(e—1)2 4 dop

e(e2—e+4) dr

dOP e?2-e¢+4
< .
e

Note that 0 <

dA 2V(e=1)2+4 e2—e+4

0<—<
@ S e(e2—e+4) e
)44 _2e-17+3
Todr T e?
dA 6
0<¥ .2
Todr €2

The claim is correct.

END OF PAPER
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