(a) Fu)=m+1D)(L+u)™(1 —u)" —n(l+u)™" (1 —u)"!
1 1 1
(m+1)[1(1+u)m(1—u)"du:[1 f’(u)du+n[1(1+u)m+l(1—u)"_ldu

1 1 1
(m+1)/1(1+u)m(1—u)"du= (1+u)™ (1 —u)" +n/1(1+u)m+l(1—u)”_ldu
— 1 —

! 1
L (T+u)"(1 - u)"du = ﬁ /_1 (1 +u)™ (1 —u)" ! du

(b) Lett =tanx. Then dr = sec? x dux.
/4 (1 +tanx)?(cos4x + 1)
dx
_ cos® x

:[ sec®x(1 +tanx)? [(2cos® 2x — 1) + 1] dx
=2‘[§sec6x(1+tanx)2(2coszx— 1)2dx
:2/ sec® x(1 + tanx)?(2 — sec® x)? dx
:2[11(1+t)2[2—(1+t2)]2dt
=2/ju+w%u+ou—0ﬁm
:2[:(1+z)4(1—t)2dz

1
= %‘/ (L+0)°(1—1)dr
-1

4 1 !
= x= 1+1)°
5X6[1( +1)° dt

_2(a+07)

150 7

_ 256

~ 105

(© Let f(x) = tanx(cos64x +1) and g(x) = (1 +tan? x)(6cos4x + 1)'

tan(—x)c(g?_)sfc—4x) +1) tan x(cos 4x S-Ols) *

fl-x) = ° = - . = —f(x)

cos®(—x) cos® x

(1 +tan®(—x))(cos(—=4x) +1) (1 +tan®x)(cos4x + 1)

g(=x) = = =g(x)

cos®(—x) cos® x
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Thus, f(x) is an odd function and g(x) is an even function.

./4(1+mm@%am@w4) 256

x cos® 105
‘/Ztr (1 +tan® x)(cos 4x + 1) / 3 tanx(cos4x + 1) dr = 256 M
x cos® x cos® x © 105
2/4 (1+tan2x)(cos4x+1)dx:§ M
0 cos® x 105
i 256
2 8 4+ 1)dx = =—
/0 sec® x(cosdx + 1) 105
T 128
dx+1)dx = — 1A
/0 sec® x(cosdx + 1) 105
2. (a) () Letu=a—-x. Thendu = —dx. IM

a 0
/lncos(a—x)dx:—/ Inudu
0 a
a
=/ Inu du
0
a
2/ Inx dx 1
0

a a
(ii) / Incos(a —x)dx — / Inxdx=0 M
0 0

a . .
/ lncosacosx+smasmxdx:0 M
0 COS X
a
/ In(cosa +sinatanx)dx =0 1
0 sec? 6’
b
® @ / 1+tan6
i T
:[Gln(1+tan8)] —/ In(1 +tan 9) d6 IM
0 0
T T
:—ln2—/ In(1 + tan 8) d6 1
4 0
(mpma:%mm@mu
I
/ ln(cosz+sinztanx)dx:0 1M
0 4 4
T
/4ln +tanxdx:0
0 V2

1 1
/ [ln(l +tanx) — 3 In2{dx =0 IM+1M
0

z 1 z
/M4hK1+umx)dx: “n2 P}
0 2 0

=2
8




T 9seclo T
/ —fi—wzf—/'mu+mmme
0 1 +tané 4 0

:%mz—%mz

=%m2

(a) Letu = a —x. Then du = —dx.

. 7 (mr—x)sin(m - x)
® @ 1= 1 +cos?(m — x)

T .
_ / (m —x)sinx &
o 1+cosZx
(i1) Use the result of (b)(1).
I 1 [/” xsinx dr + d (n—x)sinxdx
0

1 +cos?x o 1l+costx

x .
big sin x

=—/ —zdx
2 Jo 1+cos?x

Let u = 7 — x. Then du = —dx.
x| % sinx T sinx
I== —dx + ——dx
2(Jo 1+cos?x z l+cos?x
/75 sin x /O sin(mr — u)
- ————du
1+ cos? x z 1+cos* (7 —u)
7 sin 7 i
/ X +/ sin x &
1+cos2x o 14cos?x
7 sin
:n/ Y g
o 1+cos?x
(ii1) Let u = cosx. Then du = — sinx dx.
% .
/= ﬂ/ sin x dx
o 14coszx
/_1 du
= -7 _
1 1 +u?
/ldu
=n
-1 1+ u?
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Let u = tan 0. Then du = sec® 0 d6.
T 29
I:n/ 7 e
=z 1+tan2 0
%
71'[9
2

4

&N

)

(a) Letx =3tanf. Thendx =3 sec6df.

-11

/1 1 dx_/m“ To3sec?d
o x2+9 Jo 9tan? 6 +9

= ltan_ !
3 3
02
1 —tan6 B 1- 2;‘123 y cos’ 6

b) (@ =
® ® l+tan?0 1,4 sin26  cos’@
cos? 6

cos? 6 — sin” 6
cos2 6 +sin® @
= cos26

(ii) Let7 = tan@. Then dr = sec® 6 d6 = (1 + %) do.

T 1 ! 1 1
P L R
o 4cos20+5 0 4(%)4_5 1+¢

() Letu = % — 0. Then du = — do.

/X—l a0 /0 1 a
=- u
o 4cos20+5 z 4c0s(%—2u)+5

du
4 sin 2u +5

/ 4sm29+5

Ja\a

M
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o /X 4sin26 +4cos20 + 10
(4sin20 + 5)(4cos26 +5)

Lkl

——df
/ 400520+5

i

u)|>—a

0 0
ea eax
]
3 ae® —e? +1
a2

! | d9+/ ! dé
0 C€os260+5 o 4sin260+5

1
(b) Letu =1In(x +1). Then du = —— dx
x+1

“n(x +1) 3 Loy
/0 (eay &7 /0 (1 &

1
:/ ue'l~
0

_ (1-r)e'”

ru du

el 41

(1

1 —rel”

— )2

T

(c) Letv=(e—1)tanx. Thendv = (e —

1) sec? x dx.
[In[1+ (e — 1) tanx]] tan? x

ks 1 _ ks
/4 n[l+ (e—1)tanx] dx+/4
o (1+etanx —tanx)3 0
3 /1r In[1+ (e — 1) tanx] sec? x
~Jo [1+(e—1)tanx]?

1 /e—‘ In(1 +v)
= —dv
e—1Jp (1+v)3

1 1 —3el-3
= X
e—1" (1-3)2
B e2 -3
" 4e2(e—1)

(d) Letw = % —2x. Then dw = —2dx.

(1+etanx — tanx)?3

IM

IM

1A

IM+1M
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/Z‘r [In[1 + (e — 1) cot2x]] csc? 2x
z (1+ e cot2x — cot2x)3

[1+eCOt(%—W)—Cot(§_w)]3

vy

1/Z‘rlﬂ[1+(u€—l)tamw] sec’ w
2 Jo (1+etanw —tanw)3
1 e -3

==X
2 4e%(e-1)

_ e? -3

~ 8e2(e—1)

(a) Letu = % Then du = —dx.

.

[rg In [cos (% —x)] dx = - /7: ; Incos(u) du

E ©

5
=/ Incos(u) du

Z/Gln(cosx)dx

iV

(b) /ﬂg In [cos (%—x)]dx—/”’6r In(cosx)dx =0

12 12

Z b -
6 COs 7 COsx + sin 7 sinx
In
z COS X

[
/ In +tanxdx:O
V2

N

N ol

12
T

6 T
/;; n(tanx+1)dr =57 1n
© () tanlﬂ—zztan(g—%)

tan%—tan%

“{tanZan X
1+tan§tanz

_V3-1 V3o
1+V3 V3-1
-2-13
d Sesz
ii) Note that — In(t 1) = )
(ii) Note adxn(anx+) —

dw

alx

° 1
/ 6 ln(tanx + l)dx = (5 1n2)

[5
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ELS
6
T

1

= [x In(tanx + 1)

X 8602 X

dx

tanx + 1

5 5
—/ In(tanx + 1) dx

12

[~

1

¥}

=%ln(tan£+l)——1n(tan—+1)—£ln2

24

T

24

:ﬁn

.Mza .M:\

In

6 12 12 24

4 2
—iln(\/g—-'-?))—lln(S—\/g) —%an

34 24
N (3+V3)* ><(3+\/§)2
34(2)(3-V3)2  (3+V3)?
(3+V3)8
(3%)(2%)
3+43
3V2

\/_+3\/_
6

7. (a) V2 cos (%—9) =\/§(cos%cos9+sin%sin9)

:ﬁ(%cosﬁ+%sin6)

=sinf + cos @

(b) Letu:%—x. Then du = — dx.

g[cos (%—x)]dxz—/rog(cosu)du
:'/Z{g(cosu)du
0

:/ g(cosx)dx
0

() /4 In(1 + tan §) d@
0

-
-

IS

k]

cos 0 +sin @
n—

do
cos 6

[In(cos 8 + sin 8) — In(cos 8)] d6

:/Ozln [\/Ecos(z—9)]d6—/qln(cos6)d6

1 Fid
:Eln2‘/ d0+/ ln cos ——6)]d0 /4 In(cos 0) d9
0

1

=—In2|0

2

=2

8

+/ In(cos 8) d6 — / In(cos 8) dO
0 0 0
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9.

(d) Letx =tanf. Then dx = sec? 0d6.

1 2 e 2
In(1 In(1
/ mdx:/4wngdg
0 0

1+x2 1 +tan2 60
T
= 2/ In(1 + tan 8) d6
0
:2(51n2)
8
T

= Zln2

1 +sin 2t 1 +2sintcost

l+cos2t 1+ (2cos?t—1)

1+2sinfcost
2cos?t

L .2
—Ssec”r+tant

b) [erma=esm- [erma
/ e*[f(x)+ f'(x)] dx = e* f(x) + constant

1
(c) Let f(x) = tan%c. Then f'(x) = 3 sec’ %C

z x(1 : 7 1
/zﬂdx=/2€x —SCCZ)—C+tan)—C dx
0 1+cosx 0 2 2 2

[T

) Letu:%—x. Then du = — dx.

s

/2 1 + cos x " /0 1+cos (5 —x)
o e*(I+sinx)  Jaz e%_“(1+sin(§—u))
3

2

_n/ e“(1 +sinu)
=e 2 — ~du
0 1 +cosu

=e

ol
L]

4

=1

I—cos2x 1-(1 — 2sin’ x)
1+cos2x 1+ (2cos?x—1)

(a)

2sin® x

2cos? x

= tan2 X
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(b) Letu = a —x. Then du = —dx.

/Oaﬂa—x)dx:—/aof(u)du
z/oaf(u)du

=Aaﬂmdx

(c) Let u = cosx. Then du = —sinx dx.

/tanxdx:/ Smxdx
CcoS X

B du

u

= —1In |u| + constant

= —In | cos x| + constant

(d) /xseczxdx:xtanx—/tanxdx

= xtanx — (—In| cos x|) + constant
= xtanx + In | cos x| + constant

7 (cosx — sinx + vx)(cos x — sinx — Vx)

dx
0 1 +sin2x

(e)

T (cosx —sinx)? —x

dx

1
—.

1+ sin2x

s . .
/4 sin® x — 2 sinx cosx + cos? x — x
0

1 + sin 2x

1 —sin2x—
:/ sm.x xdx
0 1 + sin2x

_/f l—sin(§—2x)—(%—x)dx
0

1 +sin (5 —2x)

7 1-cos2x I x-Z
/ _____M+/'___i_m
o l+cos2x o 1+cos2x
ER 7 x—%
= tan” x dx + dx
0 0o 2cosx

T 1 7 T
:/ (seczx—l)dx+—/ xseczxdx—E/ sec? x dx
0 2 Jo 8 Jo

i

dx

Lk

xtanx + In(cos x)

1
+ —
2 0

:[tanx—x

tan X]

0 0

n 1
=1-2_ 212
4 3"

—(sin@)~2cos O — (tan 8) 2 sec §
csch +cotf
—cscfcotd —csc? 0
csc +coth

10. (a) (1) % In(csc O +coth) =

=—csch
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11.

Thus, / cscfdf = —1In(csc 6 + cot §) + constant.

1
i) [ =2 [ ee2na
sin x cos x
= —In(csc 2x + cot 2x) + constant
(b) Letu = g — x. Then du = — dx.

T

f, ¥ (14 o) e = - / 7 (g ) In [1 4 n(E) s3] gy
AT

_ _/ f(l/t) 11’1(1 +esinx—cosx) dx
s
%

+ f(x)(sinx — cos x) dx

6

2/{7; f(x)ln(l +e5“““c°’“‘)dx:/j3r f(x)(sinx — cosx) dx

[ré‘ f(x) ln(1 +eSiHX—c05x)dx _ %/ré’ (i — cosa)

(© Put f(x) = sin x —cosx.
sinx cos x i )
sin (£ —x) —cos (£ —x
3 et
sin (5 ) cos (3 )
_ COosx —sinx
~ cosxsinx
=—f(x)
/f{ (sinx — cosx) In(1 + ¢S ¥—cosx) &
z Sin x cos x
1 (73 (sinx - 2
:_/ (sm‘x COS X) &
2 )= sin x cos x
1 [51-2si
_ _/ : smxcosxdx
2 z sin x cos x
1 5 3
= —/ / dx
2 Jx sinxcosx n
6 6
1 5 5
=5 ln(csc2x+cot2x)] [
%
1
~ i 3——)
=2 (n 3
s1n3x 1 ) . .
(@ (@) —(2cos2x + 1) = —— [sin3x — 2 sinx cos 2x — sin x|
sinx
= —— [sin3x — (sin3x — sinx) — sin x]
sinx
=0

10
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sin 3x

Thus, =2cos2x+ 1.

Sin x
(i) Putx = % +y.

sin3 (£ +y)
sin (£ +y)
3

sin ”c0s3y+cos sin 3y

:2cos2(%+y)+l

=-2sin2y+1
sin 7 cos y +cos 7 siny
cos3y —sin3
CO8Oy Ty —2sin2y + 1
cosy+siny
sin3y — cos 3y .
———— = =2sin2y -1

sinx + cos y

(b) (1) Letu =a —x. Then du = —dx.

‘/Oaf(x)dxz—‘/aof(a—u)du
:‘/Oaf(a—u)du
- ["ra-vas

(if) Put f(x) = —S03%

sinx +cosx’
f(ﬂ ) sm3(§ —X) —cos 3x
T )= _
2 sin (5 —x) +cos (5 —x) cosx+sinx
T
3

o

2 sin 3x —cos 3x
We have —dx = —dx
o Sinx+cosx o Sinx+cosx

I

T T
2 sin 3x 2 sin 3x 2
2 ——dx = —dx+
o Ssinx+cosx o Sinx+cosx 0

T T
2 sin 3x 1 2 sin3x — cos 3x
—dx=- — dx
o sinx+cosx 2 Jo sinx + cosx

_sin3x 112
©) / sin 3x =—/ (2sin2x — 1) dx
sinx + cosx 2 Jo

1 7
= —[—cost—x]
2 0
-1-Z
4
. o [sin2x 1 . .
12. (a) g(x)dx =sin“x >3 (2sinx cos x) sin 2x dx

1 1
= 3 sin® x sin 2x — 5/ sin® 2x dx

11

—cos 3x

Sinx + CoS x
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sin® x sin 2x

4 1
(b) /O gl dr =3

T 1 Ve
——/ sin? 2x dx
o 2Jo

1 T
=O——/ (1 — cos4x) dx
4 Jo
1 sindx |
Y "
o
4
(c) Letu = n — x. Then du = —dx.

0

T 0
/0 xg(x)dx=—/7; (m—u)g(m —u)du
= / (7 = u) sin® (7 — u) cos(2m — 2u) du
0

T
=/ (7 — x) sin” x cos 2x dx
0

=7r‘/0ﬂg(x)dx—‘/onxg(x)dx

(d) Note that (—x)g(—x) = —x sin®(—x) cos(—2x) = —x sin® cos 2x = —xg(x).

Thus, xg(x) is an odd function.
Letu = x — . Then du = dx.

[inxg(x)dx = ‘[:xg(x)dx+/:nxg(x)dx

2
= 0+/ xg(x)dx

= / (u + ) sin®(u + 1) cos(2u + 27) du
0

- /0"<n+x>g<x>dx

:ﬂ'/ong(x)dx+/0nxg(x)dx

)5
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2 x
sin“ &
13. (a) sinx + sinxtanzg = 2sin§cos§ (1 + 2 )

2

X X X
= 2tan = (cos2 = +sin® —)
2 2

X
=2tan —
2

2 342
(b) Note that x> + ax + a® = (x+g) +i,

2 4
V3a

3
Letx + g = TtanH. Then dx = %seczede.

/“ dx :/g %secze »
0o X*+ax+a* Jx aiztan20+¥
2 /s
== [ a0
V3a Jz
=1,
S
V3a z
_ T
3vV3a
Vi
"~ 9a

(c) Use the result of (a).

. . 2x X
sin x + sin x tan 3 = 2tan 3

. 2tan 3
siny = ————
1 +tan

1 1+1%
Lett:tang. Then dr = Eseczgdxz

T dx | 2
sinx+2 A+2'1+t2dt
0 0 1+22

ot
_/0 2+l
Vi
76
_Vir
T 9

@ i( Cos X )_ (—sinx)(sinx +2) — cosx(cosx)
dx \sinx +2 (sinx +2)2
_ —2sinx -1
 (sinx +2)2
_ —2(sinx+2)+3
~ (sinx +2)2
2 3
- +
sinx+2  (sinx +2)2

13

M

IM

1A

M

IM

1A

M



Integrate both sides with respect to x.

COS x

sinx + 2

1_0:_2 @ _,_3/2#
2 9 o (sinx+2)2

/’5 dx  2V3n
o (sinx+2)2 27

Note that = .
ole thd [cos(—x) +2]? (cosx +2)2

Thus, — is an even function.
(cosx +2)

Letu:%—x. Then du = —dx.

Y

T dx T dx
/ 2~ 2/ 2
—z (cos+2) o (cosx+2)

0 du
) _2[’{ [cos (£ —u) +2]°

2

/’z’ du
9 e
o (sinu+2)2

S

276
_ 43 1

27 3

14. (a) Letu = —x. Then du = —dx.

[:f(x)dlejf(x)dﬁfoaf(x)dx
=—/a0f(—u)du+/0af(x)dx
:/Oaf(—u)du+/0af(X)dx

- /0 [F() + F(=0)] dx

T 2tan%

b tan(—+—)=—
®) 8 8 1 —tan?
_ 2tan%

1 —tan? %

T T

1 —tan’> = =2tan =
an 3 an8

T T
1-2tan= =tan’ =
8 8

14

? 5o T dx
Y LT
0 o sinx+2 o (sinx+2)2
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() / tan8 dx
O ) Oven) (@+1-2wnZ)

/ tan 5 dx
-1 (1+¢¥) (x2 +tan? %)

LS
tan 3 tan £ 53

:/01

(1+ eX) (x? + tan? g) (1+e~) ((—x)? + tan? %)

T
tan 3 e¥ tan 3

=/O1

/1 tan g &
~Jo x2+tan2%

Let x = tan il tan . Then dx = tan % sec” 6de.

8
1 tan §
/ ~T13 —dx
1 (1+e¥) (x2+1-2tan §)

3
/s" tan%-tan%secze
B tan? £ tan? 6 + tan> %

/dé)

15. (a) () Letu= V3 tan 6. Then du = V3 sec? 6 d6.

/ 5 V3sec?d 6
0 312 3+3tan26

:g/%dg

15

(I+e%) (P +an2 Z)  (eX+ 1) ((—x)? + tan? %)

M
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(b) (1) Letu =a —x. Then du = —dx.

a 0
[z f(x)dx =- fla—u)du

IR R

= fla—u)du
0

=‘/O;f(a—x)dx
(i) /Oaf(X)dx=/ogf(X)dX+/;f(X)dx

:/Oif(x)d“/ff(a—x)dxe
=/02[f(X)+f(a—X)]dx
/
b
n/()z%dx

Let u = cosx. Then du = — sinx dx.
Ve -3
/ xsin” x dr
0o 3+coslx
/ (1=w’)(=1) 1)
BE2
/03+u2 / 3+u? }
B 18 6

3 2\/§7r2
9

(S

xsin’ x (7r - x) sin’ (7 — x)

dx
3 +cos? x 3 +cosZ(m — x)

o
2

xsin’ x (7r — x) sin’ x
3 +cos?x 3 +cos?x

=7

16. (a) (i) Letu=x— g Then du = dx.

Iy

/n sin® x " f sin* (u+ %) d
z sin*x + cos*x 0o sin? ) +cos* (u+ %)

2
s
/ 2 cos* x
0 sin x+cos4

16
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n o4
. sin” x
(ii) / — T«
0 sin”x +cos*x

5 int

[
S—

0 sin®x+costx z

/72r o
0 sin*x +cos?x
%
= dx
0
7
=X
0
s
2

(b) Letu = A —x. Then du = —dx.

T -4
s x s x
2 sln

X +cos*x
4

T
sin” x 2 cos™ x
0 SIn

X +costx

2 0
/ xf(x)dx:—/ A=—u)f(A—u)du
0 Pl

A
- /0 (A= u) f () du

zﬁ/odf(x)dx—‘/o/le(x)dx
=§/Oﬁf(x)dx

4 sin® x — sin® 2x
(c) Put f(x) = 7

sin® x + cos* x

. 2 _ _
We have f(r —x) = 4sin (7 — x)

sin®(2r — 2x) _ 4sin®x — sin® 2x

sin* (7 — x) +
/” 4x sin® x — x sin? 2x
0

sin* x + cos# x

sin* x + cos? x
T (4sin®x — sin® 2x
X 2 dx
sm X+ cos4
T4
sin? x — sin® 2x
/ dx
0o  sin*x+cos?x
/” 4 sin® x — (2 sinx cos x)2
0 sin* x + cos? x

T4 1-
/ sin x( cos? x) dx
0

sin* x + cos*x

sin® x
71/ —  dx
0o sin*x sin® x + cos x

7T
2(—
"2

cos*(m — x)

dx

MI>~\ l\)l>| wl:u

[\

17

= f(x).
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17. (a) Lett = —x. Then dt = —dx.
T 0
/ xf(sinx)dx:—/ (r=t)f[sin(mr —1)] dt
0 b/g
:/ (m —t)f(sint) dt
0
:77/0 f(sinx)dx—/O xf(sinx) dx
T [T .
:5‘/0 f(sinx) dx
(b) Letu = m — x. Then du = — dx.

T . _E Ve .
/0 xf(s1nx)dx—2/0 f(sinx) dx

-7 [/Ozf(sinx)dﬂf;f(sinx)dx]

% 0
:%/0 f(sinx)dx—g'/g Fsin(x — u)] du

T (2 T [T
:5/0 f(s1nx)dx+§/0 f(sinx) dx

Ve
ZJT/ f(sinx) dx
0
sin x sin x sin x
(c) Note that 5= = —— = ——.
I+cos?x 1+ (1-sin"x) 2-sin“x
sin
Put f(sinx) = .xz .
2 —sin“x

T

- . x .
X sinx 2 sinx
/ —de:n/ T
o 1+cosx o 1+cos*x

Let u = cosx. Then du = — sinx dx.
/" xsinx P /0 du

o l+cos?x 1 1+u?
/l+u2

Let u = tan 0. Then du = sec’ 6 d.

N

sec” 6

T T 2
/ xsinx dr 77/ 40
o 1+cosx o l+tan?6

e

71'/ do
0
5
”[0]
0
2

(@ Put f(x) = 37—
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Since f(—x) = 3 __(ix)Z =3 :xx2 = —f(x), f(x) is an odd fur.lction.
Note that (=x) f(sin(—x)) = —x(~f (sinx)) = x/(sinx) = ———.
1+ cos“x
/ﬂxf(sinx)dx :Z/Rxf(sinx)dx
- ) 2 (7)1-2
(%)
2
£0
The claim is disagreed. 1A
18. (a) Letu = m —x. Then du = —dx. 1M
b/g 0
/ xf(sinx)dx = —/ (m—u) f(sin(wr —u)) du
0 T
= /ﬂ(ﬂ—u)f(sinu) du M
0

=7r‘/onf(sinu)du—/Onuf(sinu)du
=71"/0 f(sinx)dx—/o x f(sinx) dx
2/0 xf(sinx)dxzn/o f(sinx) dx

/ xf(sinx)dxzz/ f(sinx) dx 1
0 2 Jo
(b) (i) Letv =—x. Then dv = —dx. M
0 0 (_
/ 8(x) dx:_/ 8(=v) 4,
_xl+e* x l+e™V
A {0))
_/0 ev(l+e™) dv
[T,
0 1+ev
=/ € g(x)dx 1
0 1+e*
i [ 2@ dx:/“ g(x) dx+/” g
_x l+e* o l+er o l+e*

Y I {C)) T8
_‘/0 1+exdx+A l+exdx
[,

0

1+ex

=‘/Ong(x)dx 1

19



V2 + cosx

V2 +cosx+V2—cosx
V2 + cos(—x) V2 +cosx

V2 + cos(=x) + /2 — cos(—x) V2 +cosx+V2—cosx
g(x) is a continuous even function on [—m, 7].

/” V2 +cosx
—n (1+e*)(V2+cosx+ V2 —cosx)

- [T swa

:[xg(x)]o —/0 xg'(x)dx IM

(c) Putg(x) =

g(=x) = =g(x) IM

—sinx — _ —sinx sin x
2V2+4cos x (\/2 +Cosx+ \/2 cos X) (\/2 +Cos )C) (2\/2+c0sx + 2\/2—cosx)

g (x) = M

(V2 + cosx + V2 — cos x)?
_ —sinx A
2V3 +sin® x + (3 + sin” x)
—x
Take f(x) =
2V3 +x2 +3 +x2

/” V2 +cosx
—n (1 +eX)(V2+cosx+ V2 —cosx)

such that it is continuous on [0, 1] and g’(x) = f(sinx).

_ inx) dx
xg(x) . /0 x f(sinx)
=ng(m) — g./o f(sinx) dx M

“mem -5 [ g0

T

= rg(m) - g[gu)
0

2-1 .\ V2+1
V2-1+V2-1 V2+1+V2-1

1A

N N

19. (a) Letu = k —x. Then du = —dx. 1M
k 0
/xf(x)dx:—/ (k—u)f(mr—u)du
0 k
k
- [ s

k
- /0 (k - )£ (x) d I

20



Putk = m.

/0 ") dy = /0 (r -0 () dn

=§[/0 (n—x)f(x)dx+/0 xf () dx

=%/Oﬂf(X)dx

(b) Let u = cosx. Then du = — sinx dx.
b/s : -1
d
/ sinx dx:—/ u
o 1+4cos?x 1 1+u?
_/1 du
a -1 1+u?

Let u = tan 0. Then du = sec’ 6 d.

I

T . Y 29
/ sinx dx :/ sec 40
o 1+cos?x ~z l+tan?6

%
- [ w0

© cos (£ —x) —cos (£ +x)

3 +cos2x
_ —2sin % sin(—x)
3+(2cos2x—1)
1 sin x

2 1 +cos?x
Put £(x) = sinx

1+cos?x’

Then f(r - x) sin(mr — x) sin x

1 +cos?(m —x) ~ T+costx
/”x [cos (£ —x) —cos (£ +x)] ”
0

3+ cos2x

1 " i

:_/ X sinx dr
2Jo 14cosZx

1 4 i
:_.E/ _sinx
2 2Jo 14cos?x
.
4 02
8

21
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20. (a) Letu = —x. Then du = —dx.

A”fm—xnu=—[ffwnm
:/Onf(u)du
- [row

(b)/ xsinx 3 ”(zr—x)sin(n—x)dx

T+cos2x — Jo 1+cosi(m—x)
T (mr—x)sinx

o 1+cosZx

1 T : T
_1 / xsinx dx+/
2 Jo 14cos?x 0

x .
_ z/ sin x dr
2Jo 1+cos?x
(¢) (i) Letx =tan§. Then dx = sec?0df.
1 2

/ dx:/ sec” 6 40

1 +x2 1 +tan? 6

_ / a0

= 6 + constant

= tan~! x + constant

(i /" (x + cos’ x) sin x &
0

1+cos2x

4 . g 5
X sinx cos’ x
- —dx+/ S8 X gy
/0 1 +cosx o 1+4cos?x

s . T 5 :
T sin x cos” x sinx
= —/ 5 dx+/ R dx
2 Jo 1+cos?x o l+cos“x

, it is an odd function.

) cos’(—x)sin(—x)  —cos’ xsinx
Since 5 = 5
1 + cos?(—x) 1+ cos?x
Let u = cosx. Then du = —sinx dx.
T (x + cos’ x) sinx
5 dx
0 1 +cos®x

-1
T du
=—— —+0
2,/1 1+u?

_71'/1 du
T2 1+u?

1

T tan”!
== X
2

2

4

-1

22

(m—x)sinx

1+cos2x
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T
21. (a) / cos* x dx
0
T (1 2
:/ ( +cos2x) dx
0 2

T (1 cos2x cos?2x
= -+ + dx
/0 (4 2 8 )

_/” 1+c052x+1+cos4x dx
“Jo \4 2 16

T

84 T3
_ 3w
8
(b) Letu = k —x. Then du = —dx.

B [ 3x sin2x sin4x

0

k 0
/ F)g(x) dr = - / Flk - wg(k - u) du
0 k

k
- /0 F)g(k - u) du

k
- /O F)g(k —x) dr

k k
| [ reewace [ rwet-nas

k
:%/0 F)[g(x) + g(k — x)] dx

k
a
-5 | rwas

(c) (i) Put f(x) = cos*x and g(x) =

l1+e

sinx

f(2r —x) = cos*(2m —x) = cos*x = f(x)
1

g(x) +g(2m —x) =
1

1+ esinx +

1 4 esin(27—x)
1

sin x
e

1

1+ esinx +

1+ e—sinx

sin x
e

=1

1+ esinx +

1+ esinx

23
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22.

Letu = 2n — x. Then du = —dx.

2
(i1) /

2
(a)

2r 4
COS™ X
—dx
O 1 + eSlIl.X

sm X COS X

1 + esmx

1 Ve
25/0

3n

s
/4
0

1 2n 4

= —/ cos” x dx
2 Jo
1 s 2r

=— (/ Cos4xdx+/ cos4xdx)
2 0 T

0
/ cos*(2m — u) du
Ve

| |
:—/ cos4xdx+—/ cos* udu
2 .Jo 2 .Jo

-3(5)+3(5)

(1 +e%"¥) cos* x cos” x

1
cos* xdx — =

2

4

1+ esinx

3n 3
=2(=|-=
5)-%
_377
-8
3 2
3cos2x+5 3(coslx—1)+5
3 2
T 6cosix+2
_ sec? x
T 3+sec2x
(b) Letu =tanx. Then du = sec? x dx.
2 dx:‘/ﬁ sec? x
3cos2x +5 0o 3+sectx
1
1
:/ du
0 4—+l/t2
Let u = 2tan 6. Then du = 2 sec” 6 dé.
2 i @'y 9 gec?g
3cos2x +5 _,/0 4 +4tan? 0

/Z
0

24

1+ esinx

COS4 X
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(c) Letu = —x. Then du = —dx.

@ 0 @
/ f(x)In(e® +1)dx = / f(x)In(e® +1)dx +/ f(x)In(e* +1)dx
—a —-a 0

0 @
—/ f(=u)In(e™ +1)du +/ f(x)In(e® +1)dx
@ 0

——'/Oaf()c)ln(1

—/(If(x)ln(l+ex)dx+/af(x)lnexdx+/(lf(x)ln(ex+l)dx
0 0 0

=/axf(x)dx
0
6sin2x
@ Put /() = Fos ot 52
6 sin(—2x) _ —6sin2x

Then f(-x) =

+e* @
dx In(e* +1)dx
) +/O £ In(e* +1)

d 2 6sin 2x
Note that —
ote adx( )

3cos2x+5)  (3cos2x+5)2

s . 2
/4 __Osin2x et 1) de
~z (3cos2x +5)?

:/4 6x sin 2x dx
o (3cos2x +5)2

T 5 1
_/ - &
[3cos2x+5 0 0 3cos2x+5
_1 1
3(0)+5
T _Llin
= — — —tan by
20 4 2
1 1 cos? x
23, i = -
@ @ 1+2sinx 1+2(1-cos?x) cos?x
_ SCCZX
~ 3sec?x -2

(ii) Let u = tanx. Then du = sec” x dx.

i 1 7 2
/ — dx:/ se;x dx
o 1+2sin“x o 3sectx—2

_/1 du
“Jo 3w2+1)-2

_/1 du
Jo 1+3u?

25

(3cos(-2x) +5)2  (Bcos2x+5)2
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Let V3u = tan 6. Then V3 du = sec? 6 d6.
‘/X 1 \/_ / sec? 6
0 1+2sin2x 1+tan20

Sk,

3
_ Vir

(b) Letu = —x. Then du = —dx.
m 0 m
[ stomrac= [ geoneace [ gconeo ax

0 m

:—/ g(—u)h(—u)du+/ g(x)h(x) dx
m 0

:_/ g(—u)h(u)du+/ g(x)h(x) dx
0 0

=_/ g(—x)h(x)dx+/ g(x)h(x) dx
0 0

- /0 [5(x) — g(~0)]h(x) dx

= ‘/Omxh(x) dx

sin 2x
¢) Putg(x) =In(e*+1) and h(x) = ————.
(© Putg(n) =In(e" + 1 and h(a) = e
sin(—2x) 3 —sin2x

h(=x) = (1+2sin2(—2x))2  (1+2sin2x) ~h().

gx)—g(—x) =In(e*+1) —In(e ™ +1)
:ln(ex+1)—1n(1+ex)
eX

=Ilne*

=X
% In(e* + 1) sin2
/ n(e* + 1) sin X i

—x (1+2sin%x)?

T in?2
:/ xsm.;c dx
0o (1+2sin x)2
%
/ 1 &
2(1+2sm X)

Syt
2(1+2$1n ) 2\ 9
_(8\/5—9)71
B 144

2(1 +sin’x) o

26
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24. (a) Letx =sinf. Then dx = cos 6 d6.
1 7
/ V1 —x2dx = / sin” OV1 — sin® x cos 6 d@
0 0
%
:/ sin” @ cos” 6 d9
0

sin% 26 d6

|
FN-
o\;
N

[T

(1 —cos48)do

oo — oo —
<)

—
D
|

sin 40 3
4 1

|
| =

—_
@)}

(b) () Letu =k —x. Then du = —dx.
k 0
[ rwear== [ st =gtk - du
0 k
k
- [ st -wau
k
- [ rwstk-na
k 1 k k
i [ rwemar=1| [ rmgwacs [ ek -na
1 k
=5 | O + k- e

=§/Okf<x>dx

(¢) Put f(x) = sin? x cos x and g(x) =

sin8x

f (g —x) = sin’ (g —x2 cos® (g —x) 1: cos? xsin®x = f(x)

g(x)+g (g —X)

1 + esin8x + 1 + esin(47-8x)
1 1 esinSx

1+esinx + 1+e—sin8x ’ esin8x

/ sin” x cos? x dx

l\.)lr—‘ | =

—_

=<
S—

z 2
2 sin XCOS x
0 1+e§1n8x

I
[ =

W
[\

25. (a) Letu =a —x. Then du = —dx.
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Whenx =0,u =a; whenx =a, u =0.

a 0
/ f(x)dx=—/ fla—u)du
0 a
a
=/ fla—u)du
0
a
- ["fa-na
0
(b) In(1 +tanx) is a continuous function on [0, %] By (a),
/ In(1 +tanx) dx = / 1+tan(%—x)]dx
0
:/4ln(1+1_tanx)dx
0 1 +tanx
i 2
:/ ln( )dx
0 1 +tanx
T T T
/ 1n(1+tanx)dx:/ ln2dx—/ In(1 + tan x) dx
0 0 0

2/4ln(1+tanx)dx:/4ln2dx
0 0

§ m2[ 1%
/4 In(1 +tanx) dx = n—[x]
0 2 0

(c) By (b),

_min2
-8
x sec” x 1 4
(d) =(xIn(l + tanx)| - In(1 + tan x) dx
1 +tanx 0 0
_ 7r1n2_0 _7rln2
4 8
_min2
-8

26. (a) x> +2x+3=(x+1)>+2.
Letx+1=Y2tand. dx = V2 sec? 4 de.
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2
Whenx =0, 6 = tan™! g; whenx =1, 60 = tan~! V2.

! 1 ! 1
[ bt e
0o x2+2x+3 0o (x+1)2+2

tan~! V2 2 2 0
_ / V2 sec 48
tan

2 sec2 6
NG tan~! V2
_¥2 9]
2 [ tan~! ‘/75
2 2
= £ tan™! \/5 — tan™! £
2 2
V2. (V2
= —tan”! [ =
2 4

2tan 6 B 2 tan @ cos? 6

® O 1+tan26  sec26cos?@
_ 2sinfcos 6
=—
= sin 26
1 —tan®6 (1= tan® 6) cos® 0
l+tan20  sec2@cos? 6

= cos® § —sin’ §
= cos 20
(ii) Let? = tan@. Then dt = sec’ 6d6 = (1 + tan® 6) do

7 1
dé
/ s1n29+cos 20 +2

/ 1 +tan® 6
0 2tan6+(1 —tanZ ) +2(1 +tan20)

1
/0 t2+2t+3

i 4

29
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(c) Lety = % — 6. Then, we have dy = —dé. M

T sin20+1 0 sin (£ -2y) +1
. do = - , dy
o Sin26 +cos26 +2 = sin (5§ —2y) +cos (5 —2y) +2
/Z cos2y+1
= - dy
o sin2y+cos2y+2
_‘/Ztr cos26 + 1 |
B sin 260 + cos 260 + 2
T 8sin20+9
d do
(),/0 sin 26 + cos 26 + 2
T sin20+1 1 1
=8 do + do
/0 sin 260 + cos 260 + 2 ‘/0 sin 260 + cos 260 + 2
3 in20 + 1 £ 260 + 1
:4/ ' sin 26 + d0+4/ . cos 26 + 40
o Sin26+cos26 +2 o Sin26 +cos26 +2
3 1
+/ 40 M
sm20+cos29+2
do + do IM
/ / sm20+c0s26+2
Vi (V2
=4(Z-0)+ Cuan! | 2
47 0) TRy
2 2
=+ gtan_1 (%) 1M
1 1 sec’ x
217. = X
@ 2+cos2x 2+ (2cos?x—1) sec?x
sec? x
= 1
2 +sec? x
T 1 T 2
(b)/ —dxz/ Y gy M
o 2+cos2x 0o 2+sec2x
z 2
P
:/ sec” x dr
o tan?x+3
Let tanx = V3 tanu. Then sec® x dx = V3 sec? u du. M
n n
Wh =0,u =0; wh =—u=—.
fnx u when x = -, 5
4 1 sec? u
_\/-/
‘/0 2 +cos 2x 35602
VAL
3o
:‘B’T 1A
18

30



(c) Letu = —x. Then du = —dx.
a 0 a
/ f(x)ln(1+ex)dx=/ f(x)ln(1+ex)dx+/ f(x)In(1+¢e")dx
—a —a 0
0 a
—/ f(—u)ln(l+e_“)du+/ f(x)In(1 +e") dx
a 0
——/ f(u)In[e7™(e" +1)] du+/ f(x)In(1+¢e*)dx
0

1+e*
-, SO

= /0 xf(x)dx
sin 2x
(d) Let f(X) = m |
F(x) = sin(—2x) 3 sin 2x - f).

(2+cos(—2x))2 (2 +cos2x)?
/4 sin 2x In(1 + %) dx = / X sin2x

x (2 +cos2x)? (2 + cos 2x)2

oot "
5,/0 2 +cos2x

2(2+cos2x)
n 1 \/_71
“T6 2718
_n 3
16 36
, sin2x 1 . .
28. (a) g(x)dx =cos“x ) 2 cosx(—sinx) sin 2x dx
in 2x cos? 1
_ sin xzcos X +§/ sin? 2x dx
T in?2 2 T 1 b4
o [ g(x)dx:[W] o1 [T
0 2 o 2.Jo

1 T
=0+—/ (1 —cosdx)dx
4 Jo
sin4x]7r
0

4

1

—|X

4
_71'

N

(c) Letu = 7 — x. Then du = —dx.
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g(m — u) = cos?(m — u) cos(2m — 2u) = cos’

b/g 0
./0 xg(x)d.xz—'[r (m—u)g(m —u)du
- [ =gt an

:nvfong(x)dx—‘/onxg(x)dx

Z/Oﬂxg(x)dx=7r‘/ong(x)dx

‘/Onxg(x) dx =

T
4

ST

oo| 3,

(d) (—x)g(—x) = —x cos?(—x) cos(—2x) = —x cos®x cos 2x = —xg(x)

Thus, xg(x) is an odd function.

[:xg(x)dx=[:xg(x)dx+[r2ﬂxg(x)w

2n
:O+/ xg(x)dx
Vs

Let u = x — m. Then du = dx.

T

= /ﬂ(u +)g(u)du
0

=Lnxg(x)w+ﬂA”g(x)M

7T2

T
R
_3712
T8

1 1
2
- — xe* dx
o 4Jo

a

1 2 ax
29. (a) / xze‘”‘dx:lxe
0

1 1

e? |2xe?¥ 2
= —- 5 +— e dx

a a 0 a 0

a 1
e 2e 2| .«
=, T a2t 3|

a a a 0

(a®> =2a+2)e* -2

a3

32

ucosu = g(u).

2n b4
/ xg(x)dx = / (u + 1) cos®(u + xr) cos(2u + 27) du
- 0
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30.

1
(b) Letu =1In(1 +x). Then du =
1+x

e—1 e—
/ x(In(1 +x))? dx =/ L x(1+2) (In(1 +x))? dx
0 0

1+x

1
= / (" —1)e" - u*du
0
1

1
:/ u2e2”du—/ u’e" du
0 0

[(2°-2(2)+2]e* =2 (1-2+2)e-2

23
er—4de+7
4

(¢c) Letu = (e — 1) cosx. Then du = (1 — ¢) sinx dx.
%
/ (In(1 + (e — 1) cosx))? sin 2x dx
0

%
:/ (In(1 + (¢ — 1) cosx))? - 2 sinx cos x dx
0

0
= (1n(1+u))2.i.
1-e

e—1

u

d
e—1 "

e—1
= —(e _21)2 ‘/0 u (In(1 + u))? du

B e —4de+7
~ 2(e—1)2

(d) Letu=x— g Then du = dx.

/ﬂ (In(1 + (e — 1) sinx))? sin 2x dx

:‘/07Zr [1n(1+(e—l)sin(g+u))]zsin(n+2u)du

=- (In(1+ (e — 1) cos u))? sin 2u du
0

et —de+T
T 2(e-1)2

(a) (i) Letu = —x. Then du = —dx.

Whenx =-1,u=1; whenx =0, u =0.

0 0
/_ fwdr== [ da

33
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(i1) If f(x) is an odd function, then f(—x) = —f(x) and

Llf(X)dx=/_lof(x)dx+/01f(X)dx

=/01—f(X)dX+/01f(X)dx
=0

1
®) () h(-x)=g(=x) - 5

=1—g(x)—%

=-g(x) +%

= ~h(x)
Thus, A(x) is an odd function on R.

1 1
(i) L x%g(x) dx = L X2 [h(x)+%

1 1
1
=/ xzh(x)dx+—/ x2 dx
- 2 J.

1

dx

1]x3

=0+ =|—
213,

1

3
(c) Letg(x) = T o Then g(x) is a function with derivatives of any order on R.
+e
1 1 esinx 1

g(—x) +g(x) = e—sinx + 1 + esinx 1 + esinx 1 + esinx
1

L2
Thus,/ —dx = =
_1 1 +esnx 3

31. (a) (1) Letu =a —x. Then du — dx.

Whenx =0, u =a; whenx =a,u =0.

a 0
/ lncos(a—x)dx:—/ Incos u du
0 a

a
=/ Incos u du
0

= / Incos x dx
0
(i) By (a),

a a
O=/ lncos(a—x)dx—/ In cos x dx
0 0

:/ [Incos(a — x) —Incos x] dx
0

a . .
coS a cosx + sina sinx
= / In dx
0 COS X

a
= / In(cosa + sina tan x) dx
0

34
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(b) (i) Letx = tand. Then dx = sec’ 6 d6.

s

1 -1 z
/ fan_ x dx :/ o -sec’6do
0 1+x 0 1+tané@

ERS
—/ In(1 + tan 0) d6
0 0

=[61n(1 + tan 6)

o

T 4
:—an—/ In(1 + tan #) d6
4 0

ﬁﬂPMa=%smhmmO<a<g,

1 -1 ks
t: 4
”/anxmzﬁm—/ In(1 + tan 6) d6
0 0

1+x 4
i (%+7tane) 32| 0

&N

:fmz—/
4 0

7 1
= gan—/O In (cos%+sin;—rtan0) do — Ean[O]O

:%mz

2
32. (@) (1) (sin %C + cos g) = sin? )EC + 2 sin g cos )EC + cos? g

=1+sinx

T

B T dx 2 dx
(it) / 1+sinx:,/ 0 X x)2
0 0 (sin3 +cos %)

s 2 x

7 sec’ %

2
S e R

/0 (tan ¥ + 1)2
2

1
Letu :tan§+ 1. Then du = %seczgdx.
Whenx =0,u =1; when x = E,u =2.

./3 N
o l+4sinx ~J; u?

=1
% 1
(111)/ sinx =/2 (1— - )dx
1 +sinx 0 1 +sinx
2
=|x| -1
0
bis
==—-1
2

(b) /Oﬂf(X)dx=/ng(X)dx+/;f(X)dx-

Letu = 7 —x. Then du = —dx.
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Whenx—z :z whenx =m,u =0.

2’
/f(x)dx / £(x) dy - /f(ﬂ—u)du
=/O f(x)dx+/0 F(u) du
=2/072rf(x)dx

(c) Letu = m —x. Then du = —dx.

Whenx =0, u =n; whenx =, u =0.

n 0
/ g(x) ln(l + ecosx) dx = _/ g(m— u) ln(l + ecos(n—u)) du
0 T
= —/ g(u) 11’1(1 +e—cosu) du
0
= _/ g(u) [ln(ecosu + 1) —In ecosu] du
0
2/ g(x)ln(1+ecosx)dx=/ g(x) cosx dx
0 i 10 )
/ g(x)In(1 4 %) dx = 5/ g(x) cosx dx
0 0

cos X
d) Let =—\
(@ Letg(x) (1 +sinx)?2
Then g(x) is continuous on [0, 7]
( ) cos(m —x) Cos X )
T—Xx)= = — = —g\X).
& (1 +sin(m —x))2 (1 + sinx)?2 &
By (o),

n In(1 + e * 1 F/g 2
/ cosxn(' e )dx:—/ cos‘x dx
0 (1 +sinx)2 2 Jo (1+sinx)?
1 ™ 1-sin®
_ _/ sTn X dx
2 Jo (1+sinx)?
1 7 1-si
_ _/ s.1nxdx
2Jo l4+sinx

—sinx —sin(r —x) 1 —sinx

So, f(r—x) =

Let f(x) =

1 +sin(r —x) 1+sinx

‘/”cosxln(l'+e°°”)dx:/’zr 1. dx—‘/g sin.x d
0 (1 +sinx)?2 o 1+sinx o 1+sinx

_1—£T——1)

END OF PAPER
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