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Suggested solutions

Conventional Questions

1. (a) Area of △𝐴𝐶𝐷 =
1
2
(20) (24) sin 60◦ 1M

= 120
√

3 cm2 1A
(b) Let 𝑀 be the foot of perpendicular from 𝐴 to 𝐶𝐷.

Required angle is ∠𝐴𝑀𝐵. 1A
In △𝐴𝐶𝐷,

𝐶𝐷2 = 202 + 242 − 2(20) (24) cos 60◦ 1M

𝐶𝐷 ≈ 22.3 cm

202 = 𝐶𝐷2 + 242 − 2(𝐶𝐷) (24) cos∠𝐴𝐷𝐶

∠𝐴𝐷𝐶 ≈ 51.1◦

In △𝐴𝐷𝑀 , 𝐴𝑀 = 𝐴𝐷 sin∠𝐴𝐷𝐶 ≈ 18.7 cm 1M
In △𝐴𝐵𝑀 ,

sin∠𝐴𝑀𝐵 =
18
𝐴𝑀

∠𝐴𝑀𝐵 ≈ 74.7◦ 1A

Required angle is 74.7°.

(c) 𝐴𝐵 is the shortest distance from 𝐴 to the plane 𝐵𝐶𝐷.
Let ℎ be the shortest distance from 𝐵 to the plane 𝐴𝐶𝐷.
By considering volume of the tetrahedron,

1
3
(area of △𝐴𝐶𝐷) (ℎ) = 1

3
(area of △𝐵𝐶𝐷) (𝐴𝐵)

1
3
× 1

2
(𝐶𝐷) (𝐴𝑀) (ℎ) = 1

3
× 1

2
(𝐶𝐷) (𝐵𝑀) (𝐴𝐵)

ℎ =
𝐵𝑀

𝐴𝑀
(𝐴𝐵) 1M

Since 𝐴𝑀 > 𝐵𝑀 , ℎ < 𝐴𝐵.
The claim is agreed. 1A

2. (a)
18

sin∠𝐴𝐵𝐷
=

22
sin 80◦

1M

∠𝐴𝐵𝐷 ≈ 53.7◦ or 126◦ (rejected) 1A

(b) (i) 252 = 222 + 182 − 2(22) (18) cos∠𝐴𝐷𝐶 1M

∠𝐴𝐷𝐶 ≈ 76.6◦ 1A
(ii) Let 𝐸 be a point on 𝐵𝐷 such that 𝐴𝐸 ⊥ 𝐵𝐷.

Let 𝐹 be a point on 𝐶𝐷 such that 𝐸𝐹 ⊥ 𝐵𝐷.
Required angle is ∠𝐴𝐸𝐹. 1M
𝐴𝐸 = 18 sin 80◦ ≈ 17.7 cm 1M
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𝐷𝐸 = 18 cos 80◦ ≈ 3.13 cm
𝐸𝐹 = 𝐷𝐸 tan∠𝐶𝐷𝐵 = 𝐷𝐸 tan∠𝐴𝐵𝐷 ≈ 4.25 cm
𝐷𝐹 =

√︁
𝐷𝐸2 + 𝐸𝐹2 ≈ 5.28 cm

Consider △𝐴𝐶𝐷.

𝐴𝐹2 = 182 + 𝐷𝐹2 − 2(18) (𝐷𝐹) cos∠𝐴𝐷𝐶

𝐴𝐹 ≈ 17.5 cm

Consider △𝐴𝐸𝐹.

𝐴𝐹2 = 𝐴𝐸2 + 𝐸𝐹2 − 2(𝐴𝐸) (𝐸𝐹) cos∠𝐴𝐸𝐹

∠𝐴𝐸𝐹 ≈ 80.7◦

> 80◦

The claim is agreed. 1A

3. (a) Let 𝑂𝑃 = ℎm.
Then 𝐴𝑂 =

ℎ

tan 16.5◦
, 𝐵𝑂 =

ℎ

tan 20◦
and 𝐶𝑂 =

ℎ

tan 18◦
.

In △𝐴𝐵𝑂,

𝐴𝑂2 = 𝐵𝑂2 + 3402 − 2(𝐵𝑂) (340) cos∠𝐴𝐵𝑂 1M

cos∠𝐴𝐵𝑂 =
3402 + 𝐵𝑂2 − 𝐴𝑂2

2(𝐵𝑂) (340)
In △𝐵𝑂𝐶,

𝐶𝑂2 = 𝐵𝑂2 + 4302 − 2(𝐵𝑂) (430) cos∠𝑂𝐵𝐶

cos∠𝑂𝐵𝐶 =
𝐵𝑂2 + 4302 − 𝐶𝑂2

2(𝐵𝑂) (430)
Since ∠𝐴𝐵𝑂 = 180◦ − ∠𝑂𝐵𝐶,

3402 + 𝐵𝑂2 − 𝐴𝑂2

2(𝐵𝑂) (340) = −𝐵𝑂2 + 4302 − 𝐶𝑂2

2(𝐵𝑂) (430) 1M

43

[
(3402) +

(
ℎ

tan 20◦

)2
−
(

ℎ

tan 16.5◦

)2
]
= −34

[(
ℎ

tan 20◦

)2
+ (430)2 −

(
ℎ

tan 18◦

)2
]

ℎ2
[

43 + 34
tan2 20◦

− 43
tan2 16.5◦

− 34
tan2 18◦

]
= −34(430)2 − 43(340)2 1M

ℎ ≈ 221 1A

(b) Let 𝐻 be a point on 𝐴𝐶 such that 𝑃𝐻 ⊥ 𝐴𝐶 and 𝑂𝐻 ⊥ 𝐴𝐶. Required angle is ∠𝑃𝐻𝑂. 1A
Using the value of ℎ, 𝐴𝑂 ≈ 745 m, 𝐵𝑂 ≈ 607 m and 𝐶𝑂 ≈ 680 m.

𝐴𝑂2 = 𝐶𝑂2 + (340 + 430)2 − 2(𝐶𝑂) (340 + 430) cos∠𝑂𝐶𝐴 1M

∠𝑂𝐶𝐴 ≈ 61.5◦

𝑂𝐻 = 𝐶𝑂 sin∠𝑂𝐶𝐴 ≈ 597 m 1A

∠𝑃𝐻𝑂 = tan−1 ℎ

𝑂𝐻
≈ 20.3◦ 1A
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4. (a) 𝑀𝑆 = 2 sin 60◦ =
√

3 cm
𝑃𝑆 =

√︁
22 + 22 = 2

√
2 cm

sin∠𝑀𝑃𝑆 =

√
3

2
√

2
1M

∠𝑀𝑃𝑆 ≈ 37.8◦ 1A
(b) Let 𝐴 be a point on 𝑃𝑆 such that 𝑀𝐴 ⊥ 𝑃𝑆.

Let 𝐵 be a point on 𝑆𝑇 such that 𝐴𝐵 ⊥ 𝑃𝑆.
Required angle is ∠𝑀𝐴𝐵. 1A
𝑀𝐴 = 𝑀𝑃 sin∠𝑀𝑃𝑆 ≈ 1.37 cm 1M
𝑃𝐴 = 𝑀𝑃 cos∠𝑀𝑃𝑆 ≈ 1.77 cm
𝐴𝑆 = 𝑃𝑆 − 𝑃𝐴 ≈ 1.06 cm
𝐴𝐵 = 𝐴𝑆 tan 45◦ ≈ 1.06 cm
𝐵𝑆 =

𝐴𝑆

cos 45◦
= 1.5 cm

𝐵𝑀2 = 𝐵𝑆2 + 𝑀𝑆2 − 2(𝐵𝑆) (𝑀𝑆) cos 30◦ 1M

𝐵𝑀 ≈ 0.866 cm
𝐵𝑀2 = 𝐴𝐵2 + 𝑀𝐴2 − 2(𝐴𝐵) (𝑀𝐴) cos∠𝑀𝐴𝐵

∠𝑀𝐴𝐵 ≈ 39.2◦ 1A
Required angle is 39.2°.

(c) Let 𝐸 be a point on 𝑊𝑆 such that 𝐷𝐸 ⊥ 𝑊𝑆.
Let 𝐹 be a point on 𝑅𝑄 such that 𝐷𝐹 ⊥ 𝑅𝑄.

Area of △𝐷𝑆𝑊 =
(𝑊𝑆) (𝐷𝐸)

2
=
𝑊𝑆

√
𝐷𝐹2 + 𝐸𝐹2

2
1M

Since 𝑊𝑆 and 𝐸𝐹 are constant, area of △𝐷𝑆𝑊 is minimum when 𝐷𝐹 is minimum, i.e.,
𝐷𝐹 = 0.
When 𝐷 is at 𝑃, 𝐷𝐹 ≠ 0. The area is therefore not minimum when 𝐷 is at 𝑃. 1A

5. (a) 𝐴𝐶 =
√︁

782 + 1042

= 130 cm

𝐴𝐵 =
√︁

1302 − 1202 1M

= 50 cm 1A

∠𝐵𝐴𝐷 = tan−1 120
50

+ tan−1 104
78

≈ 121◦

𝐵𝐷2 = 502 + 782 − 2(50) (78) cos∠𝐵𝐴𝐷 1M

𝐵𝐷 = 112 cm 1A

(b) (i) Note that 𝐺𝐴 = 𝐺𝐵 = 𝐺𝐶 = 𝐺𝐷 =
𝐴𝐶

2
= 65 cm.

𝑉𝐺 =
√︁

1692 − 652

= 156 cm 1A
(ii) Let 𝐻 be the projection of 𝐺 on the plane 𝑉𝐵𝐷.

Let ℎ cm be the required distance.
Consider the area of △𝐵𝐷𝐺.
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Let 𝑠 =
65 + 65 + 112

2
= 121 cm.

Area =
√︁

121(121 − 65)2(121 − 112) 1M

= 1848 cm2

Consider the area of △𝑉𝐵𝐷.
Let 𝑠 =

169 + 169 + 112
2

= 225 cm.

Area =
√︁

225(225 − 169)2(225 − 112)

= 840
√

113 cm
Consider the volume of the tetrahedron 𝑉𝐵𝐺𝐷.

1
3
(1848) (156) = 1

3
(840

√
113) (ℎ) 1M

ℎ ≈ 32.3 1A

Required distance is 32.3 cm.

6. (a) ∠𝐵𝐴𝐶 = 180◦ − 56◦ − 82◦ = 42◦

𝐵𝐶

sin 42◦
=

20
sin 56◦

1M

𝐵𝐶 ≈ 16.1 cm 1A

(b) (i) 102 = 𝐵𝐶2 + 202 − 2(𝐵𝐶) (20) cos∠𝐴𝐵𝐶 1M

∠𝐴𝐵𝐶 ≈ 29.8◦ 1A
(ii) Let 𝐸 be a point on 𝐵𝐷 such that 𝐶𝐸 ⊥ 𝐵𝐷.

Let 𝐹 be a point on 𝐴𝐵 such that 𝐸𝐹 ⊥ 𝐵𝐷.
Required angle is ∠𝐶𝐸𝐹. 1M
𝐵𝐹 = 𝐵𝐶 ≈ 16.1 cm
𝐶𝐸 = 𝐹𝐸 = 𝐵𝐶 sin

82◦

2
≈ 10.6 cm

𝐶𝐹2 = 𝐵𝐶2 + 𝐵𝐹2 − 2(𝐵𝐶) (𝐵𝐹) cos∠𝐴𝐵𝐶 1M

𝐶𝐹 ≈ 8.29 cm

𝐶𝐹2 = 𝐸𝐹2 + 𝐶𝐸2 − 2(𝐸𝐹) (𝐶𝐸) cos∠𝐶𝐸𝐹 1M

∠𝐶𝐸𝐹 ≈ 46.1◦ > 45◦

The claim is agreed. 1A

7. (a) 𝐴𝐷 =

√
302 + 402

2
= 25 cm

∠𝐵𝐴𝐶 = cos−1 30
50

= cos−1 3
5

𝐵𝐷2 = 252 + 302 − 2(25) (30) cos∠𝐵𝐴𝐶 1M

𝐵𝐷 = 25 cm 1A

∠𝐴𝐵𝐷 = ∠𝐵𝐴𝐷 = cos−1 3
5

𝐴𝐹 = 30 sin∠𝐴𝐵𝐷 = 24 cm 1A
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cos∠𝐵𝐴𝐹 =
24
30

=
4
5

𝐹𝐸 =
30

cos∠𝐵𝐴𝐹
− 24 = 13.5 cm 1A

(b) (i) Required angle is ∠𝐴𝐹𝐸 .

cos∠𝐴𝐹𝐸 =
13.5
24

1M

∠𝐴𝐹𝐸 ≈ 55.8◦ 1A
(ii) Since 𝐴𝐹 ⊥ 𝐵𝐷 and 𝐹𝐸 ⊥ 𝐵𝐷,

the claim is agreed. 1A

(iii) Area of △𝐵𝐶𝐷 =
area of △𝐴𝐵𝐶

2

=
(30) (40)

2 × 2
= 300 cm2

Required volume =
1
3
(300) (24 sin∠𝐴𝐹𝐸) 1M

≈ 1984 cm3 1A
(iv) Area of △𝐴𝐵𝐷 is equal to the area of △𝐵𝐶𝐷, i.e. 300 cm2.

By considering the volume of the tetrahedron,
1
3
(300) (𝐴𝐵 sin𝛼) = 1

3
(300) (𝐵𝐶 sin 𝛽) 1M

sin𝛼
sin 𝛽

=
40
30

> 1

So, sin𝛼 > sin 𝛽 and therefore 𝛼 > 𝛽. 1A
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