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Suggested solutions

1. (a) Volume of water =
1
3
(4)2𝜋(12) ×

[
1 − (12 − ℎ)3

123

]
1M+1M

= 64𝜋 − 𝜋(12 − ℎ)3

27
1A

(b) Let 𝑉 cm3 be the volume of water.
d𝑉
d𝑡

=
𝜋

9
(12 − ℎ)2 dℎ

d𝑡
1M

When
d𝑉
d𝑡

= 𝜋 and ℎ = 6,

𝜋 =
𝜋

9
(12 − 6)2 × dℎ

d𝑡
1M

dℎ
d𝑡

=
1
4

Required rate is
1
4

cm/s. 1A

2. (a) Area =
1
2
(𝑢) (4 ln 𝑢) = 2𝑢 ln 𝑢 1A

(b) Let 𝑣 be the length of 𝑃𝑄 and 𝐴 be the area of △𝑂𝑃𝑄.
𝑣 = 4 ln 𝑢

d𝑣
d𝑡

=
4
𝑢
× d𝑢

d𝑡
When 𝑢 = 𝑒 and

d𝑣
d𝑡

= −4,

−4 =
4
𝑒
× d𝑢

d𝑡
1M

d𝑢
d𝑡

= −𝑒 1A

d𝐴
d𝑡

=

(
2𝑢 × 1

𝑢
+ 2 ln 𝑢

)
d𝑢
d𝑡

1M

= −4𝑒
Required rate is −4𝑒/s. 1A
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3. (a) 𝐴 = 𝑚(4𝑒−𝑚)

= 4𝑚𝑒−𝑚 1A

(b) (i)
d𝐴
d𝑚

= 4𝑒−𝑚 + 4𝑚𝑒−𝑚(−1) 1M

= 4𝑒−𝑚(1 − 𝑚)

When
d𝐴
d𝑚

= 0, 𝑚 = 1. 1A

𝑚 0 < 𝑚 < 1 𝑚 > 1

d𝐴
d𝑚

+ −
1M

𝐴 attains its maximum when 𝑚 = 1.
Required value = 4(1)𝑒−1

= 4𝑒−1 1A

(ii)
d𝐴
d𝑡

=
d𝐴
d𝑚

· d𝑚
d𝑡

1M

= 4𝑒−0.5(1 − 0.5) · 0.5

= 𝑒−0.5 1A
Required rate is 𝑒−0.5 units per second.

4. (a) Radius of water surface

=
√︁

132 − (13 − ℎ)2 1M

=
√︁

26ℎ − ℎ2

𝐴 = 𝜋(
√︁

26ℎ − ℎ2)2

= 𝜋(26ℎ − ℎ2) 1A

(b) 𝑉 =
1
3
𝜋ℎ2(39 − ℎ)

d𝑉
d𝑡

=
1
3
𝜋

(
78ℎ

dℎ
d𝑡

− 3ℎ2 dℎ
d𝑡

)
1M

= 𝜋(26ℎ − ℎ2) dℎ
d𝑡

= 𝐴
dℎ
d𝑡

1A

1
20

𝐴 = 𝐴
dℎ
d𝑡

dℎ
d𝑡

=
1
20

1A

Required rate is
1
20

cm/s.
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5. (a) (i) Let 𝐶 be a point on 𝑂𝑃 such that 𝐴𝐶 ⊥ 𝑂𝑃.

𝐴𝐶 =
√︁
𝑂𝐴2 −𝑂𝐶2 1M

=
√︁

42 − (4 − 𝑥)2

=
√︁

8𝑥 − 𝑥2 cm

𝐷𝑃 = 𝐴𝐶 =
√︁

8𝑥 − 𝑥2 cm 1A

(ii) 𝑆 =
(𝐷𝑃) (𝐴𝐷)

2

=
𝑥
√

8𝑥 − 𝑥2

2
1A

(b)
d𝑆
d𝑥

=
1
2

[√︁
8𝑥 − 𝑥2 + 𝑥(8 − 2𝑥)

2
√

8𝑥 − 𝑥2

]
1M

=
(8𝑥 − 𝑥2) + 𝑥(4 − 𝑥)

2
√

8𝑥 − 𝑥2

=
𝑥(6 − 𝑥)
√

8𝑥 − 𝑥2

When
d𝑆
d𝑥

= 0, 𝑥 = 6 or 0 (rejected). 1A

𝑥 0 < 𝑥 < 6 6 < 𝑥 < 8

d𝑆
d𝑥

+ −
1M

𝑆 attains its maximum at 𝑥 = 6.

Required value =
6
√︁

8(6) − 62

2
= 6

√
3 1A

(c)
d𝑆
d𝑡

=
d𝑆
d𝑥

· d𝑥
d𝑡

1M

=
2(6 − 2)√︁
8(2) − 22

(
− 1
√

3

)
= −4

3
1A

The area of △𝐴𝐷𝑃 decreases at a rate of
4
3

cm2/s.
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