
1. 𝑓 ′(𝑥) = 1
2
(3 + 𝑥2)− 1

2 (2𝑥) 1M+1A

=
𝑥

√
3 + 𝑥2

𝑓 ′(−1) = − 1√
3 + (−1)2

= −1
2

1A

2. 𝑓 (𝑥) = 𝑥
√

1 − 𝑥2

𝑓 ′(𝑥) =
√

1 − 𝑥2 + 𝑥 · 1
2
√

1 − 𝑥2
(−2𝑥) 1+1+1A

=
1 − 2𝑥2
√

1 − 𝑥2

𝑓 ′
(
1
2

)
=

1 − 2
4√

1 − 1
4

1M

=
1
√

3
1A

3.
d
d𝑥

(
𝑥2

2𝑥 + 1

)
=

d
d𝑥

[
𝑥2(2𝑥 + 1)−1]

= 2𝑥(2𝑥 + 1)−1 + 𝑥2(−1)(2𝑥 + 1)−2(2) 1M+1A

= (2𝑥 + 1)−2 [2𝑥(2𝑥 + 1) − 2𝑥2]

=
2𝑥(𝑥 + 1)
(2𝑥 + 1)2 1A
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4. 𝑦 = tan
𝑥 − 1
𝑥 + 1

d𝑦
d𝑥

= sec2 𝑥 − 1
𝑥 + 1

· (𝑥 + 1) − (𝑥 − 1)
(𝑥 + 1)2 2M+2A

=
2

(𝑥 + 1)2 · sec2 𝑥 − 1
𝑥 + 1

1A

5. (a)
d
d𝑥

sin
(
𝑥2 + 1

)
= cos

(
𝑥2 + 1

)
(2𝑥) 1M

= 2𝑥 cos
(
𝑥2 + 1

)
1A

(b)
d
d𝑥

sin
(
𝑥2 + 1

)
𝑥

=
𝑥 [2𝑥 cos

(
𝑥2 + 1

)
] − sin

(
𝑥2 + 1

)
𝑥2 1M

=
2𝑥2 cos

(
𝑥2 + 1

)
− sin

(
𝑥2 + 1

)
𝑥2 1A

6. (a)
d
d𝑥

sin2 𝑥 = 2 sin 𝑥 cos 𝑥 1M+1A

(b)
d
d𝑥

[sin2(3𝑥 + 1)] = 2 sin(3𝑥 + 1) cos(3𝑥 + 1) (3) 1M

= 6 sin(3𝑥 + 1) cos(3𝑥 + 1) 1A

7.
d
d𝑥

[
sin(2𝑥 + 1)

𝑥

]
=

𝑥 cos(2𝑥 + 1) (2) − sin(2𝑥 + 1)
𝑥2 1M+1M

=
2𝑥 cos(2𝑥 + 1) − sin(2𝑥 + 1)

𝑥2 1A
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8. (a)
d
d𝑥

cos
(
𝑥3 + 1

)
= −3𝑥2 sin

(
𝑥3 + 1

)
1M+1A

(b)
d
d𝑥

[𝑥 cos
(
𝑥3 + 1

)
] = −3𝑥3 sin

(
𝑥3 + 1

)
+ cos

(
𝑥3 + 1

)
1M+1A

9.
d𝜃
d𝑡

=
(3 + 2 cos 𝑘𝑡)𝑘 cos 𝑘𝑡 − sin 𝑘𝑡 (−2𝑘 sin 𝑘𝑡)

(3 + 2 cos 𝑘𝑡)2 1M+1M+1A

=
3𝑘 cos 𝑘𝑡 + 2𝑘 cos2 𝑘𝑡 + 2𝑘 sin2 𝑘𝑡

(3 + 2 cos 𝑘𝑡)2

=
3𝑘 cos 𝑘𝑡 + 2𝑘
(3 + 2 cos 𝑘𝑡)2

當 𝑡 =
3𝜋
2𝑘
時，

d𝜃
d𝑡

=
3𝑘 cos 3𝜋

2 + 2𝑘(
3 + 2 cos 3𝜋

2

)2 1M

=
2𝑘
9

2A

10. 𝑓 ′(𝑥) =
√
𝑥2 + 𝑘 cos 2𝑥 + sin 2𝑥 · 1

2
(𝑥2 + 𝑘)− 1

2 (2𝑥) 1M+1A

= 2
√
𝑥2 + 𝑘 cos 2𝑥 + 𝑥 sin 2𝑥

√
𝑥2 + 𝑘

1A

由於 𝑓 ′(0) = 1，

2
√
𝑘 = 1 1M

𝑘 =
1
4

1A
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11. 𝑓 (𝑥) = (sin 3𝑥)−2 1M

𝑓 ′(𝑥) = −2(sin 3𝑥)−3(3 cos 3𝑥) 1M

=
−6 cos 3𝑥
sin3 3𝑥

1A

𝑓 ′
( 𝜋
12

)
=

−6 cos 𝜋
4

sin3 𝜋
4

1M

= −12 1A

12. (a) 𝑦 = tan(𝜃 − 𝑥)

=
tan 𝜃 − tan 𝑥

1 + tan 𝜃 tan 𝑥
1A

=
tan 𝑥

1 + 2 tan2 𝑥
1A

(b)
d𝑦
d𝑥

=
(1 + 2 tan2 𝑥) sec2 𝑥 − tan 𝑥 · 4 tan 𝑥 sec2 𝑥

(1 + 2 tan2 𝑥)2 1M

=
sec2 𝑥 − 2 tan2 𝑥 sec2 𝑥

(1 + 2 tan2 𝑥)2

當
d𝑦
d𝑥

= 0時，

sec2 𝑥 − 2 tan2 𝑥 sec2 𝑥 = 0

sec2 𝑥(1 − 2 tan2 𝑥) = 0

tan2 𝑥 =
1
2

1A

𝑥 ≈ 0.615 1A
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13. 𝑥 sin 𝑦 = 2002

sin 𝑦 + 𝑥 cos 𝑦
d𝑦
d𝑥

= 0 1M+1A+1A

d𝑦
d𝑥

= − tan 𝑦

𝑥
1A

14. (a)
d
d𝑥

sin3(𝑥2 + 1) = 3 sin2(𝑥2 + 1) cos
(
𝑥2 + 1

)
(2𝑥) 1M+1M

= 6𝑥 sin2(𝑥2 + 1) cos
(
𝑥2 + 1

)
1A

(b) 𝑥𝑦 + 𝑦2 = 2005

𝑥
d𝑦
d𝑥

+ 𝑦 + 2𝑦
d𝑦
d𝑥

= 0 1A+1A

d𝑦
d𝑥

= − 𝑦

𝑥 + 2𝑦
1A

15. 𝑦2 + 3√𝑥𝑦 − 3 = 0

2𝑦
d𝑦
d𝑥

+ 1
3
𝑥−

2
3 𝑦 + 3√𝑥 d𝑦

d𝑥
= 0 1A+1A

在 𝑃 (8, 1)，

2(1) d𝑦
d𝑥

+ 1
3
(8)− 2

3 (1) + 8
1
3
d𝑦
d𝑥

= 0

d𝑦
d𝑥

= − 1
48

1A
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16. 3𝑥2 + 3𝑦2 − 2𝑥𝑦 = 12

6𝑥 + 6𝑦
d𝑦
d𝑥

− 2𝑦 − 2𝑥
d𝑦
d𝑥

= 0 1A+1A+1A

d𝑦
d𝑥

=
𝑦 − 3𝑥
3𝑦 − 𝑥

代 𝑥 = 2及 𝑦 = 0，
d𝑦
d𝑥

=
−6
−2

= 3 1A

17. 𝑥 + 𝑥2 + 𝑥3 + . . . + 𝑥𝑛−1 + 𝑥𝑛 =
𝑥(𝑥𝑛 − 1)
𝑥 − 1

1 + 2𝑥 + 3𝑥2 + . . . + (𝑛 − 1)𝑥𝑛−2 + 𝑛𝑥𝑛−1 =
d
d𝑥

𝑥(𝑥𝑛 − 1)
𝑥 − 1

1A

=
(𝑥 − 1) [(𝑛 + 1)𝑥𝑛 − 1] − (𝑥𝑛+1 − 𝑥)

(𝑥 − 1)2 1M+1A

=
𝑛𝑥𝑛+1 − (𝑛 + 1)𝑥𝑛 + 1

(𝑥 − 1)2 1A

代 𝑛 = 10及 𝑥 = 2，

1 + 2(2) + 3(2)2 + . . . + 9(2)8 + 10(2)9 =
10 × 211 − 11 × 210 + 1

(2 − 1)2 1M

= 9217 1A
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18. 𝑥 = 2𝑦 + sin 𝑦

1 = (2 + cos 𝑦) d𝑦
d𝑥

1M

d𝑦
d𝑥

=
1

2 + cos 𝑦
d2𝑦

d𝑥2 = −(2 + cos 𝑦)−2(− sin 𝑦) d𝑦
d𝑥

1M

=
sin 𝑦

(2 + cos 𝑦)3 1A

19. (a)
d𝑦
d𝑥

= (𝑥 cos 𝑥 + sin 𝑥) − sin 𝑥 1M

= 𝑥 cos 𝑥 1A
d2𝑦

d𝑥2 = −𝑥 sin 𝑥 + cos 𝑥 1A

(b) 𝑥
d2𝑦

d𝑥2 + 𝑘
d𝑦
d𝑥

+ 𝑥𝑦 = 0

𝑥(−𝑥 sin 𝑥 + cos 𝑥) + 𝑘𝑥 cos 𝑥 + 𝑥(𝑥 sin 𝑥 + cos 𝑥) = 0 1M

(2 + 𝑘)𝑥 cos 𝑥 = 0
由於對所有實數 𝑥，方程為真，故此 𝑘 = −2。 1A

20.
d𝑦
d𝑥

= − sin(sin 𝑥) cos 𝑥 1M+1A

d2𝑦

d𝑥2 = − cos 𝑥 · cos(sin 𝑥) cos 𝑥 − sin(sin 𝑥) (− sin 𝑥) 1M+1A

= − cos(sin 𝑥) cos2 𝑥 + sin(sin 𝑥) sin 𝑥 1A+1A
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21. 𝑥 = 𝑦 + sin 𝑦

1 =
d𝑦
d𝑥

+ cos 𝑦
d𝑦
d𝑥

1M+1A

d𝑦
d𝑥

=
1

1 + cos 𝑦
1A

d2𝑦

d𝑥2 = −(1 + cos 𝑦)−2(− sin 𝑦) d𝑦
d𝑥

1A

=
sin 𝑦

(1 + cos 𝑦)3 1A

22. 𝑦 = 𝑥 sin 5𝑥
d𝑦
d𝑥

= sin 5𝑥 + 𝑥 cos 5𝑥(5)

= sin 5𝑥 + 5𝑥 cos 5𝑥 2A
d2𝑦

d𝑥2 = 5 cos 5𝑥 + 5 cos 5𝑥 − 25𝑥 sin 5𝑥

= 10 cos 5𝑥 − 25𝑥 sin 5𝑥 1A

因此，
d2𝑦

d𝑥2 + 25𝑦 = 10 cos 5𝑥。 1A

23. 𝑓 ′(𝑥) = 3 sin2 𝑥 cos 𝑥 1A

𝑓 ′′(𝑥) = 6 sin 𝑥 cos2 𝑥 − 3 sin3 𝑥 1M+1A
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24.
d𝑦
d𝑥

= − 1
𝑥2 sec2 1

𝑥
1M+1A

𝑥2 d𝑦
d𝑥

+ (𝑦2 + 1) = − sec2 1
𝑥
+ tan2 1

𝑥
+ 1 1M

= 0 1

對等式兩邊微分，

2𝑥
d𝑦
d𝑥

+ 𝑥2 d2𝑦

d𝑥2 + 2𝑦
d𝑦
d𝑥

= 0 1A

𝑥2 d2𝑦

d𝑥2 + 2(𝑥 + 𝑦) d𝑦
d𝑥

= 0

d2𝑦

d𝑥2 + 2(𝑥 + 𝑦)
𝑥2

d𝑦
d𝑥

= 0 1

–試卷完 –


