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Suggested solutions

Conventional Questions

1. (a) 𝑎 =
(𝑃𝑄)𝑟

2
+ (𝑄𝑅)𝑟

2
+ (𝑃𝑅)𝑟

2
1M

=
𝑟

2
(𝑃𝑄 +𝑄𝑅 + 𝑃𝑅)

=
𝑝𝑟

2
1

(b) 𝐴𝐵 =
√︁
(9 − 2)2 + (18 + 6)2 = 25, 𝐵𝐶 =

√︁
322 + 242 = 40 and 𝐴𝐶 = 39.

Let the radius of the inscribed circle of △𝐴𝐵𝐶 be 𝑟 .
(41 − 2) (18 + 6)

2
=

(25 + 40 + 39)𝑟
2

1M

𝑟 = 9 1A

Required 𝑦-coordinate = −6 + 9 = 3 1A

2. (a) 𝑃𝐵 = 𝑃𝐷 and ∠𝑃𝐵𝐷 =
180◦ − 𝑥

2
= 90◦ − 𝑥

2
1M

∠𝐵𝐴𝐷 = ∠𝑃𝐵𝐷 = 90◦ − 𝑥

2
1A

∠𝐴𝐵𝐶 = 90◦

∠𝐴𝑄𝐵 = 180◦ − 90◦ −
(
90◦ − 𝑥

2

)
=
𝑥

2
1A

(b) (i) Since 𝑃𝐵 = 𝑃𝐷 = 𝑃𝑅, we have ∠𝐵𝑅𝐷 = ∠𝑃𝐷𝑅. 1M

∠𝐵𝑅𝐷 + ∠𝑃𝐷𝑅 = 𝑥

∠𝐵𝑅𝐷 =
𝑥

2
1A

(ii) Note that ∠𝐵𝑅𝐷 = ∠𝐵𝑄𝐷 =
𝑥

2
.

𝐵, 𝐷, 𝑄, 𝑅 are concyclic. 1M
Since 𝑃𝐵 = 𝑃𝐷 = 𝑃𝑅, 𝑃 is the centre of the circle 𝐵𝐷𝑅,
and hence is the centre of the circle 𝐵𝐷𝑄𝑅.
Thus, 𝑃 is the centre of the circumcircle of △𝐵𝐷𝑄.
The claim is agreed. 1A

3. (a) ∠𝐵𝑃𝐴 = 90◦ (given)

∠𝐺𝑀𝐴 = 90◦ (property of circumcentre)

= ∠𝐵𝑃𝐴

𝐵𝐶//𝐺𝑀 (corr. ∠s equal)

∠𝐵𝐷𝐶 = ∠𝑀𝐷𝐺 (vert. opp. ∠s)

∠𝐶𝐵𝐷 = ∠𝐺𝑀𝐷 (alt. ∠s, 𝐵𝐶//𝐺𝑀)

△𝐵𝐶𝐷 ∼ △𝑀𝐺𝐷 (AA)
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Marking Scheme

Case 1 Any correct proof with correct reasons. 3

Case 2 Any correct proof without reasons. 2

Case 3 Incomplete proof with any one correct step with reason. 1

(b) (i) 𝐺𝑀 =

√︂
𝑟2 −

(𝑎
2

)2
=

1
2

√︁
4𝑟2 − 𝑎2 1A

The coordinates of 𝐺 are

(
𝑎

2
,

√
4𝑟2 − 𝑎2

2

)
.

𝐵𝐺 = 𝑟(𝑎
2
− 𝑏

)2
+

(√
4𝑟2 − 𝑎2

2
− ℎ

)2

= 𝑟2 1M(√
4𝑟2 − 𝑎2

2
− ℎ

)2

= 𝑟2 − (𝑎 − 2𝑏)2

4

Since ℎ > 𝐺𝑀 > 0,
√

4𝑟2 − 𝑎2

2
− ℎ < 0.

√
4𝑟2 − 𝑎2

2
− ℎ = −

√︂
𝑟2 − (𝑎 − 2𝑏)2

4

ℎ =

√
4𝑟2 − 𝑎2

2
+

√︁
4𝑟2 − (𝑎 − 2𝑏)2

√
4

=

√
4𝑟2 − 𝑎2 + 4𝑎𝑏 − 4𝑏2 +

√
4𝑟2 − 𝑎2

2
1

(ii) 𝐵𝐷 : 𝐷𝑀 = 2 : 1 1A

𝐵𝐶 : 𝐺𝑀 = 𝐵𝐷 : 𝐷𝑀 = 2 : 1 and 𝐵𝐶 = 2𝐺𝑀 =
√︁

4𝑟2 − 𝑎2 1M

𝐶𝑃 = ℎ −
√︁

4𝑟2 − 𝑎2 =

√
4𝑟2 − 𝑎2 + 4𝑎𝑏 − 4𝑏2 −

√
4𝑟2 − 𝑎2

2
(Slope of 𝐴𝐵) × (slope of 𝑂𝐶)

=
ℎ − 0
𝑏 − 𝑎 × 𝐶𝑃

𝑏
1M

=
1

4𝑏(𝑏 − 𝑎)

[
(
√︁

4𝑟2 − 𝑎2 + 4𝑎𝑏 − 4𝑏2)2 − (
√︁

4𝑟2 − 𝑎2)2
]

=
4𝑏(𝑎 − 𝑏)
4𝑏(𝑏 − 𝑎)

= −1
Since 𝐵𝐶 ⊥ 𝑂𝐴 and 𝑂𝐶 ⊥ 𝐴𝐵, 𝐶 is the orthocentre of △𝑂𝐴𝐵. 1

(iii) ℎ =

√
4𝑟2 − 𝑎2 + 4𝑎𝑏 − 4𝑏2 +

√
4𝑟2 − 𝑎2

2
= 49

𝐶𝑃 = ℎ −
√︁

4𝑟2 − 𝑎2 = 31

𝑥-coordinate of 𝐷 =

2
(

80
2

)
+ 31

1 + 2
= 37 1M

REG-COT-2425-ASM-SET 3-MATH-MS 2



Required area =
(40 − 31) (49)

2
− (49 − 31) (37 − 31)

2

=
333
2

1A

4. (a) ∠𝑃𝐺𝑇 = ∠𝑄𝐺𝑇 (tangent properties)

𝑃𝑅 = 𝑄𝑅 (equal ∠s, equal chords)

∠𝑅𝑄𝑃 = ∠𝑅𝑃𝑄 (base ∠s, isos. △s)

∠𝑅𝑄𝑇 = ∠𝑅𝑃𝑄 (∠ in alt. segment)

= ∠𝑅𝑄𝑃
Thus, 𝑄𝑅 is the angle bisector of ∠𝑃𝑄𝑇 .

Marking Scheme

Case 1 Any correct proof with correct reasons. 3

Case 2 Any correct proof without reasons. 2

Case 3 Incomplete proof with any one correct step with reason. 1

(b) (i) Slope =
7 + 68
12 + 88

=
3
4

Required equation is

𝑦 − 7 =
3
4
(𝑥 − 12)

3𝑥 − 4𝑦 − 8 = 0 1A

(ii) Note that 𝐺𝑇 is the angle bisector of ∠𝑃𝑇𝑄.
The in-centre of △𝑃𝑄𝑇 is 𝑅. 1M
𝐺𝑅 = 𝐺𝑄 = 7 + 68 = 75
𝐺𝑇 =

√︁
(12 + 88)2 + (6 + 68)2 = 125

We have 𝐺𝑅 : 𝑅𝑇 = 75 : (125 − 75) = 3 : 2.
Let the coordinates of 𝑅 be (𝑎, 𝑏).

12 − 𝑎
𝑎 + 88

=
3
2

1M

𝑎 = −48

and
7 − 𝑏
𝑏 + 68

=
3
2

𝑏 = −38

The coordinates of the in-centre of △𝑃𝑄𝑇 are (−48, −38). 1A

(iii) Suppose the inscribed circle of △𝑃𝑄𝑇 touches 𝑄𝑇 at𝑈.
Radius of inscribed circle of △𝑃𝑄𝑇

= 𝑅𝑈

= −38 + 68 1M

= 30
Note that 𝐺𝑃𝑇𝑄 is a cyclic quadrilateral.
The circumcircle of △𝑃𝑄𝑇 passes through 𝐺.
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Radius of circumcircle of △𝑃𝑄𝑇

=
𝐺𝑇

2
1M

=
125
2

Required ratio

= 2(30)𝜋 : 2
(
125
2

)
𝜋

= 12 : 25

≠ 1 : 2
The claim is disagreed. 1A

5. (a) Equation of 𝐶 is (𝑥 + 6)2 + (𝑦 − 4)2 = 𝑟2. 1A(
14 + 𝑘𝑦

4
+ 6

)2
+ (𝑦 − 4)2 = 𝑟2(

𝑘2

16
+ 1

)
𝑦2 +

(
19𝑘
4

− 8
)
𝑦 + 425

4
− 𝑟2 = 0

(𝑘2 + 16)𝑦2 + 4(19𝑘 − 32)𝑦 + 1700 − 16𝑟2 = 0

𝐿 is a tangent to 𝐶.

[4(19𝑘 − 32)]2 − 4(𝑘2 + 16) (1700 − 16𝑟2) = 0 1M

𝑟2 =
1700
16

− (19𝑘 − 32)2

4(𝑘2 + 16)

=
(4𝑘 + 38)2

𝑘2 + 16
1A

(b) (i) The coordinates of 𝐸 are (−4, −10). 1A
𝐿 passes through the point 𝐷.

4(8) − 𝑘 (6) − 14 = 0

𝑘 = 3

Let the coordinates of 𝐹 be (𝑎, 𝑏).

𝐷𝐹 = 𝐸𝐹√︁
(𝑎 − 8)2 + (𝑏 − 6)2 =

√︁
(𝑎 + 4)2 + (𝑏 + 10)2

−24𝑎 − 32𝑏 − 16 = 0

𝑎 = −4𝑏
3

− 2
3
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𝐺 is the circumcentre of △𝐷𝐸𝐹.

𝐺𝐹 = 𝐺𝐷√︁
(𝑎 + 6)2 + (𝑏 − 4)2 =

√︁
(8 + 6)2 + (6 − 4)2 1M(

−4𝑏
3

− 2
3
+ 6

)2
+ (𝑏 − 4)2 = 200

25𝑏2

9
− 200𝑏

9
− 1400

9
= 0

𝑏 = 4 ± 6
√

2

The coordinates of 𝐹 are
(
−6 + 8

√
2, 4 − 6

√
2
)

or
(
−6 − 8

√
2, 4 + 6

√
2
)
. 1A

(ii) 𝐿 is a tangent to the inscribed circle of △𝐷𝐹𝐻.

By (a), if 𝐺 is the in-centre, then 𝑟2 =
[4(3) + 38)2]

32 + 16
= 100. 1M

The radius of the inscribed circle of △𝐷𝐹𝐻 is 10.
Let 𝐾 be the point of contact of the inscribed circle and 𝐿.

sin∠𝐺𝐷𝐾 =
𝑟

𝐷𝐺
1M

∠𝐺𝐷𝐾 = 45◦

Note that 𝐸 lies on 𝐿. We have ∠𝐹𝐷𝐻 = ∠𝐹𝐷𝐸 .
The coordinates of the mid-point of𝐸𝐹 are

(
−5 + 4

√
2, −3 − 3

√
2
)

or
(
−5 − 4

√
2, −3 + 3

√
2
)
.

Neither of the coordinates match with 𝐺.
𝐸𝐹 is not a diameter of the circle 𝐷𝐸𝐹.
Hence, ∠𝐹𝐷𝐸 ≠ 90◦ and ∠𝐹𝐷𝐻 = ∠𝐹𝐷𝐸 ≠ 90◦. 1M
We have ∠𝐹𝐷𝐻 ≠ 2∠𝐺𝐷𝐾 and 𝐷𝐺 is not an angle bisector of ∠𝐹𝐷𝐻.
𝐺 is not the in-centre of △𝐷𝐹𝐻.
The claim is disagreed. 1A

!
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�
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6. (a) 𝑓 (−2) = 𝑘 (−2)2 + (2𝑘 − 2) (−2) − 4

= 4𝑘 − 4𝑘 + 4 − 4

= 0
The graph of 𝑦 = 𝑓 (𝑥) passes through 𝐴. 1

(b) (i) 𝑓 (𝑥) = 𝑘𝑥2 + (2𝑘 − 2)𝑥 − 4

= 𝑘

[
𝑥 − 2(𝑥)

(
1 − 𝑘
𝑘

)
+

(
1 − 𝑘
𝑘

)2
]
− (𝑘 + 1)2

𝑘
1M

= 𝑘

[
𝑥 − 1 − 𝑘

𝑘

]2
− (𝑘 + 1)2

𝑘

The coordinates of 𝑄 are
(
1 − 𝑘
𝑘

, − (𝑘 + 1)2

𝑘

)
. 1A

(ii) The coordinates of 𝐶 are (0, −4). 1A

Let the coordinates of 𝑅 be
(
1 − 𝑘
𝑘

, 𝑟

)
, where 𝑟 is a constant. 1M

𝑅𝐴 = 𝑅𝐶√︄(
1 − 𝑘
𝑘

+ 2
)2

+ 𝑟2 =

√︄(
1 − 𝑘
𝑘

)2
+ (𝑟 + 4)2 1M(

1 − 𝑘
𝑘

)2
+ 4

(
1 − 𝑘
𝑘

)
+ 4 + 𝑟2 =

(
1 − 𝑘
𝑘

)2
+ 𝑟2 + 8𝑟 + 16

4
(
1 − 𝑘
𝑘

)
− 12 = 8𝑟

𝑟 =
1 − 4𝑘

2𝑘
1A

The coordinates of 𝑅 are
(
1 − 𝑘
𝑘

,
1 − 4𝑘

2𝑘

)
.

(iii) We have ∠𝑅𝐶𝑄 = 90◦.
1−4𝑘

2𝑘 + 4
1−𝑘
𝑘

− 0
×
− (𝑘+1)2

𝑘
+ 4

1−𝑘
𝑘

− 0
= −1 1M+1M

1 + 4𝑘
2𝑘

× −𝑘2 + 2𝑘 − 1
𝑘

= −
(
1 − 𝑘
𝑘

)2

1 + 4𝑘
2𝑘

× (𝑘 − 1)2

𝑘
=

(1 − 𝑘)2

𝑘2

1 + 4𝑘 = 2

𝑘 =
1
4

1A

The coordinates of 𝑅 are (3, 0).
Required area = 𝐴𝑅2𝜋

= (3 + 2)2𝜋

= 25𝜋 1A
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