1 2
@) 27 3k+2
3k +2 =8
k=2
1
Z:e2h
1
In— =2h
"7
11
h=-In-
2"
=—In2

(b) Required area

2 2 Y2
:/ e_xmz —_ dx +/ _ e—xll’lz dx
0 3x+2 2 3x+2

e—x1n2 2 -xIn274
+
[ —In2 In2 ]

0
~ 0.260

(a) /ye_y dy = —ye ™ + / e dy

= —ye > — e + constant

2 2
= —§1n|3x+2| §1n|3x+2|+

2

o 0o L=NE =D
ey
y=1 or O

Required area

=/1<1—y><eY—1>dy
0

ey

1
=/ (I1-e? —y+ye?)dy
0

2 1
= y+e_y—y7—ye_y—e_y]
0
1
T2 e
w@y 1
3. aydu =222 — [ gug
@ /”( Jdu =37 ln4/ "
u(4") 44 N ant
= - constan
In4  (In4)?
u(4*) 44
= - + constant

2In2  4(In2)2
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1A
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(b)

(a)

(b)

(a)

(b)

(a)

Required area

= [0x2(4x)dx

1
_[x2(4x) 0 2 0
In4 |_, IndJ,
1 1 [x(4x) 4%

x(4%) dx

0

T 8In2 In2| 4  (Ind)?
~3-2In2-2(In2)?
a 16(In2)3

/u(Zl”) du = 1n121 [u(Zl“) —/21“ du]

_u(21) 21H
~ In21  (In21)2
Let u = 2x. Then du = 2 dx.

Required area

1
=/ x(21%%) dx
0
1 2
:Z./o u(21*) du

1wy 21 )P
_Z[ In21 _(ln21)2]
441 110
T 2In21  (In21)2

-1

+ constant

0

y = eh—x

d_y — h-x

dx
Consider the slope of C atx = h.
—h = _eh—h

h=-1
Required area

= /1 [e ™ = (—x +2)] dx
0
1

x2

1-x
—_— —_ + _—
—[ e 2x

0

—e - —

2

31 1
/lenxdx=x 3nx—§/x2dx

x3
= — — + constant
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(b) x2=x?Inx

x*(1-Inx) =0

x=e or O (rejected)

Required area

e

373 9],
_e3—4
9
@ y=x-3
3 16
(b) Requiredarea:/2 (x—3+m)—(x—3)]dx

3
16
- [ e
2 X2 —dx+7

3
1
:/ —6 (I)C
2 (x—2)2+3

Let x —2 = V3tan@. Then dx =

s
Required area = /
0

st

_8\/§zr
)

3
(a) /(x2+1)1nxdx=( +

X
3
X
_(?+

$
(9x? + 1) In 3x dx

W

(b) Required area

1
3

Let u = 3x. Then du = 3dx.

V3 sec? 6.d6.

16V3 sec? @
(V3tan6)? + 3
3 16\/_/6 sec? 9

sec2 6 6

1
3 0

!
Y

2
Mx—/(£+1%h
3
3
X
Inx — e X + constant
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Required area

1 e
=—/ (u? + 1) Inudu
3

—1u3+ln u’ ‘
_33uu9u

2¢3 10
= — 4+ —
27 27

9.

—48x
(x2+3)2
24
= —/ ;du
24
= +C
x2+3
I passes through (0, 2).
24

y:

The equation of I"'is y =
d?y

(b)

1

(a) Lety=x?+3. Then du = 2x dx.

24

2+3
| 48(x% +3)% - (~48x)(2) (2 + 3)(2%)

—48(x% + 3 — 4x?)
(x2+3)3
_144x+ D) (x—-1)
B (x2+3)3
d?y

When —= =0, x=—-1or1.
dx2

dx?2 (x2 +3)4

X

x< -1

-l<x<1

dzy
dx2

The points of inflexion of I" are (-1, 0) and (1, 0).

(¢) Letx= V3 tan 6. Then dx = V3 sec? 6 d6.

IM

IM
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Required area
1
24
-/ ~6) ar
~1 x2+3

524 29 !
2/3&“"6[)6]
% -1

3tan? 6 + 3

=8\/§/3d6—12
s
x
=8\/§[0] -12
8V3r
3

6

- 12

d
10. (a) ay = —sinx
The equation of L is
y—cosh=—sinh(x —h)
y=—sinh(x —h) +cosh

h
A :/ [—sinh(x — h) + cos h — cosx] dx
0

2 h
:[ —sinh (% - hx) + (cos h)x — sinx

0

1
= Ehzsinh+hcosh—sinh

dh
b) — =2""1n2
(b) gt n
A 1 dh
— =hsinh+ =h*>cosh+cosh—hsinh —cosh| —
dr 2 dr
1 dh
= EhZCOShE
1
= 5(2—”) cos(27") - (=27")In2
In2
= —nT(cos 271273
lc)ilix” - 11 21
n
2= —.n3
dr 2 3
1 1
=——(n2 —
16( n2)cos >

11. (@) y=e 3+

d_y — _le—§+2
dx 3
Consider the slope of L.
1 _s 0-1
e 3t~
¢ c—06
c=9
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(b) The equationof Lisy = —%C + 3.

Required area

12. cosx = cos2x
cosx =2cos’x — 1

0=2cos*x —cosx — 1

1
cosx=1 or --—
o 2

3r 2 A4n
ForO0<x < —,weh =0o0r — or —.
or 0 <x < —, we have x or 3 or 3
Required area
2 An

3 3
= / (cosx — cos2x) dx + l (cos2x — cosx) dx
0 T

3

N

2r b

N _sin2x 3 sin2x_ . 3
= Sinx 2 . 2 Sinx o
3
_9v3
4
(3 —2x)2
13. == =7
(@ fx) Gr 1)
20 25
=4 - +
x+1 (x+1)2
) 20 50
Fix) = G+1)2 (x+1)
10(2x — 3)
o (x+1)3
b 20 50
&= e " Gy
_ —10(4x - 11)
 (x+ D)?
3
(b) When f'(x) =0,x = 7
3 3
X x < -1 -1<x< 5 x> 5
f(x) + - +

No maximum point.

3
Minimum point is (5, O).
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11
When ' (x) =0,x = R

< -1 I <x< 1
x X x<
J(x) + +
11 4
Point of infl
oint of inflexion is ( 1 9)
(c) Vertical asymptote is x = —1.
20 25
fx)=4

- +
x+1 (x+1)2
Horizontal asymptote is y = 4.

(d) (Shape and asymptotes)

(Special points and all correct)
y

(e) Required area

/ £x) dx
:A P X+l u+n%

25 ]?
[4x—201n|x+1|——]
x+1],

5
=21-20In2
3

14. (a) Vertical asymptote is x = —3.

+
x+3  (x+3)?

Oblique asymptote is y = —x + 12.

1A

1A

IM

1A

1A
1A

1A

IM

1A

1A

M

1A



63 162

®) fix)=-1+ (x+3)2  (x+3)3
.o =126 486
P& = T ey
_ —18(7x - 6)
T (x+3)4
© P =148 162

T G+3)? x+3)
_ —x(x +12)(x = 3)

(x+3)3
When f'(x) =0,x = —12or 0 or 3.

X x<-12 -12<x<-3

-3<x<0

0<x<3

J'(x) - +

H has two minimum points at x = —12 and x = 0.

H has one maximum point at x = 3.
H has three turning points.

The claim is disagreed.

(d) When f”(x) =0,x = g

X x<-3

3<x< =

e

f(x) +

Point of inflexion is §, E .
7 63

(e) (Maximum point, minimum point, point of inflexion, intercepts)

(AIll correct)

(-12, 32)

(f) Required area

6
63 81

=/'-w+12— + dx

0 x+3  (x+3)?2

2 6
81
=L r 12— 63In|x 43 - ——
2 x+3],

=72-63In3
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15. (a) No vertical asymptote.
11x+2
=x+6+———
fla)=x x2+1
Oblique asymptote is y = x + 6.

3(x+2)2(x2+1) — (x +2)3(2x)

C(x+ 2)2(x - 1)(x =3)
- (x2 +1)2

When f’(x) =0,x = -2 or 1 or 3.

X x <=2 2<x<1 1<x<3

f'(x) + + -

25
Minimum point is (3, ?)
. o 27
Maximum point is |1, 5

27
(¢c) The coordinates of P and Q are (0, 8) and (1, ?) respectively.

Equation of PQ is

27 27
y-3 _8-%

x—-1  0-1
11x

=—+38
)

Required area

[ {2

1
:/ ox k2
0 2 x2+1 x2+1

Letu = x> + 1. Then du = 2x dx.
Let x = tan 6. Then dx = sec® 6 dé.

Required area

2 1 2 z 2
=[—9i—2x] AL d—”+2/4—secg do
4 o 21 u o tan?6+1
2 Ed

17 11 4
=——+—|In|ul| +2|6

4 2 1 0
=—£+Eln2+z

4 2 2

16. (a) Vertical asymptote is x = —1.

1 3
+
+1  (x+1)2

f) =x+
X

Oblique asymptote is y = x.
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N B
(b) (1) f (x) - 1 ()C + 1)2 (x + 1)3
_ (x —1)(x% + 4x + 6)

(x+1)3
When f/(x) =0,x = 1.

X x < -1

-1<x<1

f'(x) +

C has a minimum point when x = 1.
9
(i) Required coordinates are (1, 4_1)

0+0+0+4

© O b=

b=4

(i) Required area

1
- [ - o

! 1 3
:A @‘X‘x+1‘@+1y%“

2 1
3
P N T
2 x+1],

=2-1In2

(x - 6)°
(x +6)2
432 1728
x+6 (x+6)?2
) 432 3456
O =1- 62 T v oy
_ (x+30)(x - 6)?
B (x + 6)3
., 864 10368
P& = e " Grop
_ 864(x - 6)
 (x+6)4
(b) When f’(x) =0,x = -30o0r6.

17. @  fx) =

=x-30+

X x < =30 -30<x<-6| -6<x<6

f'(x) +

Maximum point is (=30, —81).
H has 1 turning point.

(c) Vertical asymptote is x = —6.

432 1728

SO =2 =304 " Grep

10
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Oblique asymptote is y = x — 30.

1 11
(d) (i) Wehave f(3) = -3 and f'(3) = =
Required equation is

y+3 11

x-3 27
_llx 14
27 9

(i) Required area

T((1lx 14
L5

11

6
dx + /
42

[—f(x)] dx

2
i (llx 14 6 1728
= — — )dx- ~30+ =
/3 (27 9) /3 (x X+6 (x+6)2)
112 14x]T |22 17281
=|— - == —|= -30x+432In|x + 6] + —
[54 9]3 [2 x+432Injx + |+x+6L
1368 3
=2 4432In>
11 Treing
(x-1)°
18. =
@ 0=
12 8
=x—-5+ -
* x+1 (x+1)2
12 16
"x)=1- +
S G012 (x+ 1)
_(x - D2(x +5)
o (x+1)3
. 3 24 48
P& = s TG e
_24(x - 1)
C (x+ D?
(b) When f'(x) =0,x =1 or -5.
X x <=5 S<x<-1 -1<x<1 x> 1
f(x) + + +
27
Maximum point is (—5, —7)
No minimum point.
When f”(x) =0,x = 1.
X x< -1 -1<x<1 x>1
f(x) - - +

Point of inflexion is (1, 0).

1
© @O fG3=3

11
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Required equation is

(i) f(x) =

(x +1)2

For 1 < x < 3, we have (x — 1)> > 0 and (x + 1) > 2.

Thus, f(x) > 0 and G lies above the x-axis on (1, 3).

. 24(x = 1)
F0r1<x<3,f (X)ZW>O
G is concave upwards on the interval (1, 3).

L is atangent to G atx = 3.
Thus, G lies above L.

(iii) Required area

3 3
:/1 foyde- | (%—l)dx
3 12

8 3x
= -5 - dx — ——1)dx
/1(x Al (x+1)2) /2(2 )
x2 3 [x? 3
=|l—-5x+RInlx+1|+ —| -|——x
2 x+1], [4 )
33
=12In2 - —
ey
X2 +cx-5
19. =—
@ f)="—3
4 -3¢
=x+c-3+
x+3
Oblique asymptote is y = x + ¢ — 3.
1=8+c-3
c=-4
16
b =x-7+——
(b) f)=x-T+—=
, 16
f(x) = —m
_(x+7Nx -1
 (x+3)2
(¢) When f'(x) =0,x =7 or 1.
X x <=7 -7T<x<-=3 -3<x<1 x>1
£/ () . : : .

Maximum point is (=7, —18).

Minimum point is (1, —2).
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20.

(d) Areaof R

=/0m(x+9—f(x))dx

iy PR
0 x+3

m

=[16x —161In|x + 3|

0
= 16m — 16In(m +3) + 161n3

<16m-16In3 + 161In3
= 16m

The area of R is less than 16m.

(a) y =24 - x2
d 1
ay = 5 (24 — )73 (=2x)
=X
V24 — x2
dy . -3\2
Whesva  ha— 3v2)2
-3
The equation of L is
- V6
y=Ve _ i3
x-3V2
y = —V3x +4V6

®) @) (3\/k - x2)2 - (—\/§x + 4\/8)2
9(k —x2) = 3x% — 24V2x + 96

0 = 12x2 — 24V2x + (96 — 9k)
L is a tangent to Cj.

(24V2)% - 4(12)(96 — 9k) = 0
432k — 3456 = 0
k=8
Put k = 8.

0= 12x% - 24V2x + 24
0=12(x — V2)?
x=V2

L is the tangent to C; at x = V2.

13
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(i) (3V8—x2)> = (V24 - x2)?
9(8 —x?) =24 —x?
x*=6
x=V6 or-V6 (rejected)
Required coordinates are (\/5, 3\5)

(iii)) Required area

=/f(_\r3x+4\r6_3mpx+/

V6

=/3ﬁ(—‘/§x+4\/6)dx—3/%\/8——x2dx—
2 2 V6

V6
Consider / V8 — x2dx. Let x = V8sin@. Then dx = V8 cos 6 d6.
2

Vo 5
/ \/S—xzdx=/ V8 — 8sin?6 - V8cos A da
2 5

= 8/ cos?6do

i
T

3
:4/ (1 +cos20)deo

p

v (—\/§x +4v6 - m)dx

3V2
24 — x2dx
3

s
3

sin 260

:4[9+

s

:—2+\/§+g

3V2
Consider V24 — x2 dx.
V6

Letx = \/ﬁsinﬁ. Then dx = \/ﬁcosﬁdﬁ.

3V2 z
. \/24—x2dx=/ \J24 = 24sin? B - V24 cos BdB
6 z

5 2
:24/ cos” Bdg

6

= 12/3(1+cos2,8)d,8

wIN

B sin 23
_12[,8+ > ]

N

=2n
Required area
2
=[ - V3x + 4\/6x]
2 2
=6+ 14V3-8V6-3n

3V2

—3(—2+‘/§+g)—27r

14
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21. (@) f'(x) = -2xe "+ (p—x>)(=e7%)
=(-p-2x+xD)e~
F7(x) = (=2 +2x)e ™ + (=p = 2x + x})(—e ™)
= (-2+p+4x—x>)e ™~
(b) H has two points of inflexion, then f”’(x) = 0 has at least two distinct real roots.
Since e~ # 0, the equation —2 + p + 4x — x> = 0 has two distinct real roots.

A=4>—4(-1)(-2+p) >0

S92
P="y

(c) (i) Leta and g be the x-coordinates of the two points of inflexion respectively.
Wehavea + =4 and aff =2 — p.
(@~ B)* = (2V5)
(@ +pB)* - 4apB =20
42— 4(2-p) =20
p=3

We have f/(x) = (x> = 2x —3)e ™ = (x = 3)(x + 1)e ™.
When f'(x) =0,x =3 or —1.
Since f”(3) =4e~> > 0and f”(-1) = —4e <0,
the maximum point of H is (-1, 2e);

the minimum point of H is (3, —66_3).
V3
(ii) Area = / (3 - x?)e " dx
-V3

V3 V3
—2/ xe *dx
V3 _

V3
V3

V3
- 2/ e X dx
i Jovs

V3

e_x]
V3

=2V3(e VP + V) 1 2(e V3 = V)

(x* - S)e_x]

X

=0+2

xe

=2V3(e V4 eV?) 42

(x-6)(x+3)
x+6

22. (@ f(n)=

(b) When f'(x) =0,x =0or —12.

15



(c)

(d)

23. (a)

(b)

(©

X x<-12 -12<x<-6| -6<x<0

f'(x) + -

Maximum point is (=12, —27).

Minimum point is (0, —3).
Vertical asymptote is x = —6.

36
=x-9+ —
fla) =x x+6
Oblique asymptote is y = x — 9.
G has only two asymptotes.

The claim is agreed.

Required area
6

52
:[—?+9x—361n|x+6|

-3

135
= T —72In2

h(x) = K22
h(x) = 2xe> + x262x3(6x2)
= 2xe2x3(1 +3x%)
B (x) = 22 (6x2) (x + 3xY) + 2% (1 + 12%%)

= 2¢% (1 + 18x + 18x9)

1
When A’ (x) =0, x =0 or ——.
e

h (x) +

1 1

The maximum point is (——, —)

V3 V9e2

The minimum point is (0, 0).

(i) The coordinates of P are (1, ez).
1 (1) =2¢*(1 +3) = 8¢?
Required equation is

y—e?=8e*(x—1)

y = 8¢’x — 7e?

16
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24. (a)

(b)

(©

(d)

(ii) Note that 7’ (x) = 2¢* (1 + 18x + 18x%) > 0 for x > O and L is a tangent to G at x = 1.

G is concave upwards for x > 0.
Thus, G lies above L.

Let u = 2x>. Then du = 6x2 dx.
Required area

1
= / [x2ezx3 — (8¢*x —7¢%)] dx
0

1 1
= / 2 dx — / (8¢’x — 7e?) dx
0 0

1 2 !
=—/ e" du—
6 Jo

2

de*x* — 732x]
0

1
:—[e” +3¢?
6 0
_19¢7 -1
6

Vertical asymptote is x = —2.

48 64
X+2 (x+2)2

f(x)=x-10+

Oblique asymptote is y = x — 10.
R 128
o =1- e Gr o

men_ 9 384
P& = s " G
~96(x -2)
 (x+2)*
_97)2
£ = (x=2)*(x+10)

(x+2)3
When f'(x) =0,x =2 or —10.

X x < -=10 -10<x< -2

2<x<?2

f'(x) + -

+

There is only one turning point at x = —10, which is a maximum point.

The claim is disagreed.

When f”(x) =0,x = 2.

X x <=2

2<x<?2

I (x) -

Point of inflexion is (2, 0).
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(e) Required area
2
48 64
= / x—-10+ - dx
0 x+2 (x+2)?

2 4 2
| o+ 4810 x4 2] + 22
2 x+2],

=34-48In2

2x(x =3) = (x2 + a)(1)
(x =3)?

3 x> —6x—-a

S (=32

s 52—=6(5)-a
f(5)—0——(5_3)2

25. (@ f'(x)=

a=-5

oy . =D -5)
(b) f (x) - (x_3)2

f'(x) =0whenx =1or5.

X x <1 l<x<3 3<x<5

I (x) + - -

The maximum point of C is (1, 2).

(c) The vertical asymptote is x = 3.

x2=5
) ===

=x+3+

x-=3
The oblique asymptote is y = x + 3.

V5
(d) Area= / f(x)dx
-V5

V3 4
:/ (x+3+ )dx
-5 x-3

2 ]‘/5

%+3x+4ln|x—3|

3
_ (;+3\/§+41n(3—\/§)) - (§—3v5+41n(v5+3))
:6\/§+41n§;£

1
26. (a) Vertical asymptote is x = ~5
x% —4x

2x+ 1
x 9 9

21 A

f(x) =

18
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9
Oblique asymptote is y = %C — 1
’ 1 9 -2
® fx)=5-72x+1)77(2)
2 4
1 9
2 2(2x+1)2
1 9
R ——)
© 3 2 r 1)y
2x+1)?=9
x=-2 or 1
<=2 2<x< ! ! <x<l1 > 1
X X X 3 5 <X X
/') - - - -
Maximum point is (-2, —4) and minimum point is (1, —1).
x? — 4x
d =
@ 2x + 1
x=0 or 4

49 «x 9
:/0 (1_5_4(2x+1))dx

4

9% x% 9

=|l——-—-=-In|2 1
7 1 8n|x+ |O
9

=5--1n9
8n

27. (a) / sin® @ cos> 6 do

1
=Z/sin220d0

1
= §/(1 —cos40)do

B 6 sin46 N cant
=3 D constan
(b) Volume

= ﬂ‘/ol [6x(1 —xz)%]zdx

1
= 3677/ x2(1 —xz)%dx

0
Let x = sind. Then dx = cos 6 d6.
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Volume

s

) 2 Nt
= 36n sin“ 6(1 — sin” 0)2 cos 6 d6
0

N

= 36 / sin® 6 cos” 6 d9
0

0 sin46 3
=36m|- —

”[8 32 ]0
_9712
4

28. (a) jx—yzu—x)—%(—l)

1
_ o 1 1
y —
AtA (0, 2), = =— =-1.Slopeof L = — = 1.
dx V1=0 -1
The equation of L is y = x + 2.
y?
(b) L:x=y—2andC:x=1—Z.
2 2 32 2
Requiredvolume:n/ [1—(y—2)]2dy—7r/ [1—(1—1)} dy
0 0
2 2 4
— 2 Y
—ﬂ'/ 9-6y+y)dy—-n= —dy
0 o 16
3 2 512
Y 2 Y
=n|7= -3y "+9y —n[—]
3 0 801,
_ 124n
E

1
29. (a) /cos29d9:§/(1+00520)d0

_9+sin29+ cant
=3 2 constan

(b) Letx =2tanf. Thendx =2 sec” 6 do.

Required volume

2 1 2
71'/ dx
0 4 +x2

/4 2sec’ 6
=7 —— —do
o (4+4tan?6)?

T
:E/ cos?6do
8 Jo

B 71'[9 sinZQ]i‘r

8127 4
_n(r+2)
64

0

20
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1 2
30. (a) cos*x = (w)

1 1 1
=4 3 os2x+Zcos 2x
_1+1 2+1 1 + cos4x
TR Ty 2
1

(3 + 4 cos 2x + cos 4x)

(b) Letx =sin#. Then dx = cos 6 dé.

Required volume

/(x—l—MV
=n/0 [ =1)2+ (1 —x?)] dx — 27r/ (x> = DV1 - x2dx

1
=7r/ (x4—3x2+2)dx—27r/ (- cos? 0) V1 — sin® @ cos 6 dO
0 0

1 Ed
xS

3 P
=nl——-x"+2x +27r/ cos” 0do
5 0 0
=—+—/ (3 +4cos26 +cos46)do
4
O T304 25in20 + S0 9]
5 0
_671_}_37r2
5 8
31. (a) g'(x) =e*(cosx —sinx)
When g’(x) =0
cosx —sinx =0
tanx = 1
T
xX=—
4
0< <7T ﬂ< <
X X 7| 3 x<m
|+ | -

Thus, G has only one maximum point.

2x 2
(b) /e2x cos 2x dx = % + / ¢2* sin 2x dx
e?* cos2x  e**sin2x 9
= + - / e~ cos 2x dx
2 2
2X (o}
2x + 2
2/ e>* cos 2x dx = e™ (sin x2 cos 2x) + constant
2X (o}
2x + 2
/ e>* cos2x dx = e™ (sin ); cos 2x) + constant
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%
(¢) Volume = 7T/ (e* cosx)* dx
0

1N

_”/
2Jo 2 Jo

o ezx(sin2x+0052x)r+7r[ezx
2 4 o 2] 2
3 3n(e? - 1)
B 8
k+1
x**Inx 1
2. Flnxdx = - K dx
32. @ /x e k+1 k+1/x
xk”lnx xk+]
= + constant

k+1  (k+1)2
(b) (i) Required area

4
:/ vVxInx dx
1

3 3 14
[xz Inx  x2 ]

16 28
3009
32 28
= 2-=
37779
(i) Required volume
4
=7r/ (Vx1nx)? dx
1
4
271'/ x(Inx)? dx
1
i 4 4
= 2 [x*(Inx)? —77/ xInxdx
2 | |
2 274
B 2 x“Inx x
=8r(ln4d)" - > —?1
15
= 87(In4)2 — 8xln 14 + Tﬂ

15
= 327(In2)2 - 16xIn2 + Tﬂ

b
33. (a) V=n/ [16 — (y —4)?] dy
0

<y—4>3]"
=nr|l6y - ——
o5,
_ mh*(12 - h)
-

22

T
i 4
ezxcos2xdx+—/ e dx

|

4
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(b) V= %(12;;2 AN

v x dh
— = = (24h - 3h*)—
i =3 U
dh
—ﬂh(g—h)a
When h = 3,

m=n(3)(8 —3)%

dh 1

dr 15

Required rate is T cm/s.

h 4 2
y 2ry 2
= A d
71"/0 (81 9 +I’) y
5 9py3 h
=7 yg + % +rly )
h 2rh3 2
=x|— h
”(405 27 )
(b) (i) When0<h<6.
o 2(8)k3 )
R h
"5t T t®
dv Wt 16K2 dh
— ==+ — 64| —
dr "(81 T T )dt
When h = 3.

3% 16(3)2 dh
dr =1 |=— 64| —
g ”[81 T MW
dh 4
dr ~ 81

4
Required rate is 30 cm/s.

2

(i1) Base radius of the frustum = 5 +8

=12cm

Let H cm be the height of the frustum.

2H = V20% - 122

H=38
When6 < h <T.
6 16(6)3
= —_— 4
Vv n405+ % + 64(6)
6496 3 3
= Tﬂ'— Eﬂ(ZZ— h)

23

+ %n(12)2(16) [1 —(

22—-h
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(iii) When6 < h <T.

dv 9 dh
— =——n(22-h)*(-1)—
PR TAC N S
9 ,dh
= 1—67T(22—h) E lA
When i = 10.

27
k=n 1A

9 1
- —167r( - 10) (—)

35. (@) () %x/1—x2=%(1—x2)—%(—2x)

X

= - 1A
V1 —x2
(i1) y = sin™! x
siny = x
dy
— =1 1A+1A
cosy
dy 1
dx  cosy
d -1 1 !
—sin” x =
dx V1= 2
(b) Use the result of (a).
/(sin_lx)zdx :x(sin_lx)—2/xsin‘1x- ! dx IM
V1 - x2
1
o182 -1 N
= x(sin”" x)* +2V1 - x2sin x—2/ 1—x2- dx IM
V1 —x2
= x(sin"'x)? + 2V1 — x2sin~! x — 2x + constant 1
1
(¢) (1) Required capacity = « / (sin”!y)>dy M
0
1
= 7r[y(sin_1 )2 +24/1 = y2sin~! —2y]
0
3
= ﬂ? —2n 1A
(i) Let A units and V cubic units be the depth and the volume of the wine respectively.
-5 = sin x
Fis
_n 1A
73

24



h
Note that V = 71/ (sin~!y)? dy.
0

v dv dh
dt  dh dr
dh
- —1 2
= 2. =
w(sin™" h) ”
2
m . V3| dn
— = 7T |SIn —_ —_—
3600 2| di,_s
B (ﬂ)2 dh
3 dr {,_\3
dn| 1
dr|,_va 400
2

1
Required rate is 100 units/s.

i 2
2
36. @ () wﬁxmﬁx:ngtﬂiggﬁ)

1 +cos2x) [sin®2x
2 4

sin? 2x + cos 2x sin? 2x

8
(i) Letx = g — 4. Then dx = — du.

0
. . b

sin*x cos?xdx = — sin* (— - u) coS

0 x 2

cos* usin® u du

]
SRR
)
—_
(ST
|
<
N —
o

s
2

sin? 2u + cos 2u sin” 2u

8
I
sin 4u
u —_—
4

L]

Il
¥ Blr - ml- 5= 5

1 3
(1 — cos4u) du + 6 / sin 2u d(sin 2u)
0

T

+
o 16

sin’ 2u 3
3

0

(b) (1) Letx=k—wu. Thendx = —

/'ﬂmw /'ﬂww+/'ﬂmm
:/Ozf(x)dx—ﬁ £k = 1) du
='/O§]"(x)dx+‘/0§f(x)dx
:2/0éf(x)dx
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(i) Letx =k —w. Then dx = —dw.
k 0
/xf(x)dx:—/ (k=w)f(k—-w)dw
0 k

=kLkﬂwww—/%Wﬂwww

0
=k'/0kf(x)dx—‘/okxf(x)dx

Z/kaf(x)dx:k/Okf(x)dx

AzﬂmM=§AZuwx

:k/oéf(x)dx

(iii) Let f(x) = cos*x sin’ x.
Then f (7 —x) = cos*(r — x) sin’(7 — x) = cos”

T
Volume =« / x sin® x cos? x dx
0

T
2
=7T2/ sin* x cos? x dx
0

3

32

37. (a) Vertical asymptote is x = —2.

27 27

f(x):x_7+x+2_(x+2)2

Oblique asymptote is y = x — 7.

o ; 54
® S == m T Gy
Lo s e
P& = s "G
S4(x-1)

B (x +2)4
© F)y=1-—21 >

TG+ T Gr2p
_ (x —1)%(x +8)

(x +2)3
When f'(x) =0,x =1 or -8.

xsin’x = f(x).

X x < -8 8 <x<-2 2<x<1

f'(x) + - +

4

G has exactly one turning point.

(d) When f”(x) = 0,x = 1.

81
Maximum point is (—8, ——).
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X x <=2 2<x<1 x>1
- 1M
17 (x) - - +
Point of inflexion is (1, 0). 1A

(e) Letu =x+ 2. Then du = dx.

Required volume

1
x /0 Lf ()] dr IM

3 6
-3
Iﬂ/ (u 4) du
2 u

/3 u® — 18u> + 135u® — 540u> + 1215u® — 1458u + 729
=7 du M
2 ut
3
40 1215 14 72
= / 21w+ 135 - 220 1215 1458 79N
2 u u? u’ ut
3 121 29 24313
x| Z0u2 4 1350 — 5401 Ju| — 1212, 120233 M
3 u u? ud |,
5255 2
—7T(7+5401n§) 1A

38. (a) sin 166 sec @ sec 20 sec 46 sec 86
= (2sin 86 cos 80) sec 6 sec 20 sec 46 sec 86 1M
= 2(2sin46 cos 40) sec 0 sec 20 sec 46
= 4(2sin 26 cos 20) sec 0 sec 20
= 8(2sinfcos H) sec O
= 16sinéd 1
(b) Use the result of (a).

y = V/sin 16x sec? x sec 2x sec 4x sec 8x

= V16sinx secx 1M
= 4vtanx
Let u = cosx. Then du = —sinx dx. 1M
d
Required capacity = & / 16 tan x dx IM+1A
0
cosd
d
= —l6n / ad
1 u
cosd
= —16r ln|u|] M
1
= —167m In(cos d) 1

(¢) (1) Required capacity = —16zIn[cos(0.1)]
~0.252m? 1A

27



(i) Let p m be the depth of water when the volume of water in the container is 0.08 m’.

—167 In(cos p) = 0.08
p ~ 0.0564

Let k m and V m® be the depth and the volume of the water at time 7 s respectively.

V = —16xIn(cos k)

dv dk
E = 167 tan ka

dv
dr
dk

dr

dk
= l6rtanp - I

k=p

~ 0.001 06
k=p

Required rate is 0.001 06 m/s.

39. (a) Vertical asymptote is x = =2.

4
f(X)—x+5+m

Oblique asymptote is y = x + 5.
4
b "x)=1-
® £ TP
_x(x+4)
T (x+2)?
When f'(x) =0,x =0 or —4.

k=p

X x <-4

4 <x<-=-2

2<x<0

f'(x) +

Maximum point is (-4, —1).

Minimum point is (0, 7).
() (Shape)

(Asymptote)

(All correct)

(0, 7)

(_45 _1)

y=fx)
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x2+7x+14_
x+2 B
-x=-2=0

(d)

x=2 or -1

Letu =x+ 2. Thendu =

Required volume

2
=ﬂ/_l[f(x)—8]2dx

4 4
71'[ 7(u—5)+;

2
d

I
3

_ [(u—5)3
=7 3

=n(57-801In2)

dx.

u

1
+ 8u —401n |u| - —6]
u

40. (a) Vertical asymptote is x = —2.

16

f(x) =x-8+ ——
X

+2

Oblique asymptote is y =
16
b) f'(x)=1-
®) [0 =1- =55
_(x+6)(x-2)

(x +2)2
When f/(x) =0,x =2 or

x —8.

—6.

du

4

1

it
[ |- 22

it
40 1

n/ (u—5)2+8——0+—g
1 L u u

X

x < -6

—-6<x<-2

2<x<?2

[ (x)

+

Maximum point is (-6, —18).

Minimum point is (2, —2).

(¢) (Shape)
(Asymptotes)
(Al correct)
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y=f(x)
0|22 .6
(-6, —18)
x2 — 6x
) x+2 =7

2 -13x-14=0

x=14 or -1
Letu = x + 2. Then du = dx.

Required volume

14
n/_ [ () — 71 d

1

161
1
/ u—17+—6
1 | u

161
2(u—-17) 256
/ (u—17)2+L+—2]du
1 L u u

16 1
544 256
7r/ (u—17)2+32——+—2]du
1 | u u

[(u - 17)3 256]16
=n|—

2
du

1
)

1l
N

+32u — 544 1n |u| - —
3 u

= (2085 — 21761n2)

1

41. (a) Vertical asymptote is x = 4.
4

fX)=x+1+——

x—4

Oblique asymptote is y = x + 1.

v, 4
(b) f (X) - 1 (x _4)2

_ (x=2)(x-6)
o (x-4)2
(¢) When f'(x) =0,x =2o0rx =6.

X x<?2 2<x<4

4<x<6

I (x) + -

Maximum point is (2, 1).

Minimum point is (6, 9).
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(d) Letu =x—4. Then du = dx.

Required volume

3

=n/0 /(012 dx
“1r

:ﬂ/_4 _(u+5)+i

- 8(u+5)
2,
7r/_4 k(u+5) ” uz]d”

1 40 1
:n/ (u+5)2+8+—0+—6
-4 | u

U2
(u+5)3
3

2
du

du

=7

16
+ 8u +401n |u| - 7]

= (57-80In2)x

42. (a) Letu = x> —2x +4. Thendu = (2x — 2) dx.

/1 x—1 dx:l Sd_l/t

0 x2-=2x+4 2Js u
1

:i[ln|u|

1 1 3
n_
271

3

4

b)) () x*-2x+4=(x-17>+3

(i) Letx-1= V3 tan 6. Then dx = V3sec? 6 do.

/1 / V3sec? 6
0 2x+4 _,3tan29+3

_
© 18

A B(x-4) _A(x?-2x+4) - B(x+2)(x - 4)

(© ®

x+2 x2-2x+4 (x+2)(x2-2x+4)
_ (A-B)x*+2(B— A)x + (4A + 8B)

¥3

+ 8
Wehave A—-B=0,B—A=0and4A =8B = 12.

Solving, we have A = 1 and B = 1.

0 2
1
(i) Required volume = & / ( ) dx
1 \V8 = x3

/0 dx
=T
-1 8—)63

Let u = —x. Then du = — dx.
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43. (a)

(b)

(©

(d)

(e)

1
Required volume = 7 /
o u

=%/1(

T

12 Jo u+2

12 In |u

mln3
24

Vertical asymptote is x = —1.

12

du

+8
1 u—4
- d
W+2  u- 2u+4) !

+ 2|

0
O_ 12(2l Z) Z(\/l_sﬂ)

V3n?
+

24

8

fx)=x-5+

Oblique asymptote is y = x — 5.

x+1  (x+1)2

-1 : 3
“ du—/ —du
u2—2u+4 o u:-2u+4
n

|

12 16
"x)=1- +
f) G+1)2 (x+1)3
v 24 48
PO = o " Ge e
_24(x-1)
 (x+ D?
12 16
"x)=1- +
F) G+ D2 (x+1)?
_(x - D?(x +5)
B (x+1)3
When f'(x) =0,x =1 or -5.
X x <=5 -S<x<-1 -l<x<1 x>1
[ (x) + - + +
27
Maximum point is [ -5, -5 )
I" has exactly one turning point.
The claim is agreed.
When f”(x) =0,x = 1.
X x < -1 -1<x<1 x>1
@ - - -

Point of inflexion is (1, 0).

Letu = x + 1. Then du = dx.
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Required volume

1
_ 2
- /0 LF(0)1 dx

2 _26
ZJT/ (u4)du
1 u

u

2
= / (u2—12u+60—@+@—g+ﬁ)du
1

u u?

3 24
n[% — 6%+ 60u — 1601n ] — 22 4
u

= (111 -1601n2)7

/2 ub = 124° + 60u® — 160u> + 240u> — 192u + 64 q
T
1

w o ou

9% 6412
w2 3ud

1

u

44. (a) -6
(b) (i) Vertical asymptote is x = 10.
36
.. -6
(i) f(x)=x * 1o
36
7 — 1 -
1 (x) G102
_ (x=4)(x-16)
 (x-10)2
When f'(x) =0, x =4 or 16.
X x <4 4<x<10 10<x< 16 x> 16
@) + - - +

Maximum point is (4, —8).
Minimum point is (16, 16).
36
x—10
(x—6)(x—10) + 36 = 24(x — 10)
x* —40x +336 =0

x=12 or 28
Let u = x — 10. Then du = dx.

(© x—6+ 24
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45. (a)

(b)

(©

(d)

Required volume

28
_ oA12
—ﬂ/l [f(x)—24]" dx

2

187
36
71'/ (u—-20)+ —
2 | u

181
2(u -2 12
71'/ (u—20)2+7 (u ~20) + 96}du
2 | u

u?

2
du

187
1440 1296
:n/ (u—-2072+72- ——+ }du
2 | u

—20)3 129618
- n[% +72u — 1440 In |u] — —}
u

= (113& - 28801n3) /s

u2

2

The vertical asymptote is x = —1.
27 27
=x—-—8+ —
flo) =x x+1  (x+1)2

The oblique asymptote is y = x — 8.
27 54
"x)=1- +
F&) @+ 12 (x+1)
(e + 7 (x - 2)?

(x +1)3
When f'(x) =0,x =2 or -7.

X x <=7 -T<x<-1 -1<x<2 x>2
f(x) + - + +
G has exactly one turning point, which is a maximum point at x = —7.
oo 4 162
= ey T e
_ 54(x-2)
o (x+ D4
When ' (x) =0, x = 2.
X x< -1 -l<x<?2 x>2
J(x) - - +

The point of inflexion is (2, 0).
Letu =x + 1. Then du = dx.
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Required volume
2

2 _"\3
:7{/ (x 2) IM
0 (x+ 1)2
3 6
-3
= 71'/ (u 2 ) du
1 u
30 — 18u® + 135u™ — 54003 + 1215u® — 1458u + 729
=7 du 1M
1 ut
3
= 7r/ (u? — 18u + 135 — 540u~" + 121542 = 1458473 + 729u~*) du
1
3 3
729 243
= 7| Z9u? + 1351 — 5401n [u| — 12150~ + 222 — 222
3 u? u3
:n(liﬁ—smln?}) 1A
k
46. (a) Required volume = 7 / (12y — y*)dy IM+1A
0
31k
y
= 1|6y* - —}
3 0
k3
= |6k* - — 1
(o5
(b) (i) WhenO<h<.
2)3 23
V:7r6(h+2)2—(h_;)}—n[6(2)2—? M
1 64
—xl6(h+2)? - =(h+2)3]| - 2X |
3 3
(ii)) When4 < h <11.
1 64
V=r(6)(h-4) +7|6(4+2) = 2(4+2)° il M
368
= 367m(h—4) + T’T
av dh
— =361 — 1A
a0
dh
3 =361 —
d dr
dh 1
dt 12x
1
Required rate is —— cm/s. 1A
127
(iii) When 0 < & < 4.
1 4
V=7r[6(h+2)2—§(h+2)3 _ Gdn
av dh dh
— =x|12(h+2)— — (h+2)*— 1A
i TT |y (+)dt}

35



dv

Whenh=1, — =5-3=2.
dr
dh dh
2=n|121 +2)— — (1 +2)*>—
|20+ - (427
dh 2
dt ~ 27n

2
Required rate is —— cm/s.
2Tn

47. (@) () h+1=x*+1
x=Vh or -+Vh (rejected)
The coordinates of A are (\/E, h+ 1).
(ii) y=x'+1
dy _
dx

dy =2vVh
dx ] —vi

xX=

The equation of L is

y—(h+1)
2 oovh
x—Vh

y=2Vhx—h+1

2x

(b) (i) Consider the capacity of the cup.

h+1 2 h+1
y+h—1) / 31
g — | dy—-nx (y-1)dy=—n
./o ( 2Vh | 10

4h 3 0 2 |, 10
T T 33l
TG A T

10n* = 5(h* =3h> +3h — 1) = 186h
5 + 15K =201h +5=0
(h—5)(5h*> +40h—1) =0

h=5 or h=

—40 + /402 — 4(5)(-1)

h=5 or h=

(i) LetV cm’ LA cm? and H cm be the volume of water in the cup, the area of the water surface

36
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and the depth of water at time 7 s respectively.

H+1
v=n/ (v = 1) dy
1

~ l(y_l)z]H+]
=7 > 1

- _g?
2
dv dH
— —gH—
dr d dr
WhenH:Sandd—Vzl.
dr
dH
1=7(3)—
ﬂ()dT
dH 1
dr ~ 3n
Wheny =H + 1.
H+1=x>+1
x>=H
We have A = nH.
dA dH
—_ =T
dr dr
dH 1
When H =3, — = —.
en a3
dA (1
dr -7 3
_l
3

1
Required rate is 3 cm?s.

1 1> 1
48. (a) XZ—X+§=(X—5) +Z

1 1 1
Letx — 3 = EtanH. Then dx = Eseczadé’

dx 1 sec? 6
/ﬁﬁ/w—ﬂw
X" —x+5 7 tan 0+Z

= 26 + constant

= 2tan"!(2x — 1) + constant
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(b)

(©)

49. (a)

(b)

(©

Letu = A —x. Then du = —dx.

Pl 0
/xf(x)dx=—/ (A=u)f(A—u)du

0 Pl

A
- /0 (A=) f(x) dr

Z/Oﬂxf(x)dx:/l'/oﬂf(x)dx
/OAXf(X)dx=%/OAf(X)dx

b .
2 XSINXCOSX
Volume = 71/ —dx
0

 sin*x + cost x
sin.x cos x

4

Let f(x) = —goost
sin” x + cos* x

f(f_ )_ sin (§ — x) cos (F - x) _ cosxsinx
sin’ (— —x) +cos* (% -x) cos*x +sin*

sinx cos x
Volume = — /
sin® x + cos? x

Let u = sin®x. Then du = 2 sinx cos x dx.

bs du
Vol = — R S E—
omme =g _/0 u? + (1 —u)?

n? 1 du

16Jo u-u+1
2

8

3

1

1

tan~' (2u — 1)}
0

Vertical asymptote is x = =2.

f(x)—x—6+%

Oblique asymptote is y = x — 6.
9
’ — 1 -
f (x +2)2
_(x+5)(x -1
o (x+2)?

When f'(x) =0,x =1 or -5.

= f(x).

X

X x < -5 S<x<-=-2

2<x<1

x>1

f'(x) + -

Maximum point is (=5, —14).

Minimum point is (1, —2).
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(d) Required volume
:ﬂ/ol(x—6+)%)2dx
o [ o ez0, o
0 144 ) 81

x+2 (x+2)2
1
2
= - 18 —
ﬂ/o (x —6) +(8 s +(x+2)2

(x — 6)3 81 ]1

=7

371 3
2 144In2
71'(6 Il2)

+18x —144In|x + 2| - ——
x+2

0

162(x - 1)
(x+1)3
e 324
T x+1)?2 (x+1)3
, 324 972
fieo = _(x+ 1)3 " (x+1)*
 324(2-x)
o (x+ D4
; 972 3888
PO = T Gy
_972(x - 3)
T o(x+ 1)
(i) When f'(x) =0,x = 2.

X | x< -1 | -1<x<?2

50. @ @O flx)=

R I
The maximum point is (2, 6).
No minimum point.
When f”'(x) =0, x = 3.

X | x< -1 | -1<x<3

x>3

ZZ + | -

81
The point of inflexion is (3, E)
(b) Vertical asymptote is x = —1.
Horizontal asymptote is y = 0.

(c) (Shape, extrema and point of inflexion)
(All correct)
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51.

y=fx)

(d) Letu =x+ 1. Then du = dx.

X

1 _ 2
Volume = JT/ [w} dx
0

(x+1)3

2 0 A2
= 262447 / (u 62)
1 u

du

2
=26 244n/ (™ —4u™ +4u% du
1

-3 4 -512
=26244| % 4yt - L

) 5 |
_67797n
20

ax®+bx +3

@ f(x)= 1

=ax+ (a+b)+ 7

a+b+3

X —
Oblique asymptote is y = ax + (a + b).

Wehavea=4anda+b = 1.

Solving, we have a = 4 and b = -3.

(b) f(x):4x+1+i
x—1

, L 4
f(x)_4 (x—l)2

_Ax(x-2)

S (x—1)?

(¢) When f'(x) =0,x =0or2.

X x<0

O<x<1

1l<x<?2

f'(x) +

Maximum point is (0, —3).

Minimum point is (2, 13).
(d) Letu =x—1. Then du = dx.
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Required volume
4
—x [ (-1
2
4 2
4
=7r/ (4x+ ) dx
2 x—1
4
2 1
= 167r/ al
2

1 =12
3
:1671/
1

(u+1)>

X+

|

2 1
(u+ 12 +2+ =+ —|du
u

u2

3
= 167

1
+2u+21n|u|——}
uly

_ 20 s i3

(e) Note that £(3) = 15and f’'(3) = 3.
Let (@, 0) be the coordinates of A.
-1
0-15 3

a-3
a=-

2

The coordinates of A are (-2, 0).
The area of AOAP is the least when P is nearest to the x-axis.
The coordinates of P are (0, —3).
Least area of AOAP
1
= 5(0 +2)(0+3)

=3
Thus, the area of AOAP cannot be less than 3.

END OF PAPER
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