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Suggested solutions

1. (a) detQ =

(b) QPQ™!
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-1 0 1\/(-1 0 1 3 0 -2
2. @ G P=lo 1 offo 1 ol=l0 1 o0
2 0 -1/\2 0 -1/ \-4 0
30 -2\(-1 0 1 -7 0 5
P=[o 1 o]lo 1 of=[{o 1 o0
-4 0 3/\2 0 -1 10 0 -7
-7 0 5 30 -2 -1 0 1
PP+P2-3P+I=[0 1 O|+|0 1 -3(0 1 0|+
10 0 -7/ \-4 0 3 2 0 -1
=0
() PP+P>-3P+1=0
[=3P-pP*-p°
=P(3I-P-P?
p'=3/-p-P?
1 01
=0 1 0
2.0 1
10 0 0 —1\/-1 0 1
) () P'AP=|0 1 of[o 1 0 1 0
20 1/\2 0 3/\2 0 -1
200
=(0 1 o|=M
00 1
(ii) det(P_lAP) = detM

detP! - detA-detP =detM

1
—— -detA-detP =detM
det P

detA =detM
=2(1)(1)#0

Thus, A and M are non-singular.

% 0 0
i) M=o 1 o
0 01

270 0 0

M HO=1 0 10

0 0 1
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M= (P l'ap)!

2-270 ¢ 1-27%

=P 'A7lP
Al =pm P!
(A—l)SO — (PM—IP—I)SO
— P(M—I)SOP—I
=l 0 1
2% -2 0
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3.

(@) (@) Fori=1,2,
Xi Xi
oo
Yi Yi
Xi 0
A—-AN1 =
a=nfi)-()

If det(A — A;1) # 0, then (A — A;1) ™" exists and

Xi
(J’i
Thus, det(A — A;1) = 0.

A1 and A satisfy det(A — A7) = 0.
5-2 0
21 -2-2
BG-D(2-21)=0
A=-2 or 5
Thus, A, = =2 and 1, = 5.
(b) () Fori=1,2.

Xi Xi
Al =4
Yi Vi
le- _ A,»xl-
21x; = 2y; Aiyi

21x; = 2y; = Aiyi
21x; = (4 +2)y;

(ii)

If y; =0, then x; = 0, which is a contradiction.

Thus, y; and y, are non-zero real numbers.

(i1)) When 4y = -2,

21x; = (—2+2)y1
X
Y1

When 1, =5,

21xp = (5 + 2)y2

)Q_l
2 3
1
Thus, P = 03]
1 1
1
0 = 1
(iii) detP = 3l=—=%#0
11 3

Thus, P is invertible.
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) (i) AP

I
[\
— W
o
[\
~——
—_
- O
—_ W] =
~— —

(ii) ap=plt ©
11 =
0
a0
0 A

-1 -1N-1 _ A 0
o[y )

Thus, QAQ ™! is a diagonal matrix if Q = P!,
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4. (a) (i) detA =-k

1 -1

1[0 &
k1 -1

2 0
S klo &2

1

k
(20
1o &k
(20
(iii) (A”"MA) _(O k)

AT'M" A = (2n 0)

(ii) A‘lMA:% 0 k)(

0 &"

M'=A

x| =

1 k
1 0

| =

2’1
1 k}’l+1
0

(b) Put k = —1 into M.
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2" 0
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At

2n kn+l

k2" — kn+l

k2"

I

|

k

-1

1 &

|
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_—13nXQ
1o 2] |y

2}1 + 2(_1)n+1
= 2n
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0 0 1\/0O 0 1\ (1 1 1
5. (@ () X*=|1 0 1|1t o 1f=|1 1 2
11 1/\1 11 \2 13
1 1 1\/o 0 1\ (2 1 3
X>=[1 1 2|[{1 0 1|=|3 2 4
21 3/\1 11 436
X>+mX*+nX =1
213 111 00 1
3 2 4fl+ml1 1 2{+n|1 0 1|=
4 3 6 21 3 111

Wehave2+m=1and3+m+n =0.

Solving, we have m = —1 and n = 2.

() X -X?>-2x=1

X(X*-X-2D)=1=(X*-X-2DX

X '=x2-x-21I

-1 1 0
=10 -1 1
1 0 O

b)) () z=xyx"!
0 0 1\/-2 0 —4\/-1
=({1 0 1|3 1 3]fo0
1 1 1/\o o 2/\1
0 0
-2 0
0 1
(i) det(Z) = (2)(-2)(1)
=—4
det(Z) = det(XY3X_1)

I
S O N

— det X (det Y3)[det(X“)]
- det(XX_l)(det Yy’
= (detY)?

detY = V=4 #0

Thus, Y is non-singular.
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(iif) Z=Xxyx""
z ' = (xy3x !
— X(y3)71X—1
— X(Y—I)BX—I
(Z—I)ZO =X(Y—l)6OX—1
(Y~1)60 = x~1(z-120x-1

Il
g
S O N
|
| —
(e)
g
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1-2 30
2 2-1
(1-21H2-2) -

A2-31-4=0
A=-1 or 4
1 3 +3 -
) A =—1. ol I e l
2 2] n 2x1+2y1 -y1
Thus, x; + 3y; = —x; and 2x1 + 2y = —y;.

-3
A possible solution is ) .
V1 2

1 3\ [x X2+ 3y 4xy
Ay =4. = =

2 2 Y2 2XQ + 2y2 4y2
Thus, x; + 3y, = 4x, and 2xy + 2y, = 4y,.

) . [ x 1
A possible solution is = .
y2 1

(a)

-3 1
Leth(2 1).ThendetP:—3—2=—5¢0.

P_]_l 1 -1
S5\ \—2 -3

1 N1 o 1
= _g 0 419%6]|_»
41996 1

2 419% )12 3

Ull»—
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7. (a) (i) Assume on the contrary, P is a singular matrix, i.e., |P| =a+ b = 0. 1A

Then ab = (-=b)b = —b* < 0, which is a contradiction. IM
Therefore, | P| is a non-singular matrix. 1
T
1 (1 -b
.. P_] _
(H) a+b (1 a )
1 1 1
= 1A
a+b (—b a)
PlAP
1 1 1\[4-b a a -1
Ca+b\-b a)\ b 4-a)\b 1
1 4 4 a -1
= 1M
a+b\ab-(4-b)b (4—-a)a—ab]\b 1
1 4a +4b 0
a+b\a®b - (4-Db)ab+ (4 —a)ab —ab* —ab+ (4-b)b+ (4—a)a —ab
1 (4(a+b) 0
T a+b 0 —a® —2ab — b +4a +4b
4 0
= 1A
(0 4—(a+ b))
(iii) By (a)(ii),
4 o
(P'AP) =
0 4—(a+b)
1an 4" 0
P A"P = IM+1M
0 4-a-b)"

4n 0 B
A" = P P
0 (4-a-b)"

Thus, d; =4" and d, = (4 —a — b)". 1A
(b) Since4-1=4> 0,puta =4 and b = 1 into matrix A, we have 1A
4k 0
B =P P!
0 4-4-1)
40\,
=P | P M
0 (=1
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Therefore,

3 5 2n—1 C 42k_1 0 -1
B+B +B°+.. +B"'=)"p et | P M
k=1 0 (_1) -
n
42k—1 O
=P k=1 n P—l lA
0 Z(_I)Zk—l
k=1
4(1 - 16") 0
=P 1-16 p! IM
0 -n

(4 -1 14—5(16"—1) 0 1 (1 1

1o 0 ] 4+1\-1 4
16 .

15167 -1 n (1 1)

SU T qen _J\-1 4
(16" =1) —n

16 16

—((16"-1)—-n 1—(16”—1)+4n

_ 17
_Sf

—(16" - 1 —(16"-1) -4
5 y+n T=( ) —4n

75

1 (16(16" = 1) — 151 16(16" — 1) + 60n
416" = 1)+ 157 4(16" — 1) — 60n
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