1. (a) Let the radius of the water surface be a cm. By considering similar triangles,

az3_nh M
4-3 10
h+30
a =
10
Therefore,
2
T h+30 h+30
V==>h|3*+3 + M
()« (5]
- ﬁh[%o +30(/ +30) + (k2 + 60k + 900)]
T 13 2
= — 2 1
3OO(h + 90h~ + 2700h)
dv big dh
— = ——(3h* + 180h + 2700) — IM+1A
(b) i 300(3 + 1804 + Oo)dt
When h =5,
Fis 5 dh
= — 1 2 —
Tn 300 [3(5)° + 180(5) + 2700] m
dh 4
- 1A
de 7
. .4
The rate of increase of depth of water is 7 cmy/s.
2. Let Vem® and r cm be the volume and radius of the spherical balloon respectively.
V= 571'1"3
dv ,dr
i 4rr pm IM
100 = 47 - 1002 1M
dt
d
dr__ 1 1A
dr 4

1
Hence the rate of change of the radius is e cm/s.
n



3.

(a) Curved surface area of the cone = 7(15)(V202 + 152) = 3757 cm?

(b)

(a)

(b)

A (kY
3757 \20
15 5
A=—
16nh
1
Volume of the cone = 5(15)2(20) = 15007 cm®

When the volume of water is 96 cm?,

9 (h)
15007 \20

h=38

15 , dA 157 dh
B A=— . h _— = —n—.
Y(ZL’ : 16zrh We have ” A hdt
Put — = —, h =38,
dA dtlSﬂﬂ 3
a7 a—l
” A ><8><7T 5

Required rate is 45 cms.

Note that the coordinates of Q are (0, 2¢%).

2 u
Area of AOPQ = u(; ) = ue"
Let v be the y-coordinate of P.
v =2e"
dv du
R D s
a
du 1 dv
dt  2e* dt
Let A square units be the area of AOPQ, then A = ue".
A, s du
i (e" + ue )dt
_(1T+u)dy
2 ) dr
dA 1+4
Wh =4, —=|——](6)=15
enu =4, ” 5 (6)

Thus, the required rate of change is 15 square units per second.
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5.

1
(a) y= Elnx

dy 1

dr  2x

Slope of tangent to C at P = i Slope of normal to C at P = —2r.
Let the coordinates of Q be (q,r 0).

O—%lnr _
q-r
Inr = —4qr + 42
_4r2+lnr
T

4r2 + Inr

The x-coordinate of Q is )
r

(b) Let the area of APQR be A.
A 1 (4r2+1nr _r) (11nr)
2 4r 2
B (Inr)?
T 16r
dA 2 1\ (Inr)?
@~ Ternr) (‘) " e
_Inr(2-1Inr)
a 1672

dA
When — =0,
dr

Inr=2 or 0

r=e> or 1 (rejected)

r l<r<eé?|r>é?
dA
- + —
dr
. In e?)? 1
A attains its greatest value when r = . Greatest area = ( ) = —
16e2 4e?

1
() OP =+Jr?2 + (Invr)? = 5\/4r2 + (Inr)?
doP _ 4r’+Inr dr
dr 2r/4r2 + (Inr)2  dt

dor 1 1\ 2 1)\d 1 1\d
Whenr = e, =—(ez+—) (2e+—)_r:_(e2+_)_r
e e

dr 2 4 2e ) dt 4] dt
P
AdeSSZeZ,
dr
1

1 , 1\2dr 5

- -] —<32

e (e +4) dr — ¢

d 1
d—z <3263 (62 + Z)
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6.

Whenr = e,
dA  Inr(2-Inr) dr

dr 1672 dr
1 dr

- 16¢2  dr

1 1
< 23283 [ + =
= Tee2 ¢ (e 4)

<2e- (ez)_% =2

8=

The claim is correct.

(a) Let A square units be the area of the circle.

2
Vu2+v2)
A= —5 T
T
=-S5
4
dA nx© dS
—_— = = X —
dt 4 dr
5 nXdS
T=—X—
4 dt
ds
— =20
dr

S increases at a constant rate of 20 square units per second.

(b) Coordinates of P and Q are (u, 2“‘1) and (u, 2%) respectively.

When u = 2,

S=u’+272

ds P2 du
L~ (2u+222 21 2)—
i ")
du
20=(4+8In2)—
( n2)-
du 5
dt 1+2In2
Let the area of AOPQ be S square units. When u = 2,
u(zu_zu—l)
F= 2
dg -1 ) . -2 du
— =" =2" 247 =27 ) In2| —
o [( ) +u( )In ]dt

du
=(1+2In2)—
(1+2In2)75

20

— (14+2In2) x ——
(1+2In2) X 2= 12

=5

Required rate is 5 square units per second.
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(a) PO =Vu2+36++(20-u)?+16

dPQ

- w(® +36)7 + (u — 20)[(20 — u)? + 16] 2
When dPQ =0,
du

DI—

u(? +36)72 = (20 — u)[(20 — u)? + 16]~
u?[(20 — u)? + 16] = (20 — u)?(u* + 36)
0 = 20u® — 1440u + 14400
u=12 or 60 (rejected)

w Jo<u<iz|2<u<20

dPQ
du
PQ attains its minimum at u = 12.

Thus, a = 12.

- -

(b) (i) Let B be the area of rectangle PO SR.

B = (PQ)u
dg _ dPQ
E‘” du + PO

% = (12)(0) + V122 + 36 + V(20 — 12)2 + 16
u=12

=10V5 £ 0

Thus, B8 does not attain its minimum when u = 12.

The claim is disagreed.

(i) After time f min,

OP = \u? + (u? + 36)
dop d
=2+ 36)—%d—’t’

28 = 2(12)(2(12) + 36) "2 (d

du

—| =21
dt

u=12

Let the perimeter of rectangle POSR be p.

p =2(PQ +u)
dp _,dPQdu  du

ar T dw dar  Car
= 2(0)(21) +2(21)

dp
dr

u=12
=42

Required rate is 42 units per minute.
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8.

PQ BQ

N o P2 BO
@ O T=="+75
_x, 54/302 + (40 — x)2
7 7
X+ 5Vx2 = 80x + 2500
= - )
T
(i1) When T is minimum, — =0
L2 1( — 80x + 2500)"2 (2x — 80) =
7 73 X X X
(Vx2 — 80x + 2500)% = [=5(x — 40)]?
2x* - 160x + 3125 =0
5
x =40 - i
x | 0<x<40- 3% | 4036 < x <40
dr
— - +
dx
When T is minimum, x = 40 — %
5 25V6
OB = J3OZ+ 40 - (40— i)] _25V6
2 2
30 2v6
b i 1 = = —
(®) (i) sinp EGRE
2
40 - (40— %5) .
R
2
In AMAB,
MB AB
sina sin(mr —a - f8)
_ 40sina
~ sin(a + fB)
3 40 sin
~ sinacos 8 + cos a sin 8
_ 40tana
1tan01+ 2(
3 200tana
tan @ + 2V6
(i) dMB 200 sec? a(tan a + 2V6) — tan a sec’ da
dr (tan a + 2V6)2 dt

400V6 sec? 0.2 dar
(tan 0.2 + 2V6)2 df

~ —0.0357rad/s

~14=

d_a
dr

5V6
40 + T\/_ (rejected)
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() C=2412+x2+(V2)2+2-x=2Vx2 +3+2—x

d¢ 2x

2 _1
—_ = 3 22 —1: —1
G ==
d¢
b 1) When — =0
(®) () When - =0,
2x 1
x2+3
4x* =x* +3

x=1 or —1(rejected)

x |0<x<l|l<x< %
de
— - +
dx
¢ attains the least value at x = 1.
3
(ii) ¢ attains its greatest when x = 0 or x = 7
3 1
When x = 0, ¢ = 2V3 +2; when x = 5,6:\/ﬁ+§ <2V3+2
So, ¢ attains the greatest value at x = 0.
k 2k
i) E = +
© O 2-x)2 x2+3
... dE 2k 4kx
(i) — = -
dx  2-x)3 (x2+43)2
From (b), ¢ attains the least when x = 1.
dE 4k Tk
Whenx—l,a—Zk—E—Z>O

So, E does not attain its greatest value at x = 1. The student is incorrect.
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10.  (a)

(b)

(©)

r2 2 2 2

. re . re. re .
S = — sin 26 + > sin(8 —0) + > sin(2m —28) + > sin(B — 0)
2
= %[sin 20 —sin2B + 2sin(B — 0)]
2
S = 3[sin 20 —sin 2B + 2sin(B — )]
as  r?
=2 = [2c0s20 -2 -
9 ng[ cos 260 cos(B—-0)]
When — =0,
dé
cos 26 = cos(B —0)
20=B-6 or 2m—(B-0)(rejected) or 2+ (8- 0) (rejected)
B
0==
3
d2
d_eg = —r?[25sin 26 + sin(B — 0)]
When 6 = E,
3
ds 2
Frohe —r? ZSinéB + sin (,8— g)}

2
=372 sin?'B <0

B

S attains a maximum at 0 = 3

2 2
Sp = % sin?ﬂ —sin25+2sin(ﬁ—'§)}

2 2

- % (3 sin?ﬁ - sin2,8)
2 2 2 2

= % [3sin?ﬁ - (3sin?ﬁ —4sin’ ?ﬁ)]

2
= 2r%sin? —'B

2
Among all possible values of 5, Sg attains the greatest value when sin ?ﬁ =1.

/BOC = /AOD :B—Q:g
So, COA and BOD are straight lines and CA L BD.
Thus, ABCD is a square. The student is correct.
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20 1
11. (@) () A=n(1)?-n(cosd)?—|m(1)*x i 5(1)2sinz¢9 IM+1A
T
1
=nsin29—9+§sinze 1
... dA . 1
(ii) 0 n(2sinfcosf) — 1 + E(COS 20)(2) 1A
=7sin260 — 1 + (1 — 2sin® )
= 7 sin 20 + 2 sin O(cos 0 tan )
= (r —tan @) sin 20 1
dA
(b) W (r —tan @) sin20 = 0 IM
tand = or sin20 = 0 (rejected) M
6 =tan"' 7
6 |0<f<tan'7m tan_177<9<z
dA
P + _
do
A attains its greatest value when tan 6 = 7. 1A

(c) Perimeter s = 27(1) X

+ 2sin 6 + 2m(cos )

=27 —20+2sinf + 2w cos O 1A

When A is maximum, tan 6 = 7.
1 Vg

We have cos § = and sin @ = .
q V1 + 72 V1 + 72
d_; =-2+4+2cosf —2rsinf 2 1M
d 2 2
& " A 73820 M
do tan =rm ‘/1 + 7'l'2 ‘/1 + 7T2

Hence the perimeter will not attain its greatest value when A attains its greater value.

The student is incorrect. 1A



12. (a) (i) ZBOC =48
ZAOB = ZAOC = r - 20

S = %(1)(1) sin46 + %(1)(1) sin(mr — 20) + %(1)(1) sin(mr — 20)

sin 40 .
= 5 + sin 260

ds
(il)) — =2cos40 + 2cos 26
de
ds

When & =0
N T

cos 36 cos b =

cos30 =0 or cosé =0 (rejected)

/AOC 726

0= T
6
2
g = —8sin46 — 4sin 20
do?
d2s
— =-6V3<0
dgz 6:1
o b
S attains its maximum when 0 = —.
4 2
Maximum S = 3 sin FH + sin ?71
_3V3
T4
(b) Z/BOD = /DOA = ZAOE = ZEOC = >
1 - 20
Area of AAOD = 5(1)(1) sin =
! 0
= —cos
1 2 1
P = 5(1)(1) sin46 + 4 x 3 cos 6
sin 460
= +2cos0
2
dP
— =2cos46 —2sin0
do P
T
When=—,— =-2#0
en PIT] *

Hence, P will not attain the maximum when § attains the maximum.
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13. (a) A=

a =

(PQ)(a) (QR)(a) (RP)(a)
2 T 2 T2

5 (2s)

SIS

S
(b) (i) EF =2sin0

(i)

(iii)

1(1)(1)sin26
L1+ 1+25in6)
B sin 6 cos 0
" 1+sind
_cos (1 +sinf) —cosd
B 1 +sin@
cos
=cosf — -
1+sind
dr ) —sin@(1 + sin6) — cos f(cos )
— = —sinf — -
de (1+sinf)?
. —sinf — 1
= —sinf - ———
(1 + sin )2
= - —sin@
1d+s1n9
r
When — =0,
en 0
- —sinf =0
1 +sind
sin?@ +sinf—1=0
-1+vV5 -1-v5 .
sinf = 5 \& or Vs (rejected)
6 ~ 0.666rad
d?r —cos 6

T
_—_— - f —
42~ (1+s5in0)? cosf <0for0<@ < >

Required value is 0.666 rad.
Perimeter is the least when 6 = T

12
St

By (b)(ii), r has only one maximum value when % <6< —.

1
S

b8
H is the 1 h = —or —.
ence r 1s the least when 6 T

b4 Sn
When 6 = 1 r ~ 0.199; when 6 = ik r=~0.127.

Thus, r and the area of the circle is the least when 0 = %

The claim is disagreed.
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14. (a) (i) PB=PC=+Vx2+4and PA=3-x
r=PA+PB+PC=2Vx2+4+ (3-x)

d 1
&r =2x§(x2+4)—%(2x)—1
2
|
x2+4

dr
ii) (1) When — =0
(i) (1) When &= =0,

2
X
x2+4
4> =x2 + 4
2 2
x=— or — — (rejected)
v v
2 2
x [0<x<— | —<x<3
V3
dr
— - +
dx

2
r is increasing when <x < 3. (Acceptx > —)
V3

2
V3

(2) risdecreasingon 0 < x <

Therefore, r is the least at x =

Sl g e

2
2 2
Least value of r = 2 (—) +4+3- = =2V3+3

V3 V3

(iii) r is greatestatx = 0 or x = 3.
Whenx = 0,7 = V4+3="7;whenx =3,r = V32 +4+3-3=2V13
The greatest value of r is 2V13.
oA+ - dr__2x
(b) r=2Vx*+4+1 x.So,dx— N 1.
From (a), r is decreasing on 0 < x < 1. Therefore, 7 is the least at x = 1.
Least value of r = 2V1 +4 +1 -1 =2V5
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15 (@) (1) f'(x)=-(x*+9) + (14 —x)(2x)
=-3x2+28x -9
f"(x) = —6x + 28
When f'(x) =0,x = % or9.

1
i (5) =26>0and f”(9) = —26 < 0

2
Thus, the minimum point is (— 336

3 27 ) and the maximum point is (9, 450).
(i1) (Correct shape)

(All correct)
Y (9, 450)

y=f(x)

0 14 X

(b) (i) Since AAPQ ~ ABQOR,

x BR
3 14-x
BR = x(143—x)

2

g(x) = Vx2+32x \/(14—)6)2 +

2
=Vx2+9(14 —x) 1+3

_ (14 — x)(x* +9)

3
(i) Let T be a point on BC such that ST L BC.

Since S lies inside the cardboard, BR + RT < BC,
x(14 —x)
—_— +
3
X —14x+24>0

x(14 —x)
3

3<11

x<2 or x>12

Since0 <x <14,wehave 0 <x <2o0rl12<x < 14.
(iii) From (a)(ii), the curve y = f(x) has no maximum points in the above range.

Therefore, the greatest value of f(x) is attained at one of the boundaries.

Since £(0) = 126, £(2) = 156, £(12) = 306 and £(14) = 0,
42 ;o
3 .

the greatest value of g(x) is

13
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16. () (’%)2 +y2 =52

2
X 2
—+y =25
2 y

(b) By (a), differentiate both side with respect to time ¢,
x dx dy

— - — +2y— =
2 a7

When H is 3 m from the ground, y = 3 and x = 8.

8 dx
5 3 T2 =0
dx

—~_3
dt

0

Required rate is 3 m/s.

1
17. (a) V:§7rr2h
dv  2n hdr+7r
— = —rh— + —r
dr 3 dt 3
Therefore,

h

2d
dr

2n dr @,
0=Frhg+37(2)
dr

.
dt  h
by (1) S=nr VrZ + h2. So, §? = 7'[2(}"4 + r2h2)
d dr dr dh
= (82) = 22 (4= + 2rm? =S 4 220 —
dt()n(rdt rdz rdt
= (40 L 2rh? - 2 k22 (-2)
h h
2 2.2
nhr 22— 1)
(i) Whent =0, h =1.2r,
ds? 27t -
1, = 2rc—=1.2 =
dr |, L2r (2r r7)

1472

15 >0

Since % < 0and d_r > 0, (2r* — h?) is increasing.

dr dr

Therefore, %(Sz) increases for all r > 0.

2
Thus, % > 0 forallt > 0.

2

d 1 ds
—(8) = —=x — forallz > 0.
So, dt(S) 2S>< gP >0 forallt >0

The claims is agreed.
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