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Suggested solutions

1. 𝜃 lies in quadrant II or quadrant III.
When 𝜃 lies in quadrant II,
csc 𝜃 =

23
√

232 − 52
1M

=
23

6
√

14
cot 𝜃 = − 5

6
√

14
csc 𝜃 − cot 𝜃 =

23
6
√

14
−

(
− 5

6
√

14

)
=

√
14
3

1A
When 𝜃 lies in quadrant III,
csc 𝜃 = − 23

√
232 − 52

= − 23
6
√

14
cot 𝜃 =

5
6
√

14
csc 𝜃 − cot 𝜃 = − 23

6
√

14
− 5

6
√

14

= −
√

14
3

1A

Thus, csc 𝜃 − cot 𝜃 = −
√

14
3

or
√

14
3

.

2.
(1 − cot 𝜃) (1 + cot 𝜃)

2

=
(1 − cot2 𝜃) − 2

2
1M

=
−(cot2 𝜃 + 1)

2

=
− csc2 𝜃

2
1M

= − 1
2 sin2 𝜃

= − 1
2𝑎2 1A
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3. (a) (csc 𝑥 + cot 𝑥) (csc 𝑥 − cot 𝑥) = csc2 𝑥 − cot2 𝑥
3
2
(csc 𝑥 − cot 𝑥) = 1 1M

csc 𝑥 − cot 𝑥 =
2
3

1

(b) (csc 𝑥 + cot 𝑥) + (csc 𝑥 − cot 𝑥) = 3
2
+ 2

3
1M

csc 𝑥 =
13
12

1A

cot 𝑥 =
3
2
− 13

12
=

5
12

1A

4. tan(𝐴 + 𝐵) = tan 𝐴 + tan 𝐵

1 − tan 𝐴 tan 𝐵
1M

5
7
=

tan 𝐴 + tan 𝐵

1 −
(
− 1

6

)
tan 𝐴 + tan 𝐵 =

5
6

1M
Consider the sum and product of roots,
tan 𝐴 and tan 𝐵 are the roots of the equation 6𝑥2 − 5𝑥 − 1 = 0. 1M+1

5. (a) tan
(
2 · 𝜋

8

)
=

2 tan 𝜋
8

1 − tan2 𝜋
8

1M

1 =
2 tan 𝜋

8
1 − tan2 𝜋

8

1 − tan2 𝜋

8
= 2 tan

𝜋

8
tan2 𝜋

8
+ 2 tan

𝜋

8
− 1 = 0

Thus, tan
𝜋

8
is a root of the equation 𝑥2 + 2𝑥 − 1 = 0. 1

(b) 𝑥2 + 2𝑥 − 1 = 0

𝑥 =
−2 ±

√︁
22 − 4(1) (−1)
2(1) 1M

= −1 ±
√

2
Note that tan

𝜋

8
> 0 > −1 −

√
2. 1M

Thus, tan
𝜋

8
=
√

2 − 1. 1A
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6. sec 4𝐴 = 4

cos 4𝐴 =
1
4

2 cos2 2𝐴 − 1 =
1
4

1M

cos2 2𝐴 =
5
8

sin2 2𝐴 = 1 − 5
8

1M

=
3
8

cos4 𝐴 + sin4 𝐴 = (cos2 𝐴 + sin2 𝐴)2 − 2 sin2 𝐴 cos2 𝐴 1M

= 12 − 2
(
sin 2𝐴

2

)2

= 1 − 1
2

sin2 2𝐴

= 1 − 1
2

(
3
8

)
=

13
16

1A
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7. (a) When 𝑛 = 1,
L.H.S. = cos 𝑥
R.H.S. =

sin 2𝑥
2 sin 𝑥

=
2 sin 𝑥 cos 𝑥

2 sin 𝑥
= cos 𝑥 = L.H.S.

It is true for 𝑛 = 1. 1

Assume cos 𝑥 cos 2𝑥 cos 4𝑥 . . . cos
(
2𝑘−1𝑥

)
=

sin
(
2𝑘𝑥

)
2𝑘 sin 𝑥

, where sin 𝑥 ≠ 0 and 𝑘 ∈ Z+. 1M

cos 𝑥 cos 2𝑥 cos 4𝑥 . . . cos
(
2𝑘−1𝑥

)
cos

(
2𝑘𝑥

)
=

sin
(
2𝑘𝑥

)
2𝑘 sin 𝑥

cos
(
2𝑘𝑥

)
1M

=
1

2𝑘 sin 𝑥

(
2 sin

(
2𝑘𝑥

)
cos

(
2𝑘𝑥

)
2

)
=

sin
(
2𝑘+1𝑥

)
2𝑘+1 sin 𝑥

1
It is true for 𝑛 = 𝑘 + 1.
By M.I., it is true ∀𝑛 ∈ Z+. 1

(b) cos
𝜋

3
cos

2𝜋
3

cos
4𝜋
3

. . . cos
256𝜋

3

= cos
𝜋

3
cos

2𝜋
3

cos
4𝜋
3

. . . cos
29−1𝜋

3

=
sin 29𝜋

3
29 sin 𝜋

3
1M

=

sin
(
170𝜋 + 2𝜋

3

)
512 sin 𝜋

3

=
sin 2𝜋

3
512 sin 𝜋

3

=
1

512
1A

8. sin 3𝑥 + 2 sin 5𝑥 + sin 7𝑥 = (sin 3𝑥 + sin 7𝑥) + 2 sin 5𝑥

= 2 sin 5𝑥 cos 2𝑥 + 2 sin 5𝑥 1M

= 2 sin 5𝑥(cos 2𝑥 + 1)

= 2 sin 5𝑥 [(2 cos2 𝑥 − 1) + 1] 1M

= 4 cos2 𝑥 sin 5𝑥 1

9. cos 4𝜃 cos 2𝜃 − sin 8𝜃 sin 6𝜃

=
1
2
(cos 6𝜃 + cos 2𝜃) − 1

2
(cos 2𝜃 − cos 14𝜃) 1M

=
1
2
(cos 6𝜃 + cos 14𝜃)

=
1
2
· 2 cos

6𝜃 + 14𝜃
2

cos
14𝜃 − 6𝜃

2
1M

= cos 10𝜃 cos 4𝜃 1
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10. (a) cos 3𝜃 cos3 𝜃 + sin 3𝜃 sin3 𝜃

= cos 3𝜃 cos 𝜃 cos2 𝜃 + sin 3𝜃 sin 𝜃 sin2 𝜃

=
1
2
(cos 4𝜃 + cos 2𝜃) · 1

2
(1 + cos 2𝜃) + 1

2
(cos 2𝜃 − cos 4𝜃) · 1

2
(1 − cos 2𝜃) 1M

=
1
4
[(cos 4𝜃 + cos 2𝜃 + cos 4𝜃 cos 2𝜃 + cos2 2𝜃) − (cos 4𝜃 − cos 2𝜃 − cos 4𝜃 cos 2𝜃 + cos2 2𝜃)]

=
cos 2𝜃

2
(1 + cos 4𝜃)

=
cos 2𝜃

2
[
1 + (2 cos2 2𝜃 − 1)

]
1M

= cos3 2𝜃 1

(b) cos3 2𝜋
12

= cos
3𝜋
12

cos3 𝜋

12
+ sin

3𝜋
12

sin3 𝜋

12
1M(√

3
2

)3

=
1
√

2
cos3 𝜋

12
+ 1
√

2
sin3 𝜋

12

3
√

3
8

=
1
√

2

(
cos3 𝜋

12
+ sin3 𝜋

12

)
3
√

6
8

=

(
cos

𝜋

12
+ sin

𝜋

12

) (
cos2 𝜋

12
− cos

𝜋

12
sin

𝜋

12
+ sin2 𝜋

12

)
1M

3
√

6
8

=

(
cos

𝜋

12
+ sin

𝜋

12

) (
1 − 1

2
sin

𝜋

6

)
3
√

6
8

=

(
cos

𝜋

12
+ sin

𝜋

12

) [
1 − 1

2

(
1
2

)]
cos

𝜋

12
+ sin

𝜋

12
=

√
6

2
1A
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11. (a) sin
𝑛𝜋

24
sin

𝜋

24
= −1

2

[
cos

(𝑛𝜋
24

+ 𝜋

24

)
− cos

(𝑛𝜋
24

− 𝜋

24

)]
1M

= −1
2

[
cos

(𝑛 + 1)𝜋
24

− cos
(𝑛 − 1)𝜋

24

]
1

(b)
5∑︁

𝑘=1
sin

2𝑘𝜋
24

sin
𝜋

24
=

5∑︁
𝑘=1

[
−1

2

[
cos

(2𝑘 + 1)𝜋
24

− cos
(2𝑘 − 1)𝜋

24

] ]
1M

= −1
2

[ 5∑︁
𝑘=1

cos
(2𝑘 + 1)𝜋

24
−

5∑︁
𝑘=1

cos
(2𝑘 − 1)𝜋

24

]
= −1

2

(
cos

11𝜋
24

− cos
𝜋

24

)
= −1

2

[
cos

(𝜋
2
− 𝜋

24

)
− cos

𝜋

24

]
= −1

2

(
sin

𝜋

24
− cos

𝜋

24

)
1A

5∑︁
𝑘=1

sin
𝑘𝜋

12
=

∑5
𝑘=1 sin 2𝑘 𝜋

24 sin 𝜋
24

sin 𝜋
24

1M

=
−1

2
(
sin 𝜋

24 − cos 𝜋
24

)
sin 𝜋

24

= −1
2
+ 1

2
cot

𝜋

24

= −1
2
+ 1

2
(2 +

√
2 +

√
3 +

√
6)

=
1 +

√
2 +

√
3 +

√
6

2
1A
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