
1. (a) Let the radius of the water surface be 𝑎 cm. By considering similar triangles,
𝑎 − 3
4 − 3

=
ℎ

10
1M

𝑎 =
ℎ + 30

10
Therefore,

𝑉 =
𝜋

3
ℎ

[
32 + 3

(
ℎ + 30

10

)
+

(
ℎ + 30

10

)2
]

1M

=
𝜋

300
ℎ[900 + 30(ℎ + 30) + (ℎ2 + 60ℎ + 900)]

=
𝜋

300
(ℎ3 + 90ℎ2 + 2700ℎ) 1

(b)
d𝑉
d𝑡

=
𝜋

300
(3ℎ2 + 180ℎ + 2700) dℎ

d𝑡
1M+1A

When ℎ = 5,

7𝜋 =
𝜋

300
[3(5)2 + 180(5) + 2700] dℎ

d𝑡
dℎ
d𝑡

=
4
7

1A

The rate of increase of depth of water is
4
7
cm/s.

2. Let 𝑉 cm3 and 𝑟 cm be the volume and radius of the spherical balloon respectively.

𝑉 =
4
3
𝜋𝑟3

d𝑉
d𝑡

= 4𝜋𝑟2 d𝑟
d𝑡

1M

−100 = 4𝜋 · 102 d𝑟
d𝑡

1M

d𝑟
d𝑡

= − 1
4𝜋

1A

Hence the rate of change of the radius is − 1
4𝜋

cm/s.
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3. (a) Curved surface area of the cone = 𝜋(15) (
√

202 + 152) = 375𝜋 cm2 1A

𝐴

375𝜋
=

(
ℎ

20

)2
1M

𝐴 =
15
16

𝜋ℎ2 1

(b) Volume of the cone =
1
3
(15)2(20) = 1500𝜋 cm3

When the volume of water is 96𝜋 cm3,

96𝜋
1500𝜋

=

(
ℎ

20

)3
1M

ℎ = 8 1A

By (a), 𝐴 =
15
16

𝜋ℎ2. We have
d𝐴
d𝑡

=
15𝜋
8

ℎ
dℎ
d𝑡

. 1M

Put
dℎ
d𝑡

=
3
𝜋
, ℎ = 8,

d𝐴
d𝑡

=
15𝜋
8

× 8 × 3
𝜋
= 45 1A

Required rate is 45 cm2/s.

4. (a) Note that the coordinates of 𝑄 are (0, 2𝑒𝑢).
Area of △𝑂𝑃𝑄 =

𝑢(2𝑒𝑢)
2

= 𝑢𝑒𝑢 1A

(b) Let 𝑣 be the 𝑦-coordinate of 𝑃.

𝑣 = 2𝑒𝑢

d𝑣
d𝑡

= 2𝑒𝑢
d𝑢
d𝑡

1M

d𝑢
d𝑡

=
1

2𝑒𝑢
· d𝑣

d𝑡
Let 𝐴 square units be the area of △𝑂𝑃𝑄, then 𝐴 = 𝑢𝑒𝑢.

d𝐴
d𝑡

= (𝑒𝑢 + 𝑢𝑒𝑢) d𝑢
d𝑡

1M+1M

=

(
1 + 𝑢

2

)
d𝑣
d𝑡

When 𝑢 = 4,
d𝐴
d𝑡

=

(
1 + 4

2

)
(6) = 15 1A

Thus, the required rate of change is 15 square units per second.
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5. (a) 𝑦 =
1
2

ln 𝑥

d𝑦
d𝑥

=
1
2𝑥

1M

Slope of tangent to 𝐶 at 𝑃 =
1
2𝑟

. Slope of normal to 𝐶 at 𝑃 = −2𝑟 .
Let the coordinates of 𝑄 be (𝑞, 0).

0 − 1
2 ln 𝑟

𝑞 − 𝑟
= −2𝑟 1M

ln 𝑟 = −4𝑞𝑟 + 4𝑟2

𝑞 =
4𝑟2 + ln 𝑟

4𝑟
1

The 𝑥-coordinate of 𝑄 is
4𝑟2 + ln 𝑟

4𝑟
.

(b) Let the area of △𝑃𝑄𝑅 be 𝐴.

𝐴 =
1
2

(
4𝑟2 + ln 𝑟

4𝑟
− 𝑟

) (
1
2

ln 𝑟
)

1M

=
(ln 𝑟)2

16𝑟
1A

d𝐴
d𝑟

=
2

16𝑟
(ln 𝑟)

(
1
𝑟

)
− (ln 𝑟)2

16𝑟2 1M

=
ln 𝑟 (2 − ln 𝑟)

16𝑟2

When
d𝐴
d𝑡

= 0,

ln 𝑟 = 2 or 0

𝑟 = 𝑒2 or 1 (rejected)

𝑟 1 < 𝑟 < 𝑒2 𝑟 > 𝑒2

d𝐴
d𝑟

+ −
1M

𝐴 attains its greatest value when 𝑟 = 𝑒2. Greatest area =
(ln 𝑒2)2

16𝑒2 =
1

4𝑒2 1A

(c) 𝑂𝑃 =
√
𝑟2 + (ln

√
𝑟)2 =

1
2
√

4𝑟2 + (ln 𝑟)2 1M
d𝑂𝑃

d𝑡
=

4𝑟2 + ln 𝑟
2𝑟

√
4𝑟2 + (ln 𝑟)2

· d𝑟
d𝑡

1M

When 𝑟 = 𝑒,
d𝑂𝑃

d𝑡
=

1
2

(
𝑒2 + 1

4

)− 1
2
(
2𝑒 + 1

2𝑒

)
d𝑟
d𝑡

=
1
𝑒

(
𝑒2 + 1

4

)
d𝑟
d𝑡

As
d𝑂𝑃

d𝑡
≤ 32𝑒2,

1
𝑒
·
(
𝑒2 + 1

4

) 1
2 d𝑟

d𝑡
≤ 32𝑒2

d𝑟
d𝑡

≤ 32𝑒3
(
𝑒2 + 1

4

)− 1
2
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When 𝑟 = 𝑒,
d𝐴
d𝑡

=
ln 𝑟 (2 − ln 𝑟)

16𝑟2 · d𝑟
d𝑡

=
1

16𝑒2 · d𝑟
d𝑡

1M

≤ 1
16𝑒2 · 32𝑒3

(
𝑒2 + 1

4

)− 1
2

< 2𝑒 · (𝑒2)− 1
2 = 2

The claim is correct. 1A

6. (a) Let 𝐴 square units be the area of the circle.

𝐴 =

(√
𝑢2 + 𝑣2

2

)2

𝜋 1M

=
𝜋

4
𝑆

d𝐴
d𝑡

=
𝜋

4
× d𝑆

d𝑡
1M

5𝜋 =
𝜋

4
× d𝑆

d𝑡
d𝑆
d𝑡

= 20

𝑆 increases at a constant rate of 20 square units per second. 1A

(b) Coordinates of 𝑃 and 𝑄 are
(
𝑢, 2𝑢−1

)
and (𝑢, 2𝑢) respectively. 1A

When 𝑢 = 2,

𝑆 = 𝑢2 + 22𝑢−2

d𝑆
d𝑡

=
(
2𝑢 + 22𝑢−2 · 2 ln 2

) d𝑢
d𝑡

1M

20 = (4 + 8 ln 2) d𝑢
d𝑡

d𝑢
d𝑡

=
5

1 + 2 ln 2
Let the area of △𝑂𝑃𝑄 be 𝛽 square units. When 𝑢 = 2,

𝛽 =
𝑢(2𝑢 − 2𝑢−1)

2
d𝛽
d𝑡

=
[
(2𝑢−1 − 2𝑢−2) + 𝑢(2𝑢−1 − 2𝑢−2) ln 2

] d𝑢
d𝑡

= (1 + 2 ln 2) d𝑢
d𝑡

= (1 + 2 ln 2) × 20
4 + 8 ln 2

1M

= 5

Required rate is 5 square units per second. 1A
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7. (a) 𝑃𝑄 =
√
𝑢2 + 36 +

√
(20 − 𝑢)2 + 16 1M

d𝑃𝑄
d𝑢

= 𝑢(𝑢2 + 36)− 1
2 + (𝑢 − 20) [(20 − 𝑢)2 + 16]− 1

2 1M

When
d𝑃𝑄
d𝑢

= 0,

𝑢(𝑢2 + 36)− 1
2 = (20 − 𝑢) [(20 − 𝑢)2 + 16]− 1

2 1M

𝑢2 [(20 − 𝑢)2 + 16] = (20 − 𝑢)2(𝑢2 + 36)
0 = 20𝑢2 − 1440𝑢 + 14 400

𝑢 = 12 or 60 (rejected)

𝑢 0 < 𝑢 < 12 12 < 𝑢 < 20

d𝑃𝑄
d𝑢

− +
1M

𝑃𝑄 attains its minimum at 𝑢 = 12.
Thus, 𝑎 = 12. 1A

(b) (i) Let 𝛽 be the area of rectangle 𝑃𝑄𝑆𝑅.

𝛽 = (𝑃𝑄)𝑢 1M
d𝛽
d𝑢

= 𝑢
d𝑃𝑄
d𝑢

+ 𝑃𝑄 1M

d𝛽
d𝑢

����
𝑢=12

= (12) (0) +
√

122 + 36 +
√
(20 − 12)2 + 16

= 10
√

5 ≠ 0 1M

Thus, 𝛽 does not attain its minimum when 𝑢 = 12.
The claim is disagreed. 1A

(ii) After time 𝑡min,

𝑂𝑃 =
√
𝑢2 + (𝑢2 + 36)

d𝑂𝑃

d𝑡
= 2𝑢(2𝑢2 + 36)− 1

2
d𝑢
d𝑡

1M

28 = 2(12)(2(12)2 + 36)− 1
2

(
d𝑢
d𝑡

����
𝑢=12

)
1M

d𝑢
d𝑡

����
𝑢=12

= 21

Let the perimeter of rectangle 𝑃𝑄𝑆𝑅 be 𝑝.

𝑝 = 2(𝑃𝑄 + 𝑢) 1M
d𝑝
d𝑡

= 2
d𝑃𝑄
d𝑢

d𝑢
d𝑡

+ 2
d𝑢
d𝑡

1M

d𝑝
d𝑡

����
𝑢=12

= 2(0)(21) + 2(21)

= 42

Required rate is 42 units per minute. 1A
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8. (a) (i) 𝑇 =
𝑃𝑄

7
+ 𝐵𝑄

1.4
1M

=
𝑥

7
+ 5

√
302 + (40 − 𝑥)2

7

=
𝑥 + 5

√
𝑥2 − 80𝑥 + 2500

7
1A

(ii) When 𝑇 is minimum,
d𝑇
d𝑥

= 0

1
7
+ 5

7
· 1

2
(𝑥2 − 80𝑥 + 2500)− 1

2 (2𝑥 − 80) = 0 1M

(
√
𝑥2 − 80𝑥 + 2500)2 = [−5(𝑥 − 40)]2

2𝑥2 − 160𝑥 + 3125 = 0 1

𝑥 = 40 − 5
√

6
2

or 40 + 5
√

6
2

(rejected)

𝑥 0 < 𝑥 < 40 − 5
√

6
2 40 − 5

√
6

2 < 𝑥 < 40

d𝑇
d𝑥

− +

When 𝑇 is minimum, 𝑥 = 40 − 5
√

6
2

. 1M

𝑄𝐵 =

√√√
302 +

[
40 −

(
40 − 5

√
6

2

)]2

=
25
√

6
2

m 1

(b) (i) sin 𝛽 =
30(

25
√

6
2

) =
2
√

6
5

1A

cos 𝛽 =
40 −

(
40 − 5

√
6

2

)
25

√
6

2

=
1
5

1A

In △𝑀𝐴𝐵,
𝑀𝐵

sin𝛼
=

𝐴𝐵

sin(𝜋 − 𝛼 − 𝛽) 1M

𝑀𝐵 =
40 sin𝛼

sin(𝛼 + 𝛽)

=
40 sin𝛼

sin𝛼 cos 𝛽 + cos𝛼 sin 𝛽
1M

=
40 tan𝛼

1
5 tan𝛼 + 2

√
6

5

=
200 tan𝛼

tan𝛼 + 2
√

6
1

(ii)
d𝑀𝐵

d𝑡
= 200 · sec2 𝛼(tan𝛼 + 2

√
6) − tan𝛼 sec2 𝛼

(tan𝛼 + 2
√

6)2
· d𝛼

d𝑡
1M

−1.4 =
400

√
6 sec2 0.2

(tan 0.2 + 2
√

6)2

d𝛼
d𝑡

d𝛼
d𝑡

≈ −0.0357 rad/s 1A
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9. (a) ℓ = 2
√

12 + 𝑥2 + (
√

2)2 + 2 − 𝑥 = 2
√
𝑥2 + 3 + 2 − 𝑥 1A

dℓ
d𝑡

= (𝑥2 + 3)− 1
2 (2𝑥) − 1 =

2𝑥
√
𝑥2 + 3

− 1 1

(b) (i) When
dℓ
d𝑥

= 0,

2𝑥
√
𝑥2 + 3

= 1 1M

4𝑥2 = 𝑥2 + 3

𝑥 = 1 or − 1 (rejected)

𝑥 0 < 𝑥 < 1 1 < 𝑥 <
3
2

dℓ
d𝑥

− +
1M

ℓ attains the least value at 𝑥 = 1. 1A

(ii) ℓ attains its greatest when 𝑥 = 0 or 𝑥 =
3
2
.

When 𝑥 = 0, ℓ = 2
√

3 + 2; when 𝑥 =
3
2
, ℓ =

√
21 + 1

2
< 2

√
3 + 2 1M

So, ℓ attains the greatest value at 𝑥 = 0. 1A

(c) (i) 𝐸 =
𝑘

(2 − 𝑥)2 + 2𝑘
𝑥2 + 3

1A

(ii)
d𝐸
d𝑥

=
2𝑘

2 − 𝑥)3 − 4𝑘𝑥
(𝑥2 + 3)2

From (b), ℓ attains the least when 𝑥 = 1.
When 𝑥 = 1,

d𝐸
d𝑥

= 2𝑘 − 4𝑘
16

=
7𝑘
4

> 0 1M

So, 𝐸 does not attain its greatest value at 𝑥 = 1. The student is incorrect. 1A
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10. (a) 𝑆 =
𝑟2

2
sin 2𝜃 + 𝑟2

2
sin(𝛽 − 𝜃) + 𝑟2

2
sin(2𝜋 − 2𝛽) + 𝑟2

2
sin(𝛽 − 𝜃) 1M+1A

=
𝑟2

2
[sin 2𝜃 − sin 2𝛽 + 2 sin(𝛽 − 𝜃)] 1

(b) 𝑆 =
𝑟2

2
[sin 2𝜃 − sin 2𝛽 + 2 sin(𝛽 − 𝜃)]

d𝑆
d𝜃

=
𝑟2

2
[2 cos 2𝜃 − 2 cos(𝛽 − 𝜃)] 1M

When
d𝑆
d𝜃

= 0,

cos 2𝜃 = cos(𝛽 − 𝜃) 1M

2𝜃 = 𝛽 − 𝜃 or 2𝜋 − (𝛽 − 𝜃) (rejected) or 2𝜋 + (𝛽 − 𝜃) (rejected)

𝜃 =
𝛽

3
1

d2𝑆

d𝜃2 = −𝑟2 [2 sin 2𝜃 + sin(𝛽 − 𝜃)]

When 𝜃 =
𝛽

3
,

d2𝑆

d𝜃2 = −𝑟2
[
2 sin

2𝛽
3

+ sin
(
𝛽 − 𝛽

3

)]
= −3𝑟2 sin

2𝛽
3

< 0 1M

𝑆 attains a maximum at 𝜃 =
𝛽

3
.

𝑆𝛽 =
𝑟2

2

[
sin

2𝛽
3

− sin 2𝛽 + 2 sin
(
𝛽 − 𝛽

3

)]
=

𝑟2

2

(
3 sin

2𝛽
3

− sin 2𝛽
)

=
𝑟2

2

[
3 sin

2𝛽
3

−
(
3 sin

2𝛽
3

− 4 sin3 2𝛽
3

)]
1M

= 2𝑟2 sin3 2𝛽
3

1

(c) Among all possible values of 𝛽, 𝑆𝛽 attains the greatest value when sin
2𝛽
3

= 1. 1A

2𝛽
3

=
𝜋

2

𝛽 =
3𝜋
4

So, 𝜃 =
𝛽

3
=

𝜋

4
1M

∠𝐶𝑂𝐷 = 2𝜃 =
𝜋

2
.

∠𝐵𝑂𝐶 = ∠𝐴𝑂𝐷 = 𝛽 − 𝜃 =
𝜋

2
So, 𝐶𝑂𝐴 and 𝐵𝑂𝐷 are straight lines and 𝐶𝐴 ⊥ 𝐵𝐷.
Thus, 𝐴𝐵𝐶𝐷 is a square. The student is correct. 1
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11. (a) (i) 𝐴 = 𝜋(1)2 − 𝜋(cos 𝜃)2 −
(
𝜋(1)2 × 2𝜃

2𝜋
− 1

2
(1)2 sin 2𝜃

)
1M+1A

= 𝜋 sin2 𝜃 − 𝜃 + 1
2

sin 2𝜃 1

(ii)
d𝐴
d𝜃

= 𝜋(2 sin 𝜃 cos 𝜃) − 1 + 1
2
(cos 2𝜃) (2) 1A

= 𝜋 sin 2𝜃 − 1 + (1 − 2 sin2 𝜃)
= 𝜋 sin 2𝜃 + 2 sin 𝜃 (cos 𝜃 tan 𝜃)
= (𝜋 − tan 𝜃) sin 2𝜃 1

(b)
d𝐴
d𝜃

= (𝜋 − tan 𝜃) sin 2𝜃 = 0 1M

tan 𝜃 = 𝜋 or sin 2𝜃 = 0 (rejected) 1M

𝜃 = tan−1 𝜋

𝜃 0 < 𝜃 < tan−1 𝜋 tan−1 𝜋 < 𝜃 <
𝜋

2

d𝐴
d𝜃

+ −

𝐴 attains its greatest value when tan 𝜃 = 𝜋. 1A

(c) Perimeter 𝑠 = 2𝜋(1) × 2𝜋 − 2𝜃
2𝜋

+ 2 sin 𝜃 + 2𝜋(cos 𝜃)

= 2𝜋 − 2𝜃 + 2 sin 𝜃 + 2𝜋 cos 𝜃 1A
When 𝐴 is maximum, tan 𝜃 = 𝜋.
We have cos 𝜃 =

1
√

1 + 𝜋2
and sin 𝜃 =

𝜋
√

1 + 𝜋2
.

d𝑠
d𝜃

= −2 + 2 cos 𝜃 − 2𝜋 sin 𝜃 1M
d𝑠
d𝜃

����
tan 𝜃=𝜋

= −2 + 2
√

1 + 𝜋2
− 2𝜋2
√

1 + 𝜋2
≈ −7.38 ≠ 0 1M

Hence the perimeter will not attain its greatest value when 𝐴 attains its greater value.
The student is incorrect. 1A
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12. (a) (i) ∠𝐵𝑂𝐶 = 4𝜃
∠𝐴𝑂𝐵 = ∠𝐴𝑂𝐶 = 𝜋 − 2𝜃
𝑆 =

1
2
(1)(1) sin 4𝜃 + 1

2
(1)(1) sin(𝜋 − 2𝜃) + 1

2
(1)(1) sin(𝜋 − 2𝜃) 1M

=
sin 4𝜃

2
+ sin 2𝜃 1

(ii)
d𝑆
d𝜃

= 2 cos 4𝜃 + 2 cos 2𝜃 1A

When
d𝑆
d𝜃

= 0,

cos 3𝜃 cos 𝜃 = 1M

cos 3𝜃 = 0 or cos 𝜃 = 0 (rejected)

𝜃 =
𝜋

6
1A

d2𝑆

d𝜃2 = −8 sin 4𝜃 − 4 sin 2𝜃

d2𝑆

d𝜃2

����
𝜃= 𝜋

6

= −6
√

3 < 0 1M

𝑆 attains its maximum when 𝜃 =
𝜋

6
.

Maximum 𝑆 =
1
2

sin
4𝜋
6

+ sin
2𝜋
6

=
3
√

3
4

1A

(b) ∠𝐵𝑂𝐷 = ∠𝐷𝑂𝐴 = ∠𝐴𝑂𝐸 = ∠𝐸𝑂𝐶 =
∠𝐴𝑂𝐶

2
=

𝜋 − 2𝜃
2

Area of △𝐴𝑂𝐷 =
1
2
(1)(1) sin

𝜋 − 2𝜃
2

1A

=
1
2

cos 𝜃

𝑃 =
1
2
(1)(1) sin 4𝜃 + 4 × 1

2
cos 𝜃 1M

=
sin 4𝜃

2
+ 2 cos 𝜃 1A

d𝑃
d𝜃

= 2 cos 4𝜃 − 2 sin 𝜃

When 𝜃 =
𝜋

6
,

d𝑃
d𝜃

= −2 ≠ 0 1M

Hence, 𝑃 will not attain the maximum when 𝑆 attains the maximum. 1
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13. (a) 𝐴 =
(𝑃𝑄) (𝑎)

2
+ (𝑄𝑅) (𝑎)

2
+ (𝑅𝑃)(𝑎)

2
1M

=
𝑎

2
(2𝑠)

𝑎 =
𝐴

𝑠
1

(b) (i) 𝐸𝐹 = 2 sin 𝜃

𝑟 =
1
2 (1) (1) sin 2𝜃

1
2 (1 + 1 + 2 sin 𝜃)

1M

=
sin 𝜃 cos 𝜃
1 + sin 𝜃

=
cos 𝜃 (1 + sin 𝜃) − cos 𝜃

1 + sin 𝜃

= cos 𝜃 − cos 𝜃
1 + sin 𝜃

1

(ii)
d𝑟
d𝜃

= − sin 𝜃 − − sin 𝜃 (1 + sin 𝜃) − cos 𝜃 (cos 𝜃)
(1 + sin 𝜃)2 1M

= − sin 𝜃 − − sin 𝜃 − 1
(1 + sin 𝜃)2

=
1

1 + sin 𝜃
− sin 𝜃 1A

When
d𝑟
d𝜃

= 0,

1
1 + sin 𝜃

− sin 𝜃 = 0

sin2 𝜃 + sin 𝜃 − 1 = 0 1A

sin 𝜃 =
−1 +

√
5

2
or

−1 −
√

5
2

(rejected)

𝜃 ≈ 0.666 rad

d2𝑟

d𝜃2 =
− cos 𝜃

(1 + sin 𝜃)2 − cos 𝜃 < 0 for 0 < 𝜃 <
𝜋

2
1M

Required value is 0.666 rad. 1A

(iii) Perimeter is the least when 𝜃 =
𝜋

12
. 1A

By (b)(ii), 𝑟 has only one maximum value when
𝜋

12
≤ 𝜃 ≤ 5𝜋

12
.

Hence 𝑟 is the least when 𝜃 =
𝜋

12
or

5𝜋
12

. 1M

When 𝜃 =
𝜋

12
, 𝑟 ≈ 0.199; when 𝜃 =

5𝜋
12

, 𝑟 ≈ 0.127.

Thus, 𝑟 and the area of the circle is the least when 𝜃 =
5𝜋
12

.

The claim is disagreed. 1A
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14. (a) (i) 𝑃𝐵 = 𝑃𝐶 =
√
𝑥2 + 4 and 𝑃𝐴 = 3 − 𝑥

𝑟 = 𝑃𝐴 + 𝑃𝐵 + 𝑃𝐶 = 2
√
𝑥2 + 4 + (3 − 𝑥) 1A

d𝑟
d𝑥

= 2 × 1
2
(𝑥2 + 4)− 1

2 (2𝑥) − 1

=
2𝑥

√
𝑥2 + 4

− 1 1

(ii) (1) When
d𝑟
d𝑥

= 0,

2𝑥
√
𝑥2 + 4

= 1 1M

4𝑥2 = 𝑥2 + 4

𝑥 =
2
√

3
or − 2

√
3
(rejected)

𝑥 0 < 𝑥 <
2
√

3
2
√

3
< 𝑥 < 3

d𝑟
d𝑥

− +

𝑟 is increasing when
2
√

3
≤ 𝑥 < 3. (Accept 𝑥 ≥ 2

√
3
) 1A

(2) 𝑟 is decreasing on 0 ≤ 𝑥 ≤ 2
√

3
. 1A

Therefore, 𝑟 is the least at 𝑥 =
2
√

3
. 1M

Least value of 𝑟 = 2

√(
2
√

3

)2
+ 4 + 3 − 2

√
3
= 2

√
3 + 3 1A

(iii) 𝑟 is greatest at 𝑥 = 0 or 𝑥 = 3.
When 𝑥 = 0, 𝑟 =

√
4 + 3 = 7; when 𝑥 = 3, 𝑟 =

√
32 + 4 + 3 − 3 = 2

√
13 1M

The greatest value of 𝑟 is 2
√

13. 1A

(b) 𝑟 = 2
√
𝑥2 + 4 + 1 − 𝑥. So,

d𝑟
d𝑥

=
2𝑥

√
𝑥2 + 4

− 1. 1A

From (a), 𝑟 is decreasing on 0 ≤ 𝑥 ≤ 1. Therefore, 𝑟 is the least at 𝑥 = 1. 1M
Least value of 𝑟 = 2

√
1 + 4 + 1 − 1 = 2

√
5 1A
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15. (a) (i) 𝑓 ′(𝑥) = −(𝑥2 + 9) + (14 − 𝑥)(2𝑥)
= −3𝑥2 + 28𝑥 − 9 1A

𝑓 ′′(𝑥) = −6𝑥 + 28

When 𝑓 ′(𝑥) = 0, 𝑥 =
1
3
or 9. 1M

𝑓 ′′
(
1
3

)
= 26 > 0 and 𝑓 ′′(9) = −26 < 0 1M

Thus, the minimum point is
(
1
3
,

3362
27

)
and the maximum point is (9, 450). 1A

(ii) (Correct shape) 1M
(All correct) 1A

y = f (x)

(
1
3 ,

3362
27

)

(9, 450)

O 14 x

y

(b) (i) Since △𝐴𝑃𝑄 ∼ △𝐵𝑄𝑅,
𝑥

3
=

𝐵𝑅

14 − 𝑥

𝐵𝑅 =
𝑥(14 − 𝑥)

3
1A

𝑔(𝑥) =
√
𝑥2 + 32 ×

√
(14 − 𝑥)2 +

[
𝑥(14 − 𝑥)

3

]2
1M

=
√
𝑥2 + 9(14 − 𝑥)

√
1 + 𝑥2

9

=
(14 − 𝑥)(𝑥2 + 9)

3
1

(ii) Let 𝑇 be a point on 𝐵𝐶 such that 𝑆𝑇 ⊥ 𝐵𝐶.
Since 𝑆 lies inside the cardboard, 𝐵𝑅 + 𝑅𝑇 ≤ 𝐵𝐶,

𝑥(14 − 𝑥)
3

+ 3 ≤ 11 1M

𝑥2 − 14𝑥 + 24 ≥ 0

𝑥 ≤ 2 or 𝑥 ≥ 12

Since 0 ≤ 𝑥 ≤ 14, we have 0 ≤ 𝑥 ≤ 2 or 12 ≤ 𝑥 ≤ 14. 1
(iii) From (a)(ii), the curve 𝑦 = 𝑓 (𝑥) has no maximum points in the above range.

Therefore, the greatest value of 𝑓 (𝑥) is attained at one of the boundaries. 1M
Since 𝑓 (0) = 126, 𝑓 (2) = 156, 𝑓 (12) = 306 and 𝑓 (14) = 0,

the greatest value of 𝑔(𝑥) is 𝑓 (12)
3

= 102. 1A
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16. (a)
( 𝑥
2

)2
+ 𝑦2 = 52

𝑥2

4
+ 𝑦2 = 25 1A

(b) By (a), differentiate both side with respect to time 𝑡,
𝑥

2
· d𝑥

d𝑡
+ 2𝑦

d𝑦
d𝑡

= 0 1M+1A

When 𝐻 is 3m from the ground, 𝑦 = 3 and 𝑥 = 8.
8
2
· d𝑥

d𝑡
+ 2(3) (−2) = 0 1M

d𝑥
d𝑡

= 3

Required rate is 3m/s. 1A

17. (a) 𝑉 =
1
3
𝜋𝑟2ℎ

d𝑉
d𝑡

=
2𝜋
3
𝑟ℎ

d𝑟
d𝑡

+ 𝜋

3
𝑟2 dℎ

d𝑡
1M

Therefore,

0 =
2𝜋
3
𝑟ℎ

d𝑟
d𝑡

+ 𝜋

3
𝑟2(−2) 1A

d𝑟
d𝑡

=
𝑟

ℎ
1

(b) (i) 𝑆 = 𝜋𝑟
√
𝑟2 + ℎ2. So, 𝑆2 = 𝜋2(𝑟4 + 𝑟2ℎ2) 1A

d
d𝑡

(
𝑆2

)
= 𝜋2

(
4𝑟3 d𝑟

d𝑡
+ 2𝑟ℎ2 d𝑟

d𝑡
+ 2𝑟2ℎ

dℎ
d𝑡

)
1A

= 𝜋2
(
4𝑟3 · 𝑟

ℎ
+ 2𝑟ℎ2 · 𝑟

ℎ
+ 2𝑟2ℎ(−2)

)
1M

=
2𝜋2𝑟2

ℎ
(2𝑟2 − ℎ2) 1

(ii) When 𝑡 = 0, ℎ = 1.2𝑟 ,
d𝑆2

d𝑡

����
𝑡=0

=
2𝜋2𝑟2

1.2𝑟
(2𝑟2 − 1.22𝑟2) = 14𝜋2

15
𝑟3 > 0 1M

Since
dℎ
d𝑡

< 0 and
d𝑟
d𝑡

> 0, (2𝑟2 − ℎ2) is increasing.

Therefore,
d
d𝑡

(
𝑆2

)
increases for all 𝑡 ≥ 0. 1M

Thus,
d𝑆2

d𝑡
> 0 for all 𝑡 ≥ 0.

So,
d
d𝑡
(𝑆) = 1

2𝑆
× d𝑆2

d𝑡
> 0 for all 𝑡 ≥ 0.

The claims is agreed. 1A

–試卷完 –


