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Suggested solutions

Multiple Choice Questions

1. A 2. C 3. D 4. A 5. A

6. B 7. C 8. B 9. B 10. A

11. B 12. C 13. D 14. D 15. A

1. A

Note that ∠𝐴𝐵𝐶 = 90◦.

Let the radius be 𝑟 cm.
The coordinates of centre are (𝑟, −14 + 𝑟).
Consider the length of 𝐴𝐶.

(24 − 𝑟) + (18 − 𝑟) =
√︁

182 + 242

𝑟 = 6

The coordinates of centre are (6, −8). (r, −14 + r)

B

A

C

2. C

The coordinates of 𝐴 and 𝐵 are
(
𝑘

6
, 0

)
and

(
0, − 𝑘

3

)
respectively.

Denote the mid-point of 𝐴𝐵 by 𝑀 .

The coordinates of 𝑀 are
(
𝑘

12
, − 𝑘

6

)
.

Let the coordinates of 𝐶 be (𝑐, 0).
We have 𝐶𝐺 : 𝐺𝑀 = 2 : 1, where 𝐺 is the centroid of △𝐴𝐵𝐶.

𝐶𝐺

𝐺𝑀
=

𝑐 − 0
0 − 𝑘

12

2 = −12𝑐
𝑘

𝑐 = − 𝑘

6

The coordinates of 𝐴 and 𝐵 are
(
𝑘

6
, 0

)
and

(
0, − 𝑘

3

)
respectively.

Let the coordinates of 𝐶 be (𝑐, 0).
Note that the 𝑥-coordinate of the centroid of △𝐴𝐵𝐶 is 0.

𝑘
6 + 0 + 𝑐

3
= 0

𝑐 = − 𝑘

6
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3. D

𝐺 is the centre of circle 𝐴𝐵𝐶.
Radius = 𝐺𝐵 =

√︁
(18 − 10)2 + (3 + 3)2 = 10

Since 𝐴 is a point on the circle, the 𝑦-coordinate of 𝐴 lies between 3 + 10 and 3 − 10 inclusively.
Thus, −8 is not a possible 𝑦-coordinate of 𝐴.

4. A

𝐴𝐵 is the angle bisector of ∠𝐶𝐴𝐷.
∠𝐵𝐴𝐶 = ∠𝐵𝐴𝐷 = 48◦

∠𝐴𝐶𝐷 = ∠𝐵𝐴𝐷 = 48◦

∠𝐴𝐷𝐶 + ∠𝐴𝐶𝐷 + ∠𝐶𝐴𝐷 = 180◦

∠𝐴𝐷𝐶 + 48◦ + (48◦ + 48◦) = 180◦

∠𝐴𝐷𝐶 = 36◦

5. A

Note that ∠𝑃𝑂𝑄 = 90◦.
The orthocentre of △𝑂𝑃𝑄 is 𝑂.
The circumcentre of △𝑂𝑃𝑄 is the mid-point of 𝑃𝑄.
The coordinates of the circumcentre of △𝑂𝑃𝑄 are

( 𝑝
2
,
𝑞

2

)
.

The straight line 2𝑥 − 𝑦 = 3𝑘 passes through 𝑂 and
( 𝑝
2
,
𝑞

2

)
.

2(0) − 0 = 3𝑘

2
( 𝑝
2

)
− 𝑞

2
= 3𝑘

Solving, we have 𝑘 = 0 and 2𝑝 = 𝑞.
Thus, 𝑝 : 𝑞 = 1 : 2.

6. B

Denote the mid-point of 𝐴𝐵 by 𝑀 .
Let 𝐺 be the centroid of △𝐴𝐵𝑃.
Note that 𝑀𝐺 : 𝐺𝑃 = 1 : 2.
The 𝑦-coordinate of 𝐺 is therefore constant.
The locus of centroid of △𝐴𝐵𝑃 is a straight line parallel to 𝐿.
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7. C

I. ✓. 𝑦-coordinate of the mid-point of 𝐵𝐶 is 0.
𝑦-coordinate of centroid of △𝐴𝐵𝐶

=
1(6) + 2(0)

1 + 2
= 2

The centroid of △𝐴𝐵𝐶 lies on 𝑦 = 2.

II. ✓. Note that the 𝑦-axis passes through 𝐴 and is perpendicular to 𝐵𝐶.
Thus, the orthocentre of △𝐴𝐵𝐶 lies on the 𝑦-axis.

8. B

Coordinates of three vertices are (0, 0), (6, 0) and (0, 8).
Let the radius of the inscribed circle be 𝑟 .
Length of hypotenuse =

√︁
62 + 82 = 10

Consider the area of triangle.
(6) (8)

2
=

(6) (𝑟)
2

+ (8) (𝑟)
2

+ (10) (𝑟)
2

𝑟 = 2

Coordinates of in-centre are (2, 2).

A

G

H

$ (6, 0)

(0, 8)

9. B

∠𝐵𝐴𝐶 + 2∠𝐶𝐵𝐷 + 2∠𝐵𝐶𝐷 = 180◦

∠𝐶𝐵𝐷 + ∠𝐵𝐶𝐷 = 55◦

∠𝐵𝐷𝐶 + ∠𝐶𝐵𝐷 + ∠𝐵𝐶𝐷 = 180◦

∠𝐵𝐷𝐶 = 125◦
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10. A

Since 𝐶 is the orthocentre of △𝐴𝐵𝐶, ∠𝐴𝐶𝐵 = 90◦.
Let 𝐷, 𝐸 and 𝐹 be the points of contact as shown below. Denote the incentre of △𝐴𝐵𝐶 by 𝐼.

A

A
A

� (0, 13) � (50, 13)

�

� (20, 23)

�

�
�

Consider the vertical distance from (20, 23) to 𝐴𝐵.

𝑟 = 23 − 13

= 10

Note that 𝐶𝐷𝐼𝐸 is a square.
We have 𝐴𝐶 = 𝐴𝐸 + 𝑟 = 𝐴𝐹 + 𝑟 = 20 + 10 = 30.
Consider the horizontal distance between 𝐴 and 𝐶.
Horizontal distance = 𝐴𝐶 cos∠𝐵𝐴𝐶

= 30 cos∠𝐵𝐴𝐶

= 30
(
𝐴𝐶

𝐴𝐵

)
(Note that ∠𝐴𝐵𝐶 is a right-angled triangle.)

= 30 × 30
50

= 18
The 𝑥-coordinate of 𝐶 is 0 + 18 = 18.

11. B

I. ✓. Since 𝐺 is the orthocentre of △𝐴𝐵𝐶, ∠𝐴𝑄𝐺 = ∠𝐴𝑅𝐺 = 90◦.
𝐴𝑄𝐺𝑅 is a cyclic quadrilateral (opp. ∠s supp.).

II. ✓. Since 𝐺 is the orthocentre of △𝐴𝐵𝐶, ∠𝐶𝑄𝐵 = ∠𝐶𝑅𝐵 = 90◦.
𝐵𝐶𝑄𝑅 is a cyclic quadrilateral (converse of ∠s in the same segment).

III. ✗. Note that the circle passing through 𝐶, 𝑄 and 𝑅 is circle 𝐵𝐶𝑄𝑅.
Since 𝑃 is a point on the line segment 𝐵𝐶, 𝑃 lies inside the circle 𝐵𝐶𝑄𝑅.
𝐶𝑃𝑅𝑄 cannot be a cyclic quadrilateral.
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12. C

The coordinates of 𝑃 are
(
− 𝑘

3
, 0

)
.

Solve


3𝑥 − 4𝑦 + 𝑘 = 0

4𝑥 + 3𝑦 − 𝑘 = 0
.

The coordinates of 𝑄 are
(
𝑘

25
,

7𝑘
25

)
.

Since the in-centre of △𝑃𝑄𝑅 lies on the 𝑥-axis, 𝑃𝐼 is the angle bisector of ∠𝑅𝑃𝑄.

Slope of 𝑃𝑅 = −1 × (slope of 𝐿1) = −3
4

The equation of 𝑃𝑅 is

𝑦 − 0 = −3
4

(
𝑥 + 𝑘

3

)
3𝑥 + 4𝑦 + 𝑘 = 0

Solve


3𝑥 + 4𝑦 + 𝑘 = 0

4𝑥 + 3𝑦 − 𝑘 = 0
.

The coordinates of 𝑅 are (𝑘, −𝑘).
The 𝑥-coordinate of 𝑅 is 𝑘 .

G�

!1

!2

%

&

'

Program method

Let 𝑘 = 300.
The coordinates of 𝑃 and 𝑄 are (−100, 0) and (12, 84) respectively.
Note that 𝑅 lies on 𝐿2: 4𝑥 + 3𝑦 − 300 = 0, we can obtain the coordinates of 𝑅 using the value
in each option, and the coordinates of the in-centre of △𝑃𝑄𝑅 through the calculator program.

Option Coordinates of 𝑅 Coordinates of in-centre

A. (−2100, 2900) (−84.1, 97.7)
B. (−300, 500) (−73.0, 96.1)
C. (300, −300) (0, 0)
D. (2100, −2700) (−1.72, −12.0)

The in-centre should lie on the 𝑥-axis. The answer is C.
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13. D

The coordinates of 𝑃 and 𝑄 are (6, 0) and (0, 8) respectively.

%

&

G

H

$ �

�

�

(A, A)

Let the radius of the inscribed circle be 𝑟 .
Consider the area of △𝑂𝑃𝑄.

(6) (8)
2

=
(6) (𝑟)

2
+ (8) (𝑟)

2
+ (

√
62 + 82) (𝑟)

2
𝑟 = 2

Required coordinates are (2, 2).

Refer to the figure.
𝑂𝐴 = 𝑂𝐵 = 𝑟

𝐵𝑃 = 𝐶𝑃 = 6 − 𝑟

𝐴𝑄 = 𝐶𝑄 = 8 − 𝑟

Consider the length of 𝑃𝑄.

(6 − 𝑟) + (8 − 𝑟) =
√︁

62 + 82

𝑟 = 2

Required coordinates are (2, 2).

14. D

Note that 𝐴𝐵 = 𝐴𝐷 = 𝐴𝐸 .
𝐴 is the centre of the circumcircle of 𝐵𝐷𝐸 .
Since 𝐵𝐸 is a diameter of circle 𝐵𝐷𝐸 , we have ∠𝐵𝐷𝐸 = 90◦.
∠𝐴𝐷𝐸 = ∠𝐷𝐸𝐴 = 35◦

∠𝐴𝐷𝐵 = 90◦ − 35◦ = 55◦

∠𝐶𝐵𝐷 = ∠𝐴𝐷𝐵 = 55◦
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15. A

Note that ∠𝐴𝑂𝐵 = 90◦ and △𝑂𝐴𝐵 is a right-angled triangle.

Consider the circumcircle 𝑂𝐴𝐵, 𝐴𝐵 is a diameter.
Circumcentre of △𝑂𝐴𝐵 is the mid-point of 𝐴𝐵.

Coordinates of mid-point of 𝐴𝐵 are
(
𝑎

2
,
𝑏

2

)
.

4
(𝑎
2

)
+ 16

(
𝑏

2

)
= 17𝑎

8𝑏 = 15𝑎

𝑎 : 𝑏 = 15 : 8
$ �

�
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Conventional Questions

16. (a) Slope of 𝐿2 = −1
2

. Slope of 𝐿1 = 2. 1M
The equation of 𝐿1 is

𝑦 − 4 = 2(𝑥 − 3)
𝑦 = 2𝑥 − 2 1A

(b) 𝐵 (8, 0) and 𝐶 (0, 4). 1A
Since 𝐴𝐶 is parallel to the 𝑥-axis, 𝑥-coordinate of the orthocentre = 8. 1A
Let the coordinates of orthocentre be (8, 𝑘).

𝑘 − 4
8 − 0

× 4 − 0
3 − 8

= −1 1M

𝑘 = 14

Required coordinates are (8, 14). 1A

17. (a) Slope of 𝐴𝐵 =
4 − 0
3 − 2

= 4 1M

The equation of 𝐿 is 𝑦 = −𝑥
4

. 1A

(b) Orthocentre lies on the altitude through 𝐵, i.e., 𝑥 = 3.
Put 𝑥 = 3 into equation of 𝐿, 𝑦 = −3

4
. 1M

The coordinates of orthocentre are
(
3, −3

4

)
. 1A

18. (a) 𝐶𝐸 ⊥ 𝐴𝐵 (property of orthocentre)

𝐵𝐷 ⊥ 𝐴𝐶 (property of orthocentre)

∠𝐵𝐸𝐶 = ∠𝐵𝐷𝐶 = 90◦
Thus, 𝐵𝐶𝐷𝐸 is a cyclic quadrilateral. (converse of ∠s in the same segment)

Marking Scheme

Case 1 Any correct proof with correct reasons. 2

Case 2 Any correct proof without reasons. 1

(b) (i) Coordinates of centre =
(−6 + 14

2
,
−6 − 6

2

)
= (4, −6) 1A

The equation of the circle is

(𝑥 − 4)2 + (𝑦 + 6)2 = (0 − 4)2 + (8 + 6)2 1M

(𝑥 − 4)2 + (𝑦 + 6)2 = 100 1A

(ii) Distance between 𝐴 and centre =
√︁

42 + (−6 − 8)2 =
√

212
Radius of circle = 10
Angle between two tangents = 2 × sin−1 10√

212
≈ 86.8◦ ≠ 90◦ 1M+1A

The claim is not agreed. 1A
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19. (a)
𝑦 − 2
𝑥 − 1

× 𝑦 − 8
𝑥 − 9

= −1 1M+1A

(𝑦 − 2) (𝑦 − 8) + (𝑥 − 1) (𝑥 − 9) = 0

𝑥2 + 𝑦2 − 10𝑥 − 10𝑦 + 25 = 0 1A

(b) (i) 82 + 12 − 10(8) − 10(1) + 25 = 0
Thus, 𝐶 lies on 𝑆. 1

(ii) (5, 5) 1A

(iii) Since 𝐴𝐵 is a diameter of the circle, ∠𝐴𝐶𝐵 = 90◦.
So, the orthocentre 𝐻 is at point 𝐶 (8, 1). 1M
Circumcentre 𝐽 is the mid-point of 𝐴𝐵. The line joining 𝐽 and 𝐻 is a median of △𝐴𝐵𝐶.
Since centroid 𝐺 lies on median of △𝐴𝐵𝐶, 𝐺, 𝐽 and 𝐻 are collinear.
The claim is agreed. 1A

20. (a) Let 𝑥 = ∠𝐵𝐴𝐼 and 𝑦 = ∠𝐴𝐵𝐼.

∠𝑃𝐴𝐶 = ∠𝐵𝐴𝐼 = 𝑥 (property of incentre)

𝑃𝐵 = 𝑃𝐶 (equal ∠s, equal chords)

∠𝑃𝐼𝐵 = ∠𝐴𝐵𝐼 + ∠𝐵𝐴𝐼 (ext. ∠ of △)

= 𝑥 + 𝑦

∠𝐼𝐵𝐶 = ∠𝐴𝐵𝐼 = 𝑦 (property of incentre)

∠𝑃𝐵𝐶 = ∠𝑃𝐴𝐶 = 𝑥 (∠s in the same segment)

∠𝐼𝐵𝑃 = 𝑥 + 𝑦

= ∠𝑃𝐼𝐵

𝑃𝐵 = 𝑃𝐼 (sides opp. equal ∠s)

Thus, 𝑃𝐵 = 𝑃𝐼 = 𝑃𝐶.

Marking Scheme

Case 1 Any correct proof with correct reasons. 3

Case 2 Any correct proof without reasons. 2

Case 3 Incomplete proof with any one correct step with reason. 1

(b) ∠𝐼 𝐴𝑌 = ∠𝑃𝑆𝐶 (∠s in the same segment)

∠𝐴𝑌 𝐼 = 90◦ (given)

∠𝑆𝐶𝑃 = 90◦ (∠ in semicircle)

= ∠𝐴𝑌 𝐼

△𝐼 𝐴𝑌 ∼ △𝑃𝑆𝐶 (AA)
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Marking Scheme

Case 1 Any correct proof with correct reasons. 3

Case 2 Any correct proof without reasons. 2

Case 3 Incomplete proof with any one correct step with reason. 1

(c)
𝐼𝑌

𝑃𝐶
=

𝐼 𝐴

𝑃𝑆
1M

𝑟

𝐼𝑃
=

𝐴𝐼

2𝑅
𝐴𝐼 · 𝐼𝑃 = 2𝑅𝑟
The claim is agreed. 1A

(d) Let the equation of circle 𝐵𝑃𝐶 be 𝑥2 + 𝑦2 +𝐷𝑥 + 𝐸𝑦 + 𝐹 = 0, where 𝐷, 𝐸 and 𝐹 are constants.
(−16)2 − 16𝐷 + 𝐹 = 0 1M

(−8)2 − 8𝐸 + 𝐹 = 0

162 + 16𝐷 + 𝐹 = 0
Solving, we have 𝐷 = 0, 𝐸 = −24 and 𝐹 = −256.
Radius of the circumcircle =

√︁
02 + 122 + 256 = 20 1A

𝐵𝑃 =
√︁

162 + 82 = 8
√

5 1A

By (c), 𝐴𝐼 =
2𝑅𝑟
𝐼𝑃

=
2(20) (9)

8
√

5
= 9

√
5 1A

21. (a) ∠𝑂𝑀𝑄 = 90◦ = ∠𝑂𝑁𝑄 (given)

𝐴𝐵 = 𝐶𝐷 (given)

𝑂𝑀 = 𝑂𝑁 (equal chords, equidistant from centre)

𝑂𝑄 = 𝑂𝑄 (common side)

△𝑄𝑁𝑂 � △𝑄𝑀𝑂 (RHS)

Marking Scheme

Case 1 Any correct proof with correct reasons. 2

Case 2 Any correct proof without reasons. 1

(b) (i) 𝑂𝑇 = 𝑂𝑁 = 130
𝑂𝑄 =

√︁
3122 + 1302 = 338 and 𝑂𝑇 : 𝑂𝑄 = 130 : 338 = 5 : 13

𝑥-coordinate of 𝑇 = 312 ×
(
− 5

13

)
= −120 1M

𝑦-coordinate of 𝑇 = −130 ×
(
− 5

13

)
= 50

The coordinates of 𝑇 are (−120, 50). 1A
Let the coordinates of 𝑅 be (ℎ, −130) such that 𝑄𝑅 ⊥ 𝑂𝑁 .

−130 − 50
ℎ + 120

× 50 − 0
−120 − 0

= −1 1M

ℎ = −195
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Let the coordinates of 𝑃 be (𝑎, 𝑏). Note that 𝑇 is the mid-point of 𝑃𝑅.
𝑎 + (−195)

2
= −120 1M

𝑎 = −45

and
𝑏 + (−130)

2
= 50

𝑏 = 230

The coordinates of 𝑃 are (−45, 230). 1A

(ii) 𝑂𝑃 =
√︁

452 + 2302 =
√

54 925 ≠ 𝑂𝑄 1M
Thus, 𝑂 is not the circumcentre of △𝑃𝑄𝑅.
The claim is disagreed. 1A
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