I.

2.

(a) fulx)= %lxz +2x

-1
=— (2 -2nx+n®) +n
n

= _—l(x —n)’+n
The coordninates of V,, are (n, n).
Thus, V,, lieson y = x.
®) @ 2

(i) The coordinates of A, and V; are (4, 0) and (2, 2) respectively.
Required area
= (area of AOA,V>) — (area of AOAV))
_@WOe _ @Wm

2 2
=3
(c) Areaof AA3V3V,4A,
_®® 00O

2 2
=7
The first term and the common difference of the sequence are 3 and 4 respectively.
Let p be the number of trapeziums required.
%’[2(3) +(p - 1)4] > 500
2p*+p—-500>0
p>156 or p < -16.1 (rejected)

It takes 16 trapeziums to get the required sum of areas.

Since n = 2p — 1, the least value of n is 31.

(@) (2x*>=3)—(1lx+1)=GBx+1) - (2x* - 3)
4x* — 14x -8 =0

x=4 or - % (rejected)

We have A(2) =45, A(6) =29 and A(10) = 13.

Common difference = w =-4

Wehave A(1) =45 - (-4) =49 and A(n) =49+ (n— 1)(-4) = —4n + 53.

A()+A2)+AQB)+...+A(n)

= [49 + (=4n + 53)]%

=-2n*+51n
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(b) B(k+1)B(k+2)...B(4k +1) < 0.097'%
logy; B(k +1) +logy 3 B(k+2)+...+logy; B(4k + 1) > —1491og; 3 0.09
Ak+ D) +Ak+2)+...+ A4k +1) > 298
[A(D+AQR)+...+AMdk+ D] -[A(D)+AQR) +...+ A(k)] > —298
[-2(4k + 1)? +51(4k + 1)] = [-2k? +51k] > —298
—30k% + 137k +347 > 0
~-1.81 <k <6.38

The maximum value of k is 6.

(@) az=a;1 -3
ap = 66
aq =aj + 2
as =9
(b) Sequence ay, a3, as, ... has first term 66 and common difference —3.
Sequence ay, a4, dg, . . . has first term 7 and common difference 2.
aj+ary+az+...+ay,—1 > 2251

(a1+a3+a5+...+a2m_1)+(a2+a4+a6+...+a2m_2) > 2251

-1

%[66+ (66 + (m — 1)(=3))] + m2 [7+(7+(m—=2)2)] > 2251

m(=3m + 135) + (m — 1)(2m + 10) > 4502
—m? +143m — 4512 > 0

47 <m <96

The smallest value of m is 48.
(c) bibabs ... by < 10%
1.2a2+a4+a6+...+a2k < 1030

(a2+a4+a6+...+a2k)logl.2<3O

§[7+7+ (k—1)2]log1.2 <20
30
log1.2
=227 <k <16.7
The greatest value of k is 16.

k% + 6k — <0

(@) a—-16=4-a
a=10
1(16) +2(10) + 3(4) + 4(b)

16+10+4+0b =175

bh=2
®) 1.5

IM
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5.

(@) Ans1 — Ay =logy(ax2") —logy(a x 2"
= (log,a+n) - (log,a+ (n—1))
=1
Ay, Ay, As, ..., A, is an arithmetic sequence.

Al+Ay+...+A =75

[21og,a + (10 - 1)(1)]? =75

log,a =3
a=23

a=38

(b) Aj+Ary+...+A,>100
3+44+...+(n+2) > 100
[3+(n+2)]g>100

n* 5n

7+?—100>0

n<-169 or n>119
The least value of n is 12.

(a) We have a,, + 8, = W and a8, = log, V3n,
ap + B = (an + Bn)” = 2a0fn
= log, 3" — 2log, V3"
_nlog3 2x35xlog3

~ log2 2log?2

_nlog3

~ 2log2

1 a2+p2 1 a2+2 1 a3+p3 1 az+pB7
® I (R B

1 1 1 1
(a§+ﬁ§)1og§+(a§+5§)1og§+...+(ai+ﬁi)1og§ >(5k+13)10gﬁ

S5log3 6log3 klog3
3log2- (82 2080, 2082
©8 (210g2 210g2 210g2
5+6+...+k <10k +26
W<10k+26
K 19k
7—7—36<0
324 <k <222

Note that £ > 5, we have 5 < k < 22.2.

The maximum value of k is 22.

1

> 275k+13

) > —3(5k +13) log 3
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(a) Required sum
=25+ (25+10og9) +...+[25+ (n—1)log9]
=[25+(25+2(n—-1)log3)]

[NSR N

=n(n-1)log3+25n
(b) 6[k(k —1)log3 +25k] < 4.5 x 100?
k*log3 + (25 —log 3)k — 7500 < 0
—153.7 < k < 102.3
The greatest value of k is 102.

(a) a and S are roots of the equation x2—128x+2=0.

We have a + 8 = 128 and af = 2.

(b) Istterm =loga +logpB =logaf =log2
3rd term = log(a + B) = log 128 = 7log 2
log2 —log?2
Mgfogzmogz

g [2log2 + (n - 1)(3log2)] < 2025

Common difference =

(3log2)n* — (log2)n — 4050 < 0
—66.8 <n < 67.1

The greatest value of n is 67.

(a) Let a and d be the first term and the common difference respectively.

{ a+7d =735
a+12d =55
Solving, we have a = 7 and d = 4.
Thus, A(1) =7.
(b) logg; [G(1)G(2)G(3)...G(k)] < 666
logg; G(1) +1ogg; G(2) +... +1ogg; G(k) < 666
log; G(1) logy G(2 log; G(k
0g3()+0g3()+ +0g3()

666
log;81 ' logs 8l log; 81
1
Z[A(1)+A(2)+...+A(k)] < 666
1k
7 X 5[2(7) + (k= 1)4] < 666
k* Sk
Z + T - 666 <0
-37.8 <k <353

The greatest value of & is 35.
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10. (a) We have a, + B, = /log; 2" and a8, = logy Va2r.

@+ i = (an + Bn)? = 20y
= log; 2" — 2 logy V21
2 x 5log; 2"

=log; 2" —
83 log; 9
n
=nlog;2 - Elog32
_ nlogsy2
)

(b) @+ B +a5+p5+...+a; + 7 =logy 32K

log.2 2log,?2 klog, 2
&3 + g3 P g3

> > = Sk log; 2
k(k+1) logy2
> X > = Sk log; 2
k(k+1)
—= =5k
4
k2 19k
77 70
k=19 or
A(3) 1
11. —— =9+
@ 3% 3
10 a
ETI[E=27
B =27
B=3
We have a = 243.
243
(b) B(n) =logy =
= logg 243 — nlogy 3
_S5-n
2
B(1)+B(2)+B(3)+...+B(n) >0
n 5-n
§2+ 5 >0
2
—nz+%n>0
O<n<9

The greatest value of 7 is 8.

0 (rejected)
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12. (a) S(n)=P(1)+P(2)+...+P(n)
=—1+4+3+...+(4n-95)
n
=[-1+n-5)13
=2n*-3n
(b) Q(1)Q(2)...Q(m) < 10"
P(1)log 100+ P(2)1og 100 + ... + P(m) log 100 < 16 000
2(2n% - 3n) < 16000
2n* — 3n — 8000 < 0
—62.5 <m < 64

The greatest value of m is 63.

13. (a) Let d be the common difference.
A(l)+3d =16
{A(l) +9d =28
Solving, we have A(1) = 10and d = 2.
(b) log4[G(1)G(2)G(3)...G(k)] <2024
log, [G(1)G(2)G(3)...G (k)]
log, 4

A(D+AR)+AQB)+...+ A(k)
2

% 10+ (10 + (k - 1)2)]% <2024

K2 9k
— +—-2024<0
2 "2 <

< 2024

<2024

-68.3 <k <59.3
The greatest value of & is 59.

14. (a) Let d be the common difference of the sequence.

-3214+(23-1)d =-123
d=9
The common difference of the sequence is 9.
[2(=321) + (n — 1)9]n
2
9n-651)n>0

(b) >0

217
n<0 or I’l>T

Required value is 73.
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15. (a) Let d be the common difference.
A(l)+2d =-14
{A(l) +9d =17
Solving, we have A(1) = =20 and d = 3.
(b) G(1)G(2)G(3)...G(k) < 100000
JAM+AQ+ABG)+.+AK) . 100000
[A(1)+A2)+AQB) +...+ A(k)] log 3 < 1og 100000
[-20+ (20 + (k - 1)3)]% -log3 <5

3(log3)k> 43(log3)k
2 2
-0472 <k < 14.8

The greatest value of k is 14.

-5<0

16. (a) Let d be the common difference of the arithmetic sequence.

A(1)+3d =13
A(1) +16d = 52
Solving, we have A(1) =4 and d = 3.
(b) () A(n)=4+(n-1)3=3n+1

G(1H)G(2)...G(n)
=104 104 | 104™
— 10A(1)+A(2)+...+A(n)
— 10[4+(3n+1)]%

3n2+45n
= 2

(i) log(G(1)G(2)...G(k)) < 2000

3k245k
log107 2 < 2000

2
3KZ+5k 5000
2
3k 5k
—+— -2
> + 7 000 <0
-37.4 < k <35.7

The greatest value of & is 35.
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17. Let n be the number of cans of food in the bottom layer.

n+(n—-1)+n-2)+...+1>74
(n+l)nZ

2
n?+n—148 >0

74

n>11.7 or n<-12.7 (rejected)

There are 12 cans of food in the bottom layer.
Note that (12+ 11+ 10+...+1) =74 =4.

Consider taking 4 cans of food from a full stack of 12 layers of cans with 1 can of food on top layer

and 12 cans of food in the bottom layer.

There are 10 layers.

18. (a) Al+Ar+As+...+A10=75
log, a +log, 2a + log, 2%a + . . . +log, 2°a = 75

log,a+ (logya+ 1)+ (logy,a+2)+...+(log,a+9) =175
(1+9)9

10log, a + 75
log,a=3

a=2°

a=238

(b) Al+Ar+A3+...+A, > 100
3+44+5+...+[3+(n—-1)1] > 100
[3+(n+2)]n

100
) >
n?>  5n
—+—-=100>0
) g

n<-169 or n>11.9

The smallest value of n is 12.

19. (a) Let the common difference be d.

2014 + 15d = 1729
d=-19

(b) S(n) = =[2(2014) + (n — 1)(=19)] < 0

NS IN

—197% +4047n < 0

n < 0 (rejected) or n > 213
The least value of n is 214.
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20. (a) X2 -8x+7=k
x2-8x+(7-k)=0
Wehave a + =8 and a8 =7 — k.
(@=p)*=(a+p)’ - 4dap
=82 —4(7-k)
=4k + 36
(b) (4k +36) — 6k =122 — (4k + 36)
k=25
We have A(1) = 150 and A(2) = 136.
A(n) =150+ (n—1)(-14)
=—14n+ 164
log, [G(1)G(2)G(3) ...G(m)] > 2000
logs[G(1)G(2)G(3)...G(m)]
log62
log; G(1) +1og;s G(2) +10g,4 G(3) + ... +1og;c G(m) > 500
A()+AR2)+AQB)+...+A(m) > 500
[150 + (—14m + 164)|m S
2
~7m?* +157m - 500 > 0

3.84 <m < 18.6

> 2000

500

The greatest value of m is 18.

21. (@) () W(2)—W(1) = 364650 — 363900
1000a® - 1000a = 750
4a*> - 4a-3=0
a=15 or —0.5(rejected)
k =W(1) = 1000a = 362400
(i) W(n) = 362400 + 1000(1.5)"
Wn)-Wm-1)
W(n-1)
1000(1.5)" — 1000(1.5)""!
362400 + 1000(1.5)""!

1000(1.5)"* — 1000(1.5)*"! > 144960 + 400(1.5)"*"!
(1500 — 1000 — 400)(1.5)"~! > 144960
1.5"1 > 1449.6
(n—-1)log1.5 > log 1449.6
n> 18.95

X 100% > 40%

> 0.4

Starting from the 19th year, the weight of waste that P needs to handle will increase by

more than 40% annually.
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(b) (i) Required weight
= (k +1000a) + (k + 1000a?) + ... + (k + 1000a™)
=nk +1000(a +a*+...+a")

a(a™-1)
a-1
= [362400n + 3000(1.5" — 1)] tonnes

= nk + 1000 x

(i) Required weight
=362400(18) + 3000(1.5'® — 1)
~ 10953 876 tonnes

(c) W(19) = 362400 + 1000(1.5)'° ~ 2579238
Upper limit of the weight of waste in the 19th year

= 700000 + (19 — 1)100 000
= 2500000 tonnes
< 2579238 tonnes

The weight of waste exceeds the limit that P can handle in the 19th year.

2579238 x 40% ~ 1031695
> 100000

The weight of waste exceeds the limit that P can handle in every subsequent year after the

19th year.

The claim is agreed.

22. 360000(1 + r%)>2 = 622 080
(1+r%)> =1.728
14+7r% =12
r=20
A1) = = 300000
A(n) = 300000(1.2)""!

360000
1

A1) +AQ2) +...+A(k) > 9500000

300000(1.2% — 1)
12-1

1.2k

> 9500000

22
>_
3

22
klogl1.2 > 10g?
k >10.9

The minimum value of k is 11.
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23. (a) Letr be the common ratio of the geometric sequence.

log; B % r? = logs 81
1
ogf 2 = 4log3
log3 log 8
2 _ 4(log3)?

~ (logp)?

2log3 —2log3
r= 8 or o8 (rejected)
log B log B

logs; 8
| — 2log3
log B
log B _g9_ 181log3

log3 log B
)+18:0

log 8
log3

L=27 or 729

(b)

log 8 2 9 log 8
log3 log3

=3 or 6

24. (a) Let a and r be the first term and the common ratio of the geometric sequence respectively.

a(r4 -1

=35.
r—1

We have a + ar = 1 and

1 -1
X =5
1+4r r-1
(r2+1)(r2—1) B
r2—1 B

5
rr=4

r=2 or —2(rejected)

First t ! !
1rst term = = =
1+r 3
Lar -1
b 3 530
()—2_1

2" > 3(5%0) 4+ 1
nlog?2 > log[3(5°%) + 1]
n>71.2

The least value of n is 72.
25. (@) (x+2)(x—-2)=8(x—-1)

2 —8x+4=0

Thus, p =8 and g = 4.
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log8 3log2 3

b io = = =, M
(b) Common ratio logd ~ 2log2 2
3\* 3\ 2020
(log4) 3 + (log4) 3 <log2 M
2(1.5)% +2(1.5)%% < 2020
(1.5)%% +1.59 - 1010 < 0
-1 — V4041 o  —1+V4041
—_— <15 —
2 2
Since 1.5¢ > 0,
0<15% < _1% y4041
-1+ v4041
alogl.5 < 1og+T M
a < 8.49
The greatest value of « is 8. 1A
26. (a) Required number
= C;C} x 2! x 6! M
= 21600 1A
(b) (i) Required probability
= 0.3+ (0.7)(0.6)(0.3) + [(0.7)(0.6)]%(0.3) +. ... IM
0.3
= IM
1-0.42
15
= — 1A
29
(i) Required probability
15 CSx4!x3! 1 CO x2!x5!
BRIV SahilobiN) PRNRCY VR Eohakobh IM+1M
29 8! 29 8!
115
_ 1A
1624
1 1
27. (a) 8(a+B)——==-8(a+p) M
a B
16(a+p) = 2P
af
16=—
ap
log, 16 =1 !
0 =log, —
g4 g4 o
2=-logsa—log, B M
logs 8 =-2-logsa 1A

12



a 4 4 a
(b) log,z = +logy — =log, = +log,z =
Fp ™ ta "B P p
log, @ — log, 8
— ] =(1-1 1-1
( logy aB ( 0g4 B)( 0g, @)

log, @ —log, 8 2
4—24) = (1 —log, B)(1 —log, @)

Letu =log, .

M =[1-(=2=w)](1 -u)

w+1)?>=G+u)(l—u)
2w +4u-2=0

42 402)(-2)

"= 2(2)
u=-1-v2 or -1+V2 (rejected)

Common ratio = lo q . lo 4
10 = —_ = —
gaﬁ ﬁ 24 a

_ logga—log, 8
- log, o
u—(-2-u)
-2

—(u+1)(1-u)
—(-V2) = 2+V2)

V2 y 2-12
2+4V2 2-V2
=V2-1

=log, B

+ (1 -logy @)

= (1 —-u)

. m(1=k%)> 3739770
28. -
@ O T Tk%) ~ 4617000
1 - k% = 0.81

k=19
4617000

(ii) Total revenue

< 5700000 + 5700 000(1 — 19%) + 5700 000(1 — 19%)2 + . ..

_ 5700000
T 1-0.81
= $30 000 000

The total revenue of Company P will not exceed $30 000 000.
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(b) (1) Total revenue

= 5700000 + 5700000(1 = 10%) + . .. + 5700000(1 — 10%)""!

~5700000(1 —0.9")
B 1-0.9
= $5700000(1 — 0.9")

(ii) 5700000(1 —0.9") > 5700000 + 5700000(0.81) + ... + 5700 000(0.81)"*>

5700000(1 — 0.81"+3)
1-0.81
1.9(1-0.9") > 1-0.81""

(0.81*)(0.9")% - 1.9(0.9") +0.9 > 0
0.9" <0.562 or 0.9" > 3.01 (rejected)
nlog0.9 < log0.562
n> 547

5700000(1 — 0.9") >

Kent will stop running Company P in the 6th year since the establishment of Company

0.

29. (a) Wehave o+ 8 =—cand a8 = -7.
@*+ B = (a+B)?*-2a8

=c’+14
2 2+ 14
(b) =
25 c

c*=25¢2-350=0

¢2=35 or - 10 (rejected)

Common ratio = 33 _7
25 5

2 n—1
7 7 7
25+25(§)+25(§) +...425 5) >3 %107
25[(1)" - 1]
7
1-1
7 n
= 4.8 x 10°
(5) S 48 x
nlogz > log(4 8 X 105)
5 .
n > 38.9

The least value of n is 39.
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30. (a) Leta and r be the first term and the common ratio of the geometric sequence respectively.

a+ar2:arx13_0 M
107
2
-—+1=0
T3
1
r=— or 3 (rejected) 1A

3
The sum to infinity of the geometric sequence is 2322.

X7
1-3
a = 1548
The first term of the sequence is 1548. 1A

1 n-1 1 n 1 2n—1
(b) 1548 (g) + 1548 (5) +...+ 1548 (g) > 1

1548 (%)"_1 ll - ( )"+1

1
I-3

1 n—1 1 2n
2322(5) —2322(—) > 1

[SSTI

> 1 IM+1A

3
-2322 (1)2n + 6966 (1)n -1>0
3 3
1.44x107* < (%)n <3.00

1
log 1.44 x 107 < nlog 3 <10g3.00 M

-1.00 < n < 8.05
The greatest value of n is 8. 1A

31. (a) Leta and r be the first term and common ratio of the sequence respectively.

P 2
r’ =64
r=4
a=3
We have A(n) = 3(4"71). 1A
(b) B(n) =log[3(4")]
=log3+ (n—1)log4 M

15



B(1)+B(2)+B(3)+...+ B(k) > 2023
klog3+[1+2+3+...+(k—-1)]log4 > 2023

-1
klog3+% log4 > 2023

k*1log2 + (log3 —log 2)k — 2023 > 0
k>81.7 or k < —82.3 (rejected)
The least value of k is 82.

32. (a) Leta and r be the first term and the common ratio of the geometric sequence respectively.

ar5_ 1
ar? 27
1
3—_
" T
1
r=—
3
2
Firstterm = a = —7 =243
2
(b) logg(G(1)G(2)...G(n)) < —100
1 1 n—1
logg 243 + log, (243 X 5) +...+logg |243 x (5) ] < —100
§+2+...+ —n<_100
5 6-n\n
— - < =100
(2+ 2 )2<
211
—%+Tn+100<0

n<-152 or n>262

The least value of n is 27.

logSm k — 10g128m k
log,»k  logg,, k

log k 2_ logk y logk
3log2+1logm)  2logm =~ 7log2+logm

33. (a)

14(log 2) (log m) + 2(logm)? = 9(log 2)* + 6(log 2) (log m) + (log m)?>
(logm)? + 8(log 2) (logm) — 9(log 2)> = 0
(logm —log?2)(logm +91log2) =0
logm =log2 or —9log2 (rejected)

m=2
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k
(b) log,,» k —log, (128m) = log,, 5 log,,> k

k
2log, k = log, 5 + log; 256

logk  logk —log?2 N 8log2

2 X =
2log?2 log?2 log k

1
Letu = ng.
log?2

u=(u—1)+§
u
8

Z -
u

u=3_
logk = log 28
k =256
Common difference
= log, 256 — log,s6(128 X 2)
=3

34. (a) Required amount
=324 1011+ (1+5%) + (1 +5%)>+...+ (1+5%)"]

_3.24%10'°(1.055 - 1)
- 1.05-1
~ $6.99 x 10'!

(b) 3.24x 1001 +1.05+1.05%+...+1.05"") > 102

10 n _
3.24x101°(1.05" 1) s
1.05-1
206

1.05" > —
05>81

206
nlog1.05 > log 30

n>19.1

The least value of #n is 20.

35. (a) A, = 100000 x 1.0404™ + 100000 x 1.0201 x 1.0404™~" + ... + 100000 x 1.0201"~" x 1.0404

104047 |1 - (L281)"|

6 1.0404
=107 x | _ L0201
~ 1.0404
10404
= —— x 10%(1.0404™ - 1.0201"
203 ( )

(b) 10353510 % (1 +7%) = 10666 186
1+7% =1.0302
r=3.02
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1 1
10393510 ) o5 x 107
1+7%
10404
=03~ 10°(1.0404™ — 1.0201™) > 1.005 x 107(1.0302)™!
10404 . 10404 .
le.0404 —10.05 x 1.0302 08 x 1.0201™ > 0
10404 1.0404™ 1005  1.0302" 10404
203 7 1.0201™  1.0302 "~ 1.0201™ 203
10404  (102\*"  10.05 [102\™ 10404
— X | = - X|l—=] ———=—>0
203 101 1.0302 ~ \ 101 203
102\™ 102\
— -0.910 (rej — 1.1
(101) < —0.910 (rejected) or (101) > 1.10
102
log — > log1.10
mlog 101 > 0og
m > 9.65

The least value of m is 10.

36. (a) Leta and r be the first term and the common ratio respectively.

ar* 625
ar 320
;125
" T
r=125

20
First term = 3— =256
r

256(1.25)"(1.25" — 1)
1.25-1
256(1.25%") — 256(1.25") =2 x 102 > 0

1.25" > 88400 or 1.25" < —-88400 (rejected)
nlog1.25 > log 88 400
n>51.04

> 8 x 10'?

(b)

The least value of n is 52.

37. () f(x)=x>—Qk+6)x+k>+Tk+7
=[x =2k +3)x+(k+3)> = (k+3)?]+k>+ Tk +7
=[x—(k+3)]*+k-2
The coordinates of P are (k + 3, k —2).

(b) Enlarge along the y-axis to 3 times the original.

Translate leftwards by 1 unit.
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38.

(¢) (i) The coordinates of Q are (k +2, 3k — 6).

1k-2 b,
b, by
k-2 3k-6
3k—-6 k-2
11k =2 = 3(3k - 6)

k=-8

The coordinates of P and Q are (-5, —10) and (-6, —30) respectively.

(i) (1) Let (r, 0) be the coordinates of R.

-10+30 0+10 |

546 r+5

r=-205

The coordinates of R are (—205, 0).
(2) The coordinates of S are (=10, —8).
1

15-0
1 fRS=—— = —
W

+
1 = = —— —
Slope of OS 1076 7 #-13
ZOSR # 90°

We have ZQPR + ZQSR.

PQORS is not a cyclic quadrilateral.

The claim is disagreed.

(a) 2048 +2048r + 2048r% = 5408
2048r% + 2048r — 3360 = 0

(b) We have r =

!
5
2048 [1 -

(5)"]

7
I-3
7\" 57
— < —_—
8 " 8192

107<lo >7
niogg = %8 g1

n> 372

> 16270

The least value of n is 38.
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39. (a) Leta and r be the first term and the common ratio of the geometric sequence respectively.

art 2304
ar 972
o o
27
4
r=—=
3

72
First term = 9— =729

4 4
a»7w+7wx3+- +7wx(§) <5x10"

n9Ké ]
3 12
S E— <5%x10
-1
4\"  5x10"?
3 2187
oo} <1 5><1012+1
0og — (0) _—
kI W
n<74.9
The greatest value of n is 74.
3 4c-2 2c-1
40. (a) Wehavea/+ﬂ=c+ and aff = C6 = C3 .
7  B+8
a+6 7
49 =af +8a + 65 +48
2c -1 3
49 = C3 +6(Cg )+2a+48
5¢+5
a=-
6
2
5¢+5 5¢+5
® 6(-22) —(c+3)[-22) +4c-2=0
6 6
47¢ 14
52+ —+—=0
“T3T3
14 1
c=—-— or -z
5 3

1 e : .
Note that when ¢ = -3 the sum to infinity of the geometric sequence does not exist.
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41.

42.

43.

Thus, ¢ = —15—4. 1A

> 37 M

(14 2”+2+ 14 ”‘1_ 4,
15 15 225

196 (14)2" 15 (14)” 74

“25\15) T1alis) "5 70

0.590 < (%) < 0.640

14
log 0.590 < nlog T < log 0.640 IM
6.46 < n < 7.66

Thus, n = 7. 1A

D]

Let d be the common difference of the sequence.

(x1, x4, x7) = (x1, x1 +3d, x1 +6d)

(2x3, 2x6, 2x9) = (2x1 +4d, 2x1 + 10d, 2x| + 16d)

The new numbers can be obtained by multiplying each number by 2 and then add 4d.

Thus, vy = 22v; = 4v; and - = —.
vy 4

Let the first term and the common difference be a and d respectively.

Note that the new group is formed by adding d to each of the number in the original group.

I. X. We have x, = x1 +d.
Take d = —1, then we have x; > x».

II. v.
III. X. We have z; = z».

Let a and d be the first term and the common difference respectively.
a+(a+d)=3
{(a +3d) + (a +4d) = =27
Solving, we have a = 4 and d = -5.
ar+az=(a+d)+(a+2d)

= -7
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44,

-7+13
Common difference = =

3

L V. llthterm=—13+ (11 - 1)(3) = 17

II. V. The first two odd terms are —13 and —7.
Sum of first 50 odd terms
[-13 + (=13 + (50 -1)6)]50
2

= 6700
III. X. Let the number of terms be n.

13+ (n—-1)(3) <200
n<T72

There are 71 terms in the sequence smaller than 200.

45. [D]

Let d be the common difference of the original arithmetic sequence.

L /.

Note that 2b — 2a = 2(b — a) = 2d and 2¢ — 2b = 2(c — b) = 2d.
L. /.

Wehave b-c=a-b=-d.
. v.

Wehave (b+x)—(a+x)=b—-a=dand (c+x) - (b+x)=c—b=d.

46. [D]

Note that log9 —log 3 = log 27 — log9 = log 81 — log 27 = log 3.
log 3, log9, log 27, log 81 is an arithmetic sequence.

47,

L v.
Common difference is 1 — m.

1. /.
Common difference is log m.

L. Xx.

Take m = 2, the sequence becomes 8, 16, 32, 64.
Note that 16 — 8 # 32 — 16.

It is not an arithmetic sequence.
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48,

49.

50.

51.

LV.
Istterm=5(1)2+1=6

I X.
Let T'(n) be the nth term of the sequence.
T(n)=(5n*+n) = [S(n—1)*+(n-1)]
=10n -4
When T'(n) = 31, n = 3.5 (rejected).
Thus, 31 is not a term of the sequence.
L v.
Note that T (n) = 10n — 4.
Tn+1)-T(n)=[10(n+1)—4] - (10n—4)
=10

The sequence is an arithmetic sequence with common difference 10.

Common difference = log 2a — loga = log2
Required sum = [2loga + (n — 1) log 2];

nn—1)
2

=nloga+ log 2

Let a and d be the first term and the common difference respectively.
a+25d =224
{(a +41d) — (a + 33d) = -256
Solving, we have a = 1024 and d = —32.

A1)+ A(2)+AB) +...+ A(k) > 5500
2[1024 +1024 + (k — 1)(=32)] > 5500

—16k? + 1040k — 5500 > 0
5.81 <k <592

The greatest value of & is 59.

The new set of numbers are obtained through the following steps:

(1) Multiply by 4.
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(2) Add 3.

I X
Note that u; = T(50) and u, = 47(50) + 3.
It is possible that 7(50) = —2, such that u; = -2 and up = -5 < u;.
1. v.
1. X.

Suppose the common difference of the sequence is 0.

We have wi = wy = 0.

52.

Let a and d be the first term and the common difference respectively.
(a+17d) + (a+19d) =92
{ (a+199d) +300 = a +99d
Solving, we have a = 100 and d = -3.

L V.
II. /.
We have x93 = 100 +2017(-3) = -5951.
X1 +xp+x3+...+x018 = (100 — 5951)&218
=-5903 659
<-5.9x%10°

L v.

100+ (n - 1)(=3) > 0
103

3
X33 is the smallest positive term.

53.

Common difference = log 10 — log2 = log 5
[log2 + (log2 + 61log 5)](7)

2
=T7(log2 +31log5)

- 7log(2 x 53)

Required sum =

=T7log250

24



I V.
LetS(n) =a;+ay+as+...+a,. Then S(n) = nb, = 3n* - 8n.
a,=8Sn)-Sn-1)
=3n*-8n) - [3(n-1)>-8(n-1)]

=6n-11
ane1 —ap = [6(n+1)—11] - (6n—11)
=6

It is an arithmetic sequence with common difference 6.
1. /.
3n-8=179
n=29
It is the 29th term of the sequence.
1. v.
Note that by — by = (-2) — (-5) = 3.
bi+by+bs+...+b,=[(-5)+((-5)+(n-1)(3))]

_3n*—13n
2

[NSH N

55.

Let D be the common difference.

|
c—5d=(a+2D)-5(a+3D)=—-4a—-13D
9a - 13b=9a - 13(a+ D) =-4a - 13D =c —-5d
1. /.
a+d=a+(a+3D)=2a+3D
b+c=(a+D)+(a+2D)=2a+3D

III. X.
Takea =1,b =2, c =3 and d = 4 such that a, b, ¢, d is an arithmetic sequence.
We have ad = 4 and bc = 6 # ad.

56.

L v.
Let T'(n) be the nth term of the sequence.

T(n)=Bn*+8n) —[3(n-1)%+8(n-1)]
=6n+5

25



When T'(n) = 95, we have n = 15.
95 is the 15th term of the sequence.

II. v.
Note that T (n) = 6n + 5.
T(n+1)-T(n) =[6(n+1)+5] - (6n+5)
=6
The sequence is an arithmetic sequence with common difference 6.

III. X.
Note that a; = 11 and ajgi9 = 12 119.

1010
a1+a3+a5+...+a2019=(11+12119)T
=6125650
> 7% 10
57.
Let d be the common difference.
I. V.
Wehave z —x=2dandy —w =2d =z —x.
II. X.

Take w =1,x =2,y =3, z =4 such that w, x, y, z is an arithmetic sequence.
WehaveE :2andl =3+ E.
X w X
III. X.
Take w = —1,x = =2, x = =3, z = =4 such that w, x, y, z is an arithmetic sequence.

Wehavew > x >y > z.

L.

Common difference is 5.

II. /.

Common difference is 5Va.

III. X.
Take a = 4, the sequence becomes 220, 225, 230, 23,
Note that 2% — 220 £ 230 _ 225,

It is not an arithmetic sequence.
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59.

Let a and d be the first term and the common difference of the arithmetic sequence respectively.
(a+d)+ (a+3d)=242
{(a +4d) + (a + 6d) =224
Solving, we have a = 127 and d = -3.

10
Required sum = [127 + 127 + (10 = 1) (-3)] —

2
= 1135

60. [D]

Let d be the common difference.

3+19d =103 +d)
d=3
I V.
) 2n
Required sum = > [3+3+2n—-1)(3)]
=3n(1 +2n)
1. /.

ay; =3,a4 =12, a16 = 48 is a geometric sequence with common ratio 4.

II. v.
(a2+a4+a6+...+a50)—(a1+a3+a5+...+a49)

= (a2 —a1) + (ag — az) + (ag — as) + ... + (aso — as9)
=3x%x25
=75

>0
Thus,a2+a4+a6+...+a50>a1+a3+a5+...+a49.

61. [D]
18 x-1
x—-16 18
324 = (x - 1)(x — 16)
0=x%—-17x - 308

x=28 or -11
Let r be the common ratio of the geometric sequence.

18
Whenx:—]l,rzzﬂ<0. The case is rejected.
18 3

When x = 28, 1 = =Z.
enx =281 e 16 2
2 3 81
We have ag = ag X r :(28—1)x§=7.
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62.

Let S(n) = 2n* — 51 and T(n) be the nth term of the sequence.

L V.
2014th term = $(2014) — $(2013) = 8049

IL X
T(1) = S(1) = -3
T(2) =S(2) - S(1) = 1

T33)=S83)-S(2)=5
1) , T(3)
T(1)  T(2)
The sequence is not a geometric sequence.

Note that

II. v.
T(n)=Sn)-Sn-1)
=2[n" = (n=1)’] =5[n - (n-1)]
=4n-17

=-3+(n-1)4
It is an arithmetic sequence with first term —3 and common difference 4.

The only negative term is —3.

L v.
The common ratio is log x.
1. X. , ;
1 1 31 3
Note that 98 _» and ogx _ 208X _ 2 £ 2.
logx logx2 2logx 2
arL. v

ldg4x _ logx logx 1
log,x 2log2 " log2 2
logijgx  logx  logx 1

log,x 4log2 " 2log2 2

The common ratio is 3

64. [D]

Let first term and common ratio be a and r respectively.

ar7_ 4 1
ard 243 T 12
16
4—_
T

2
r==+=
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2 1 9 27 1
Whenr=§,2a:El+r3=§agndS(oo)=&=§>§(rejected).
Wh = ——= :—+3:——.

enr 3,a 2 r n

L X

o -1 1
H./.a1+a2+...+a10:Mz—0.173<——.
r—1 10

ar 27

. v. ay+as+...=—— = —.

T -2 80

65.
b

7 7€
I. /. Wehave — = 7% and — =770 = 7b-<,
7a 7b
Thus, 7%, 7, 7€ form a geometric sequence.
II. /. Wehave (a+c)—(a+b)=c—-band (b+c)—(a+c)=b—-a=c-b.

Thus, a + b, a + ¢, b + ¢ form an arithmetic sequence.

66. D]

The last 5 terms of the sequence can be obtained by multiplying 27 to each term of the first five
terms.
Required variance = 10 x (27)? = 163 840.

67.

Let r be the common ratio of the geometric sequence.

Note that 0 < % =r<l.
The second group of numbers can be obtained by multiplying *° to each number in the first group.
I. V.
xy =% < x|
. /.
ya=ry1 <y
I X.
2= (" <z

68. [D]

Let the first term and common ratio be a and r respectively.

ar7_ 6
ar? 192
1
5—_
Y
1
r=—=
2
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I X.

IL. /.a=g=768.

72

1 n-1
Z 1072
768 (2) > 10

1
(n- l)logi > log

76 800
n<17.2

17 terms are greater than 1072

13
768 (1 - (4) )
ML /. Sum= ———" 7 ~ 15358

I3
> 1535

I. V. General term = (1 —27) — (1 —2-("1)
=2""(-1+2)
S
We have 27" < 1 for all positive integers 7.

1
II. X. The nth term = o is a rational number for all positive integers n.

L V. log Ty —log T, = log2™ ! —log2™"
=(-n—-1)log2+nlog?2

= —log?2 = constant
Thus, it is an arithmetic sequence.

70. [D]

Let the first term and common difference be a and d respectively.
12 -
Wehaved:TS:2anda:8—3d:2.

L V. xpi1—-x,=2>0

II. v. X972 + X100 = (Cl + 91d) + (Cl + 99d) = Z(Cl + 95d) = 2.x96
I V.27 4272 4278 ¢ 427%™

11 I
?+?+g+...+27n
1 1 1
<?+?+§+...
1
__4
1
1-3
1 1
= =< =
3 2
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71. [D]

Variance = 10 x (2'0)?

= 10485760
72. [A]
General term = (2" —2) — (2" - 2)
=2"(2-1)
="
T 1 2n+1
I. /. (n+1) = = 2 = constant.
T(n) 2n

II. X. Second term = 2% = 4 # 6.

1. X.
73. [A]
Required probability
5\(3 5\°(3 5\ (3
=l=ll=]+{=] |=1+|l=] |=|+--.
10/ \10 10 10 10 10
3
_ 20
- 1
1-4
1
5
74. [D]
Let a and r be the first term and the common ratio of the geometric sequence respectively.
ar’ 2 3
ar 27 8
16
4 = —
T
+2
r=+=
3
2 3 9
enr a=g=r 59
a
Sum to infinity = —— = — > 1
um to infinity = -— = 7= >
Rejected.
-2 3 9
Wh =—,a=-+r=——.
enr=-—-,a=g iy 2716
a
to infinity = =——
Sum to infinity T 20
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L.

IL.

III.

75.

X.
9 —_2)’”_1
16\ 3 4
2)4
3 9
2 n—1 2 2
-6

Note that when n — 1 = 2, L.H.S. gives positive number.

The equation has no roots.
Thus, 7 is not a term of the sequence.

v.

ay—ax+az—ag+...+ag9 —aj

10
9 2
-0
:—2
I-3
~ —1.66
< -1
V.
a)+ag+ag+...
9 -2
_ 16773
2
2
()
27
T 40 X
1 9 2
=1+|20(-=|[-=2
=1+ o) (]
27
T 40

=ay+tag+aeg+...

a, b, c is an arithmetic sequence.

b-—a=c-b
2b=a+c
2b=24-b
b=8
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b, c, d is a geometric sequence.

c_d
b ¢
2 =bd
1728
c? =
c
c=12
Wehavea=24—b—c:4andd=?=18.
c

Thus, ad =4 x 18 = 72.

76. [B]

Required probability

SV3 L (5V3,(5) 3,
10/ 10 10] 10 10/ 10

5
77. [D]
Probability of getting two equal numbers in one throw
_6
36
1
6
Required probability
EEIVE I EA N I EA R I
6736 (6] 36 \6) "36
54 1
_ 6736
2
5
- (3)
5
66
78.
Required sum = 1024 + 256 + . ..
_ 1024
-1
_ 4096
E
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79. [C]

Sa

—a

=4+2a

S5a=(1-a)(4+2a)

80. [B]

a

0=-2da>-Ta+4

1
= —4 (rejected) or 3

Let r be the common ratio of the geometric sequence.

L.

IL.

III.

v.

Common ratio = r

X
Take x = 1, y =2 and z = 4 such that x, y, z is a geometric sequence.
3y 32

3

3x 3l

3¢ 3¢

3_y = ? =9+#3

The sequence is not a geometric sequence.
v.

logy2 —logx2 = 210g)—} =2logr
X

log 22 — log y? = 210gE =2logr
Yy

The common difference is 2 log r.

END OF PAPER



