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Suggested solutions

1. Required volume

= 𝜋

∫ 2

1
[(𝑒𝑦 − 1) − (−2)]2 d𝑦 − 𝜋

∫ 2

1
[(2𝑦 − 1) − (−2)]2 d𝑦 1M+1M

= 𝜋

∫ 2

1
[(𝑒𝑦 + 1)2 − (2𝑦 + 1)2] d𝑦

= 𝜋

∫ 2

1
(𝑒2𝑦 + 2𝑒𝑦 − 4𝑦2 − 4𝑦) d𝑦

= 𝜋

[
𝑒2𝑦

2
+ 2𝑒𝑦 − 4𝑦3

3
− 2𝑦2

]2

1
1M

= 𝜋

(
𝑒4

2
+ 3𝑒2

2
− 2𝑒 − 46

3

)
1A

2. Required volume

= 𝜋

∫ 4

1

(
2 −

√
𝑦

2

)2

d𝑦 − 𝜋

∫ 4

1

(
2 − √

𝑦
)2 d𝑦 1M+1M

= 𝜋

∫ 4

1

(
2
√
𝑦 − 3𝑦

4

)
d𝑦

= 𝜋

[
4𝑦 3

2

3
− 3𝑦2

8

]4

1
1M

=
89𝜋
24

1A

3. Volume = 𝜋

∫ 3

−3

9 − 𝑦2

2
d𝑦 − 𝜋

∫ 2

−2

4 − 𝑦2

2
d𝑦 2M+1A

= 𝜋

[
9𝑦
2

− 𝑦3

6

]3

−3
− 𝜋

[
2𝑦 − 𝑦3

6

]2

−2
1M

=
38𝜋
3

1A
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4. (a) 𝑦 = 4𝑦 − 𝑦2 1M

𝑦2 − 3𝑦 = 0

𝑦 = 0 or 3

The coordinates of 𝑃 are
(√

3, 3
)
. 1A

(b) Required volume

= 𝜋

∫ 3

0
(4𝑦 − 𝑦2) d𝑦 − 𝜋

∫ 3

0
𝑦 d𝑦 1M+1M

= 𝜋

∫ 3

0
(3𝑦 − 𝑦2) d𝑦

= 𝜋

[
3𝑦2

2
− 𝑦3

3

]3

0
1M

=
9𝜋
2

1A

5. (a) Solve

𝑦 = −3𝑥 − 3

𝑦 = 6
, the coordinates of 𝐴 are (−3, 6). 1A

Solve

𝑦 = 𝑥 + 3

𝑦 = −3𝑥 − 3
, the coordinates of 𝐵 are

(
−3

2
,

3
2

)
. 1A

Solve

𝑦 = 𝑥 + 3

𝑦 = 6
, the coordinates of 𝐶 are (3, 6). 1A

(b) Required volume

= 𝜋

∫ − 3
2

−3
[8 − (−3𝑥 − 3)]2 d𝑥 + 𝜋

∫ 3

− 3
2

[8 − (𝑥 + 3)]2 d𝑥 − 𝜋(8 − 6)2(3 + 3) 1M+1M

= 𝜋

∫ − 3
2

−3
(9𝑥2 + 66𝑥 + 121) d𝑥 + 𝜋

∫ 3

− 3
2

(𝑥2 − 10𝑥 + 25) d𝑥 − 24𝜋

= 𝜋

[
3𝑥3 + 33𝑥2 + 121𝑥

]− 3
2

−3
+ 𝜋

[
𝑥3

3
− 5𝑥2 + 25𝑥

]3

− 3
2

− 24𝜋 1M

=
189𝜋

2
1A
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6. (a)
d𝑦
d𝑥

= (1 − 𝑥)− 1
2 (−1) 1M

= − 1
√

1 − 𝑥

At 𝐴 (0, 2), d𝑦
d𝑥

= − 1
√

1 − 0
= −1. Slope of 𝐿 =

−1
−1

= 1. 1M

The equation of 𝐿 is 𝑦 = 𝑥 + 2. 1A

(b) 𝐿: 𝑥 = 𝑦 − 2 and 𝐶: 𝑥 = 1 − 𝑦2

4
.

Required volume = 𝜋

∫ 2

0
[1 − (𝑦 − 2)]2 d𝑦 − 𝜋

∫ 2

0

[
1 −

(
1 − 𝑦2

4

)]2

d𝑦 1M+1A

= 𝜋

∫ 2

0
(9 − 6𝑦 + 𝑦2) d𝑦 − 𝜋

∫ 2

0

𝑦4

16
d𝑦

= 𝜋

[
𝑦3

3
− 3𝑦2 + 9𝑦

]2

0
− 𝜋

[
𝑦5

80

]2

0
1M

=
124𝜋
15

1A

7. (a) 6 − 𝑥2 = 4 − 𝑥 1M

0 = 𝑥2 − 𝑥 − 2

𝑥 = 2 or − 1
When 𝑥 = 2, 𝑦 = 4 − 2 = 2; when 𝑥 = −1, 𝑦 = 4 − (−1) = 5.
The coordinates of 𝐴 and 𝐵 are (2, 2) and (−1, 5) respectively. 1A+1A

(b) Volume = 𝜋

∫ 2

−1
[(6 − 𝑥2) − 2]2 d𝑥 − 𝜋

∫ 2

−1
[(4 − 𝑥) − 2]2 d𝑥 1M+1M

= 𝜋

∫ 2

−1
(𝑥4 − 8𝑥2 + 16) d𝑥 − 𝜋

∫ 2

−1
(4 − 4𝑥 + 𝑥2) d𝑥

= 𝜋

[
𝑥5

5
− 8𝑥3

3
+ 16𝑥

]2

−1
− 𝜋

[
4𝑥 − 2𝑥2 + 𝑥3

3

]2

−1
1M

=
108𝜋

5
1A
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8. (a)
d
d𝑥

(𝑒𝑥 cos 𝑥) = 𝑒𝑥 cos 𝑥 − 𝑒𝑥 sin 𝑥 1A

(b)
∫

𝑒𝑥 cos 2𝑥 d𝑥 = 𝑒𝑥 cos 2𝑥 + 2
∫

𝑒𝑥 sin 2𝑥 d𝑥 1M

= 𝑒𝑥 cos 2𝑥 + 2𝑒𝑥 sin 2𝑥 − 4
∫

𝑒𝑥 cos 2𝑥 d𝑥 1M

5
∫

𝑒𝑥 cos 2𝑥 d𝑥 = 𝑒𝑥 cos 2𝑥 + 2𝑒𝑥 sin 2𝑥 + constant∫
𝑒𝑥 cos 2𝑥 d𝑥 =

𝑒𝑥 cos 2𝑥
5

+ 2𝑒𝑥 sin 2𝑥
5

+ constant 1A

(c) 𝑒𝑥 (sin 2𝑥 + 1) = 𝑒𝑥 (cos 2𝑥 + 1)

sin 2𝑥 = cos 2𝑥

tan 2𝑥 = 1

𝑥 =
𝜋

8
or

5𝜋
8

1A

Volume = 𝜋

∫ 5𝜋
8

𝜋
8

[𝑒2𝑥 (sin 2𝑥 + 1)2 − 𝑒2𝑥 (cos 2𝑥 + 1)2] d𝑥 1M+1A

= 𝜋

∫ 5𝜋
8

𝜋
8

𝑒2𝑥 (sin2 2𝑥 − cos2 2𝑥) d𝑥 + 2𝜋
∫ 5𝜋

8

𝜋
8

𝑒2𝑥 (sin 2𝑥 − cos 2𝑥) d𝑥

= −𝜋
∫ 5𝜋

8

𝜋
8

𝑒2𝑥 cos 4𝑥 d𝑥 + 2𝜋
∫ 5𝜋

8

𝜋
8

𝑒2𝑥 (sin 2𝑥 − cos 2𝑥) d𝑥

=
𝜋

2

∫ 5𝜋
4

𝜋
4

𝑒𝑢 cos 2𝑢 d𝑢 + 𝜋

∫ 5𝜋
4

𝜋
4

𝑒𝑢 (sin 𝑢 − cos 𝑢) d𝑢 where 𝑢 = 2𝑥 1M

=
𝜋

2

[
𝑒𝑢 cos 2𝑢

5
+ 2𝑒𝑢 sin 2𝑢

5

] 5𝜋
4

𝜋
4

− 𝜋

[
𝑒𝑢 cos 𝑢

] 5𝜋
4

𝜋
4

1M

=
𝜋

5

(
𝑒

𝜋
4 − 𝑒

5𝜋
4

)
+ 𝜋
√

2

(
𝑒

5𝜋
4 + 𝑒

𝜋
4

)
1A
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9. (a) 1 − cos 4𝜃 + 2 cos 2𝜃 sin2 2𝜃

= 1 − (1 − 2 sin2 2𝜃) + 2(2 cos2 𝜃 − 1) sin2 2𝜃 1M

= 4 cos2 𝜃 sin2 2𝜃 1

(b)
∫ 𝑛𝜋

0
cos2 𝜃 sin2 2𝜃 d𝜃 =

1
4

∫ 𝑛𝜋

0
(1 − cos 4𝜃 + 2 cos 2𝜃 sin2 2𝜃) d𝜃 1M

=
1
4

[
𝜃 − sin 4𝜃

4

]𝑛𝜋
0

+ 1
4

∫ 𝑛𝜋

0
sin2 2𝜃 d sin 2𝜃 1M

=
𝑛𝜋

4
+ 1

4

[
sin3 2𝜃

3

]𝑛𝜋
0

=
𝑛𝜋

4
1

(c) (i) Required area

=

∫ 𝜋

0
cos 𝜃 sin 2𝜃 d𝜃 1M

=
1
2

∫ 𝜋

0
(sin 𝑥 + sin 3𝑥) d𝑥 1M

=
1
2

[
− cos 𝑥 − cos 3𝑥

3

] 𝜋
0

=
4
3

1A

(ii) Required volume

= 𝜋

∫ 𝜋

0
cos2 sin2 2𝜃 d𝜃 1M

= 𝜋 × 𝜋

4
1M

=
𝜋2

4
1A
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10. (a) (i) The coordinates of 𝐴 and 𝐵 are
(
𝑎2, 𝑎

)
and

(
𝑏2, −𝑏

)
respectively.

Required equation is

𝑦 − 𝑎 =
𝑎 + 𝑏

𝑎2 − 𝑏2 (𝑥 − 𝑎2) 1M

𝑦 − 𝑎 =
1

𝑎 − 𝑏
(𝑥 − 𝑎2)

𝑥 − (𝑎 − 𝑏)𝑦 − 𝑎𝑏 = 0 1A

(ii) Required area

=

∫ 𝑎

−𝑏
[(𝑎 − 𝑏)𝑦 + 𝑎𝑏 − 𝑦2] d𝑦 1M

=

[
(𝑎 − 𝑏)𝑦2

2
+ 𝑎𝑏𝑦 − 𝑦3

3

]𝑎
−𝑏

1M

=
1
6
[
[3(𝑎 − 𝑏)𝑎2 + 6𝑎2𝑏 − 2𝑎3] − [3(𝑎 − 𝑏)𝑏2 − 6𝑎𝑏2 + 2𝑏3]

]
=

1
6
(𝑎3 + 3𝑎2𝑏 + 3𝑎𝑏2 + 𝑏3)

=
1
6
(𝑎 + 𝑏)3 1

(b) (i) 4 − (𝑎 − 𝑏) (0) − 𝑎𝑏 = 0

𝑎𝑏 = 4 1
(ii) Let 𝐴 be the area of the shaded region.

𝐴 =
1
6
(𝑎 + 𝑏)3

=
1
6

(
𝑎 + 4

𝑎

)3

d𝐴
d𝑎

=
1
2

(
𝑎 + 4

𝑎

)2 (
1 − 4

𝑎2

)
1M

When
d𝐴
d𝑎

= 0,

1 − 4
𝑎2 = 0

𝑎2 = 4

𝑎 = 2 or − 2 (rejected)

𝑎 0 < 𝑎 < 2 𝑎 > 2

d𝐴
d𝑎

− +
1M

The area of the shaded region is a minimum when 𝑎 = 2. 1A

(c) When 𝑎 = 2, we have 𝑏 = 2 and the equation of 𝐴𝐵 is 𝑥 = 4.
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Required volume

= 𝜋

∫ 2

−2
[4 − (−1)]2 d𝑦 − 𝜋

∫ 2

−2
[𝑦2 − (−1)2] d𝑦 1M

= 25𝜋
∫ 2

−2
d𝑦 − 𝜋

∫ 2

−2
(𝑦4 + 2𝑦2 + 1) d𝑦

= 25𝜋
[
𝑦

]2

−2
− 𝜋

[
𝑦5

5
+ 2𝑦3

3
+ 𝑦

]2

−2
1M

=
1088𝜋

15
1A
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