
1. (a)
d
d𝑥

[
(𝑥6 + 1) ln

(
𝑥2 + 1

)]
= (𝑥6 + 1) 2𝑥

𝑥2 + 1
+ 6𝑥5 ln

(
𝑥2 + 1

)
1M+1A

= (𝑥2 + 1)(𝑥4 − 𝑥2 + 1) 2𝑥
𝑥2 + 1

+ 6𝑥5 ln
(
𝑥2 + 1

)
1M

= 2𝑥(𝑥4 − 𝑥2 + 1) + 6𝑥5 ln
(
𝑥2 + 1

)
1A

(b) By (a),
∫

[2𝑥(𝑥4 − 𝑥2 + 1) + 6𝑥5 ln
(
𝑥2 + 1

)
] d𝑥 = (𝑥6 + 1) ln

(
𝑥2 + 1

)
+ constant 1M

6
∫

𝑥5 ln
(
𝑥2 + 1

)
d𝑥 = (𝑥6 + 1) ln

(
𝑥2 + 1

)
− 2

∫
(𝑥5 − 𝑥3 + 𝑥) d𝑥

= (𝑥6 + 1) ln
(
𝑥2 + 1

)
− 2

(
𝑥6

6
− 𝑥4

4
+ 𝑥2

2

)
+ constant 1A∫

𝑥5 ln
(
𝑥2 + 1

)
d𝑥 =

𝑥6 + 1
6

ln
(
𝑥2 + 1

)
− 𝑥6

18
+ 𝑥4

12
− 𝑥2

6
+ constant 1A

2. (a)
∫

𝑥 + 1
𝑥

d𝑥 =
∫ (

1 + 1
𝑥

)
d𝑥 1M

= 𝑥 + ln |𝑥 | + constant 1A

(b) Let 𝑢 = 𝑥2 − 1. Then d𝑢 = 2𝑥 d𝑥.∫
𝑥3

𝑥2 − 1
d𝑥 =

1
2

∫
𝑢 + 1
𝑢

d𝑢 1A

=
𝑢

2
+ ln |𝑢 |

2
+ constant 1M

=
𝑥2 − 1

2
+ ln |𝑥2 − 1|

2
+ constant 1A
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3. (a) Let 𝑢 = 9 − 𝑥. Then d𝑢 = − d𝑥. 1M∫
d𝑥

√
9 − 𝑥

− =
∫

d𝑢
√
𝑢

1A

= −2𝑢
1
2 + constant

= −2
√

9 − 𝑥 + constant 1A

(b) Let 𝑥 = 3 sin 𝜃. Then d𝑥 = 3 cos 𝜃 d𝜃. 1M∫
d𝑥

√
9 − 𝑥2

=
∫

3 cos 𝜃 d𝜃√
9 − 9 sin2 𝜃

=
∫

d𝜃 1A

= 𝜃 + constant

= sin−1 𝑥

3
+ constant 1A

4.
∫

𝑥4 + 1
𝑥2 d𝑥 =

∫ (
𝑥2 + 1

𝑥2

)
d𝑥 1M

=
𝑥3

3
− 1
𝑥
+ constant 1A

5.
∫

2
cot 𝑥

2 + tan 𝑥
2

d𝑥 =
∫ 2 tan 𝑥

2
1 + tan2 𝑥

2
d𝑥

=
∫

2 tan
𝑥

2
cos2 𝑥

2
d𝑥 1M

=
∫

2 sin
𝑥

2
cos

𝑥

2
d𝑥

=
∫

sin 𝑥 d𝑥 1M

= − cos 𝑥 + constant 1A
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6.
d𝑦
d𝜃

= tan2 𝜃 sec2 𝜃 − sec2 𝜃 1M

= (tan2 𝜃 − 1) (tan2 𝜃 + 1)
= tan4 𝜃 − 1 1A∫
tan4 𝜃 d𝜃 =

∫
(tan4 𝜃 − 1 + 1) d𝜃 1M

=
tan3 𝜃

3
− tan 𝜃 + 𝜃 + constant 1A

7.
∫

(1 + cos 𝜃)2 d𝜃 =
∫

(1 + 2 cos 𝜃 + cos2 𝜃) d𝜃

= 𝜃 + 2 sin 𝜃 + 1
2

∫
(1 + cos 2𝜃) d𝜃 1M+1A

=
3𝜃
2

+ 2 sin 𝜃 + sin 2𝜃
4

+ constant 1A

8. (a)
∫

cos2 2𝑥 d𝑥 =
1
2

∫
(1 + cos 4𝑥) d𝑥 1M

=
𝑥

2
+ sin 4𝑥

8
+ constant 1A

(b)
∫

sin2 2𝑥 d𝑥 =
∫

(1 − cos2 2𝑥) d𝑥 1M

= 𝑥 −
(
𝑥

2
+ sin 4𝑥

8

)
+ constant 1M

=
𝑥

2
− sin 4𝑥

8
+ constant 1A
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9.
∫

(sin 𝑥 − cos 𝑥)2 d𝑥 =
∫

(sin2 𝑥 + cos2 𝑥 − 2 sin 𝑥 cos 𝑥) d𝑥 1A

=
∫

(1 − sin 2𝑥) d𝑥 1M+1M

= 𝑥 + cos 2𝑥
2

+ constant 1A

10.
∫

cos2 𝜃 d𝜃 =
1
2

∫
(1 + cos 2𝜃) d𝜃 1M+1A

=
𝜃

2
+ sin 2𝜃

4
+ constant

11. (a)
∫

(4𝑥 + 1)2 d𝑥 =
(4𝑥 + 1)3

3(4) + constant

=
(4𝑥 + 1)3

12
+ constant 1M+1A

(b)
∫

sin 3𝜃 cos 𝜃 d𝜃 =
1
2

∫
(sin 4𝜃 + sin 2𝜃) d𝜃 1M

= −cos 4𝜃
8

− cos 2𝜃
4

+ constant 1M+1A

12.
∫ √

2𝑥 + 1 d𝑥 =
(2𝑥 + 1) 3

2

3
+ constant 1M+1A

13. Let 𝑢 = 𝑥 − 1. Then d𝑢 = d𝑥. 1M∫
(𝑥 + 2)

√
𝑥 − 1 d𝑥 =

∫
(𝑢 + 3)

√
𝑢 d𝑢

=
∫

(𝑢 3
2 + 3𝑢

1
2 ) d𝑢 1M

=
2𝑢 5

2

5
+ 2𝑢

3
2 + constant 1A

=
2
5
(𝑥 − 1) 5

2 + 2(𝑥 − 1) 3
2 + constant 1A
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14. Let 𝑢 = 𝑥 − 1. d𝑢 = d𝑥. 1M∫
𝑥
√
𝑥 − 1 d𝑥 =

∫
(𝑢 + 1)

√
𝑢 d𝑢 1A

=
∫

(𝑢 3
2 + 𝑢

1
2 ) d𝑢

=
2𝑢 5

2

5
+ 2𝑢 3

2

3
+ constant 1A

=
2(𝑥 − 1) 5

2

5
+ 2(𝑥 − 1) 3

2

3
+ constant 1A

15. Let 𝑢 = 𝑥 + 2. Then d𝑢 = d𝑥 1M∫
𝑥(𝑥 + 2)99 d𝑥 =

∫
(𝑢 − 2)𝑢99 d𝑢 1A

=
∫

(𝑢100 − 2𝑢99) d𝑢

=
𝑢101

101
− 𝑢100

50
+ constant 1A

=
(𝑥 + 2)101

101
− (𝑥 + 2)100

50
+ constant 1A

16. Let 𝑢 = 3𝑥2 + 1. Then d𝑢 = 6𝑥 d𝑥. 1M∫
𝑥

√
3𝑥2 + 1

d𝑥 =
1
6

∫
6𝑥

√
3𝑥2 + 1

d𝑥

=
1
6

∫
d𝑢
√
𝑢

1A

=
1
3
𝑢

1
2 + constant 1

=
1
3
(3𝑥2 + 1) 1

2 + constant 1A
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17. (a)
∫

cos(3𝑥 + 1) d𝑥 =
sin(3𝑥 + 1)

3
+ constant 1M+1A

(b) Let 𝑢 = 2 − 𝑥. Then d𝑢 = − d𝑥.∫
(2 − 𝑥)2004 d𝑥 = −

∫
𝑢2004 d𝑢 1M

= −𝑢
2005

2005
+ constant

= − (2 − 𝑥)2005

2005
+ constant 1A

18.
∫

(8𝑥 + 5)250 d𝑥 =
(8𝑥 + 5)251

251(8) + constant 1M

=
(8𝑥 + 5)251

2008
+ constant 1A

19. Let 𝑢 =
√
𝑥 + 9. Then d𝑢 =

1
2
(𝑥 + 9)− 1

2 d𝑥. 1M∫
𝑥

√
𝑥 + 9

d𝑥 = 2
∫

𝑥

2(𝑥 + 9) 1
2

d𝑥

= 2
∫

(𝑢2 − 9) d𝑢 1A

=
2𝑢3

3
− 18𝑢 + constant 1A

=
2
3
(𝑥 + 9) 3

2 − 18(𝑥 + 9) 1
2 + constant 1A
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20. Let 𝑢 = sin2 𝑥. Then d𝑢 = 2 sin 𝑥 cos 𝑥 d𝑥. 1M∫
sin 𝑥 cos 𝑥√

9 sin2 𝑥 + 4 cos2 𝑥
d𝑥 =

1
2

∫
2 sin 𝑥 cos 𝑥√
5 sin2 𝑥 + 4

d𝑥

=
1
2

∫
d𝑢

√
5𝑢 + 4

1A

=
1
5
√

5𝑢 + 4 + constant 1A

=
1
5

√
5 sin2 𝑥 + 4 + constant 1A

21. Let 𝑢 = 𝑥2. Then d𝑢 = 2𝑥 d𝑥. 1M∫
𝑥 sin2(𝑥2) d𝑥 =

1
2

∫
sin2 𝑢 d𝑢

=
1
4

∫
(1 − cos 2𝑢) d𝑢 1M

=
𝑢

4
− sin 2𝑢

8
+ constant 1A

=
𝑥2

4
− sin 2𝑥2

8
+ constant 1A

22. (a)
∫

tan3 𝑥 d𝑥 =
∫

tan 𝑥(sec2 𝑥 − 1) d𝑥

=
∫

tan 𝑥 d(tan 𝑥) +
∫

d(cos 𝑥)
cos 𝑥

1M

=
tan2 𝑥

2
+ ln | cos 𝑥 | + constant 1A

(b) (i)
𝐴

𝑥
+ 𝐵

𝑥 − 2
+ 𝐶

(𝑥 − 2)2 =
𝐴(𝑥 − 2)2 + 𝐵𝑥(𝑥 − 2) + 𝐶𝑥

𝑥(𝑥 − 2)2

=
(𝐴 + 𝐵)𝑥2 + (−4𝐴 − 2𝐵 + 𝐶)𝑥 + 4𝐴

𝑥(𝑥 − 2)2

So, 𝐴 + 𝐵 = 1, −4𝐴 − 2𝐵 + 𝐶 = −1 and 4𝐴 = 2. 1M

Solving, we have 𝐴 =
1
2
, 𝐵 =

1
2
and 𝐶 = 2. 1A+1A

(ii)
∫

𝑥2 − 𝑥 + 2
𝑥(𝑥 − 2)2 d𝑥 =

∫ [
1
2𝑥

+ 1
2(𝑥 − 2) +

2
(𝑥 − 2)2

]
d𝑥 1M

=
1
2

ln |𝑥 | + 1
2

ln |𝑥 − 2| − 2
𝑥 − 2

+ constant 1A
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23. (a) 3𝐼 + 4𝐽 =
∫

3 sin 𝑥 + 4 cos 𝑥
3 sin 𝑥 + 4 cos 𝑥

d𝑥

=
∫

d𝑥

= 𝑥 + constant 1A

(b) 4𝐼 − 3𝐽 =
∫

4 sin 𝑥 − 3 cos 𝑥
3 sin 𝑥 + 4 cos 𝑥

d𝑥.
Let 𝑢 = 3 sin 𝑥 + 4 cos 𝑥. Then d𝑢 = (3 cos 𝑥 − 4 sin 𝑥) d𝑥.

4𝐼 − 3𝐽 = −
∫

d𝑢
𝑢

1M

= − ln |𝑢 | + constant

= − ln |3 sin 𝑥 + 4 cos 𝑥 | + constant 1A

(c) By (a) and (b),

3(3𝐼 + 4𝐽) + 4(4𝐼 − 3𝐽) = 3𝑥 − 4 ln |3 sin 𝑥 + 4 cos 𝑥 | + constant 1M

25𝐼 = 3𝑥 − 4 ln |3 sin 𝑥 + 4 cos 𝑥 | + constant

𝐼 =
3𝑥
25

− 4
25

ln |3 sin 𝑥 + 4 cos 𝑥 | + constant 1A

24. (a) Let 𝑥 = sin2 𝜃. Then d𝑥 = 2 sin 𝜃 cos 𝜃 d𝜃∫
𝑓 (𝑥)√

𝑥(1 − 𝑥)
d𝑥 =

∫
𝑓 (sin2 𝜃) · 2 sin 𝜃 cos 𝜃√

sin2 𝜃 (1 − sin2 𝜃)
d𝜃

= 2
∫

𝑓 (sin2 𝜃) d𝜃 1

(b)
∫

d𝑥√
𝑥(1 − 𝑥)

= 2
∫

d𝜃

= 2𝜃 + constant

= 2 sin−1 √𝑥 + constant 1A∫ √
𝑥

1 − 𝑥
d𝑥 =

∫
𝑥√

𝑥(1 − 𝑥)
d𝑥

= 2
∫

sin2 𝜃 d𝜃 1A

=
∫

(1 − cos 2𝜃) d𝜃

= 𝜃 − 1
2

sin 2𝜃 + constant 1A

= sin−1 √𝑥 −
√
𝑥(1 − 𝑥) + constant 1A
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25.
∫

𝑒2𝑥 (sin 𝑥 + cos 𝑥)2 d𝑥 =
∫

𝑒2𝑥 (1 + 2 sin 𝑥 cos 𝑥) d𝑥 1M

=
𝑒2𝑥

2
+
∫

𝑒2𝑥 sin 2𝑥 d𝑥 1M

Consider the integral
∫

𝑒2𝑥 sin 2𝑥 d𝑥,∫
𝑒2𝑥 sin 2𝑥 d𝑥 =

𝑒2𝑥

2
sin 2𝑥 −

∫
𝑒2𝑥

2
(2 cos 2𝑥) d𝑥 1M

=
𝑒2𝑥 sin 2𝑥

2
− 𝑒2𝑥

2
cos 2𝑥 +

∫
𝑒2𝑥

2
(−2 sin 2𝑥) d𝑥 1M

2
∫

𝑒2𝑥 sin 2𝑥 d𝑥 =
𝑒2𝑥 sin 2𝑥

2
− 𝑒2𝑥 cos 2𝑥

2
+ constant 1M∫

𝑒2𝑥 sin 2𝑥 d𝑥 =
𝑒2𝑥

4
(sin 2𝑥 − cos 2𝑥) + constant 1A

Therefore,
∫

𝑒2𝑥 (sin 𝑥 + cos 𝑥)2 d𝑥 =
𝑒2𝑥

2
+ 𝑒2𝑥

4
(sin 2𝑥 − cos 2𝑥) + constant 1A

26. (a) Let 𝑢 = 1 + 𝑥2. Then d𝑢 = 2𝑥 d𝑥.∫
𝑥3

1 + 𝑥2 d𝑥 =
1
2

∫
𝑢 − 1
𝑢

d𝑢 1M

=
1
2

∫
(1 − 𝑢−1) d𝑢

=
𝑢

2
− 1

2
ln |𝑢 | + constant

=
𝑥2

2
− 1

2
ln
(
1 + 𝑥2

)
+ constant 1A

(b)
∫

𝑥2 tan−1 𝑥 d𝑥 =
𝑥3

3
tan−1 𝑥 − 1

3

∫
𝑥3

1 + 𝑥2 d𝑥 1M+1A

=
𝑥3

3
tan−1 𝑥 − 𝑥2

6
+ 1

6
ln
(
1 + 𝑥2

)
+ constant 1A
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27. (a) Let 2𝑥 = tan 𝜃. Then 2 d𝑥 = sec2 𝜃 d𝜃. 1M∫
1

1 + 4𝑥2 d𝑥 =
1
2

∫
sec2 𝜃

1 + tan2 𝜃
d𝜃 1M

=
𝜃

2
+ constant

=
1
2

tan−1 2𝑥 + constant 1A

(b)
∫

ln
(
1 + 4𝑥2

)
d𝑥 = 𝑥 ln

(
1 + 4𝑥2

)
−
∫

𝑥 · 8𝑥
1 + 4𝑥2 d𝑥 1M+1M

= 𝑥 ln
(
1 + 4𝑥2

)
− 2

∫ (
1 − 1

1 + 4𝑥2

)
d𝑥 1M

= 𝑥 ln
(
1 + 4𝑥2

)
− 2𝑥 + tan−1 2𝑥 + constant 1A

–試卷完 –


