
1. (a) 5 ′(D) = (< + 1) (1 + D)<(1 − D)= − =(1 + D)<+1(1 − D)=−1 1M

(< + 1)
∫ 1

−1
(1 + D)<(1 − D)= dD =

∫ 1

−1
5 ′(D) dD + =

∫ 1

−1
(1 + D)<+1(1 − D)=−1 dD 1M

(< + 1)
∫ 1

−1
(1 + D)<(1 − D)= dD =

[
(1 + D)<+1(1 − D)=

]1

−1
+ =

∫ 1

−1
(1 + D)<+1(1 − D)=−1 dD 1M∫ 1

−1
(1 + D)= (1 − D)= dD =

=

< + 1

∫ 1

−1
(1 + D)<+1(1 − D)=−1 dD 1

(b) Let C = tan G. Then dC = sec2 G dG.∫ c
4

− c
4

(1 + tan G)2(cos 4G + 1)
cos6 G

dG

=

∫ c
4

− c
4

sec6 G(1 + tan G)2
[
(2 cos2 2G − 1) + 1

]
dG 1M

= 2
∫ c

4

− c
4

sec6 G(1 + tan G)2(2 cos2 G − 1)2 dG

= 2
∫ c

4

− c
4

sec2 G(1 + tan G)2(2 − sec2 G)2 dG

= 2
∫ 1

−1
(1 + C)2 [2 − (1 + C2)]2 dC 1M

= 2
∫ 1

−1
(1 + C)2 [(1 + C) (1 − C)]2 dC

= 2
∫ 1

−1
(1 + C)4(1 − C)2 dC

=
4
5

∫ 1

−1
(1 + C)5(1 − C) dC 1M

=
4
5
× 1

6

∫ 1

−1
(1 + C)6 dC 1M

=
2
15

[
(1 + C)7

7

]1

−1

=
256
105

1A

(c) Let 5 (G) = tan G(cos 4G + 1)
cos6 G

and 6(G) = (1 + tan2 G) (cos 4G + 1)
cos6 G

.

5 (−G) = tan(−G) (cos(−4G) + 1)
cos6(−G)

= − tan G(cos 4G + 1)
cos6 G

= − 5 (G) 1M

6(−G) = (1 + tan2(−G)) (cos(−4G) + 1)
cos6(−G)

=
(1 + tan2 G) (cos 4G + 1)

cos6 G
= 6(G)

1



Thus, 5 (G) is an odd function and 6(G) is an even function.∫ c
4

− c
4

(1 + tan G)2(cos 4G + 1)
cos6 G

dG =
256
105∫ c

4

− c
4

(1 + tan2 G) (cos 4G + 1)
cos6 G

dG + 2
∫ c

4

− c
4

tan G(cos 4G + 1)
cos6 G

dG =
256
105

1M

2
∫ c

4

0

(1 + tan2 G) (cos 4G + 1)
cos6 G

dG =
256
105

1M

2
∫ c

4

0
sec8 G(cos 4G + 1) dG = 256

105∫ c
4

0
sec8 G(cos 4G + 1) dG = 128

105
1A

2. (a) (i) Let D = 0 − G. Then dD = − dG. 1M∫ 0

0
ln cos(0 − G) dG = −

∫ 0

0

ln D dD

=

∫ 0

0
ln D dD

=

∫ 0

0
ln G dG 1

(ii)
∫ 0

0
ln cos(0 − G) dG −

∫ 0

0
ln G dG = 0 1M∫ 0

0
ln

cos 0 cos G + sin 0 sin G
cos G

dG = 0 1M∫ 0

0
ln(cos 0 + sin 0 tan G) dG = 0 1

(b) (i)
∫ c

4

0

\ sec2 \

1 + tan \
d\

=

[
\ ln(1 + tan \)

] c
4

0
−

∫ c
4

0
ln(1 + tan \) d\ 1M

=
c

4
ln 2 −

∫ c
4

0
ln(1 + tan \) d\ 1

(ii) Put 0 =
c

4
into (a)(ii).∫ c

4

0
ln

(
cos

c

4
+ sin

c

4
tan G

)
dG = 0 1M∫ c

4

0
ln

1 + tan G
√

2
dG = 0∫ c

4

0

[
ln(1 + tan G) − 1

2
ln 2

]
dG = 0 1M+1M∫ c

4

0
ln(1 + tan G) dG =

(
1
2

ln 2
) [
G

] c
4

0

=
c

8
ln 2

2



∫ c
4

0

\ sec2 \

1 + tan \
d\ =

c

4
−

∫ c
4

0
ln(1 + tan \) d\

=
c

4
ln 2 − c

8
ln 2

=
c

8
ln 2 1A

3. (a) Let D = 0 − G. Then dD = − dG. 1M∫ 0

0
5 (0 − G) dG = −

∫ 0

0

5 (D) dD

=

∫ 0

0
5 (D) dD 1M

=

∫ 0

0
5 (G) dG 1

(b) (i) � =
∫ c

0

(c − G) sin(c − G)
1 + cos2(c − G)

dG 1M

=

∫ c

0

(c − G) sin G
1 + cos2 G

dG 1

(ii) Use the result of (b)(i).

� =
1
2

[∫ c

0

G sin G
1 + cos2 G

dG +
∫ c

0

(c − G) sin G
1 + cos2 G

dG
]

1M

=
c

2

∫ c

0

sin G
1 + cos2 G

dG

Let D = c − G. Then dD = − dG. 1M

� =
c

2

[∫ c
2

0

sin G
1 + cos2 G

dG +
∫ c

c
2

sin G
1 + cos2 G

dG

]
=
c

2

[∫ c
2

0

sin G
1 + cos2 G

dG −
∫ 0

c
2

sin(c − D)
1 + cos2(c − D)

dD

]
=
c

2

[∫ c
2

0

sin G
1 + cos2 G

dG +
∫ c

2

0

sin G
1 + cos2 G

dG

]
= c

∫ c
2

0

sin G
1 + cos2 G

dG 1

(iii) Let D = cos G. Then dD = − sin G dG. 1M

� = c

∫ c
2

0

sin G
1 + cos2 G

dG

= −c
∫ −1

1

dD
1 + D2

= c

∫ 1

−1

dD
1 + D2

3



Let D = tan \. Then dD = sec2 \ d\. 1M

� = c

∫ c
4

− c
4

sec2 \

1 + tan2 \
d\

= c

[
\

] c
4

− c
4

=
c2

4
1

4. (a) Let G = 3 tan \. Then dG = 3 sec2 \ d\. 1M∫ 1

0

1
G2 + 9

dG =
∫ tan−1 1

3

0

3 sec2 \

9 tan2 \ + 9
d\

=
1
3

[
\

] tan−1 1
3

0
1M

=
1
3

tan−1 1
3

1A

(b) (i)
1 − tan2 \

1 + tan2 \
=

1 − sin2 \

cos2 \

1 + sin2 \

cos2 \

× cos2 \

cos2 \

=
cos2 \ − sin2 \

cos2 \ + sin2 \

= cos 2\ 1

(ii) Let C = tan \. Then dC = sec2 \ d\ = (1 + C2) d\. 1M∫ c
4

0

1
4 cos 2\ + 5

d\ =
∫ 1

0

1

4
(

1−C2

1+C2

)
+ 5
· 1

1 + C2
dC 1M

=

∫ 1

0

1
C2 + 9

dC

=
1
3

tan−1 1
3

1A

(c) Let D =
c

4
− \. Then dD = − d\. 1M∫ c

4

0

1
4 cos 2\ + 5

d\ = −
∫ 0

c
4

1
4 cos

(
c
4 − 2D

)
+ 5

dD

=

∫ c
4

0

1
4 sin 2D + 5

dD

=

∫ c
4

0

1
4 sin 2\ + 5

d\ 1

4



(d)
∫ c

4

0

4 sin 2\ + 4 cos 2\ + 10
(4 sin 2\ + 5) (4 cos 2\ + 5) d\

=

∫ c
4

0

1
cos 2\ + 5

d\ +
∫ c

4

0

1
4 sin 2\ + 5

d\ 1M

= 2
∫ c

4

0

1
4 cos 2\ + 5

d\

= 2
(
1
3

tan−1 1
3

)
1M

=
2
3

tan−1 1
3

1A

5. (a)
∫ 1

0
G40G dG =

[
G40G

0

]1

0
− 1
0

∫ 1

0
40G dG 1M+1M

=
40

0
−
[
40G

02

]1

0

=
040 − 40 + 1

02 1

(b) Let D = ln(G + 1). Then dD =
1

G + 1
dG. 1M∫ 4−1

0

ln(G + 1)
(1 + G)A dG =

∫ 1

0

D

(4D)A−1 dD 1M

=

∫ 1

0
D4 (1−A )D dD

=
(1 − A)41−A − 41−A + 1

(1 − A)2
1M

=
1 − A41−A

(1 − A)2
1A

(c) Let E = (4 − 1) tan G. Then dE = (4 − 1) sec2 G dG. 1M∫ c
4

0

ln[1 + (4 − 1) tan G]
(1 + 4 tan G − tan G)3

dG +
∫ c

4

0

[ln[1 + (4 − 1) tan G]] tan2 G

(1 + 4 tan G − tan G)3
dG

=

∫ c
4

0

ln[1 + (4 − 1) tan G] sec2 G

[1 + (4 − 1) tan G]3
dG

=
1

4 − 1

∫ 4−1

0

ln(1 + E)
(1 + E)3

dE

=
1

4 − 1
× 1 − 341−3

(1 − 3)2
1M

=
42 − 3

442(4 − 1)
1A

(d) Let F =
c

2
− 2G. Then dF = −2 dG. 1M

5



∫ c
4

c
8

[ln[1 + (4 − 1) cot 2G]] csc2 2G
(1 + 4 cot 2G − cot 2G)3

dG

= −1
2

∫ 0

c
4

ln
[
1 + (4 − 1) cot

(
c
2 − F

) ]
csc2 (

c
2 − F

)[
1 + 4 cot

(
c
2 − F

)
− cot

(
c
2 − F

) ]3 dF

=
1
2

∫ c
4

0

ln[1 + (4 − 1) tanF] sec2 F

(1 + 4 tanF − tanF)3
dF

=
1
2
× 42 − 3

442(4 − 1)
1M

=
42 − 3

842(4 − 1)
1A

6. (a) Let D =
c

4
. Then dD = − dG. 1M∫ c

6

c
12

ln
[
cos

(c
4
− G

)]
dG = −

∫ c
12

c
6

ln cos(D) dD

=

∫ c
6

c
12

ln cos(D) dD 1M

=

∫ c
6

c
12

ln(cos G) dG 1

(b)
∫ c

6

c
12

ln
[
cos

(c
4
− G

)]
dG −

∫ c
6

c
12

ln(cos G) dG = 0∫ c
6

c
12

ln
cos c

4 cos G + sin c
4 sin G

cos G
dG = 0 1M∫ c

6

c
12

ln
1 + tan G
√

2
dG = 0∫ c

6

c
12

ln(tan G + 1) dG =
(
1
2

ln 2
) [
G

] c
6

c
12

1M∫ c
6

c
12

ln(tan G + 1) dG = c

24
ln 2 1A

(c) (i) tan
c

12
= tan

(c
3
− c

4

)
=

tan c
3 − tan c

4
1 + tan c

3 tan c
4

1M

=

√
3 − 1

1 +
√

3
×
√

3 − 1
√

3 − 1
= 2 −

√
3 1

(ii) Note that
d
dG

ln(tan G + 1) = sec2 G

tan G + 1
. 1M

6



∫ c
6

c
12

G sec2 G

tan G + 1
dG

=

[
G ln(tan G + 1)

] c
6

c
12

−
∫ c

6

c
12

ln(tan G + 1) dG 1M

=
c

6
ln

(
tan

c

6
+ 1

)
− c

12
ln

(
tan

c

12
+ 1

)
− c

24
ln 2 1M

=
c

24
ln
(
√

3 + 3)4
34 − c

24
ln

(
3 −
√

3
)2
− c

24
ln 2

=
c

24
ln

[
(3 +
√

3)4

34(2) (3 −
√

3)2
× (3 +

√
3)2

(3 +
√

3)2

]
1M

=
c

24
ln

[
(3 +
√

3)6

(36) (23)

]
=
c

4
ln

3 +
√

3
3
√

2

=
c

4
ln
√

6 + 3
√

2
6

1

7. (a)
√

2 cos
(c
4
− \

)
=
√

2
(
cos

c

4
cos \ + sin

c

4
sin \

)
1M

=
√

2
(

1
√

2
cos \ + 1

√
2

sin \
)

= sin \ + cos \ 1

(b) Let D =
c

4
− G. Then dD = − dG. 1M∫ c

4

0
6

[
cos

(c
4
− G

)]
dG = −

∫ 0

c
4

6(cos D) dD

=

∫ c
4

0
6(cos D) dD 1M

=

∫ c
4

0
6(cos G) dG 1

(c)
∫ c

4

0
ln(1 + tan \) d\

=

∫ c
4

0
ln

cos \ + sin \
cos \

d\

=

∫ c
4

0
[ln(cos \ + sin \) − ln(cos \)] d\ 1M

=

∫ c
4

0
ln

[√
2 cos

(c
4
− \

)]
d\ −

∫ c
4

0
ln(cos \) d\ 1M

=
1
2

ln 2
∫ c

4

0
d\ +

∫ c
4

0
ln

[
cos

(c
4
− \

)]
d\ −

∫ c
4

0
ln(cos \) d\

=
1
2

ln 2
[
\

] c
4

0
+

∫ c
4

0
ln(cos \) d\ −

∫ c
4

0
ln(cos \) d\ 1M

=
c

8
ln 2 1A

7



(d) Let G = tan \. Then dG = sec2 \ d\. 1M∫ 1

0

ln(1 + G)2

1 + G2 dG =
∫ c

4

0

ln(1 + tan \)2

1 + tan2 \
sec2 \ d\

= 2
∫ c

4

0
ln(1 + tan \) d\

= 2
(c
8

ln 2
)

1M

=
c

4
ln 2 1A

8. (a)
1 + sin 2C
1 + cos 2C

=
1 + 2 sin C cos C

1 + (2 cos2 C − 1)
1M

=
1 + 2 sin C cos C

2 cos2 C

=
1
2

sec2 C + tan C 1

(b)
∫

4G 5 ′(G) dG = 4G 5 (G) −
∫

4G 5 (G) dG 1M∫
4G [ 5 (G) + 5 ′(G)] dG = 4G 5 (G) + constant 1

(c) Let 5 (G) = tan
G

2
. Then 5 ′(G) = 1

2
sec2 G

2
. 1M∫ c

2

0

4G (1 + sin G)
1 + cos G

dG =
∫ c

2

0
4G

(
1
2

sec2 G

2
+ tan

G

2

)
dG 1M

=

[
4G tan

G

2

] c
2

0
1M

= 4
c
2 1A

(d) Let D =
c

2
− G. Then dD = − dG. 1M∫ c

2

0

1 + cos G
4G (1 + sin G) dG = −

∫ 0

c
2

1 + cos
(
c
2 − G

)
4

c
2 −D

(
1 + sin

(
c
2 − D

) ) dD

= 4−
c
2

∫ c
2

0

4D (1 + sin D)
1 + cos D

dD

= 4−
c
2 · 4 c

2 1M

= 1 1A

9. (a)
1 − cos 2G
1 + cos 2G

=
1 − (1 − 2 sin2 G)
1 + (2 cos2 G − 1)

1M

=
2 sin2 G

2 cos2 G

= tan2 G 1

8



(b) Let D = 0 − G. Then dD = − dG.∫ 0

0
5 (0 − G) dG = −

∫ 0

0

5 (D) dD

=

∫ 0

0
5 (D) dD

=

∫ 0

0
5 (G) dG 1

(c) Let D = cos G. Then dD = − sin G dG.∫
tan G dG =

∫
sin G
cos G

dG

= −
∫

dD
D

1M

= − ln |D | + constant

= − ln | cos G | + constant 1

(d)
∫

G sec2 G dG = G tan G −
∫

tan G dG 1M

= G tan G − (− ln | cos G |) + constant

= G tan G + ln | cos G | + constant 1A

(e)
∫ c

4

0

(cos G − sin G +
√
G) (cos G − sin G −

√
G)

1 + sin 2G
dG

=

∫ c
4

0

(cos G − sin G)2 − G
1 + sin 2G

dG

=

∫ c
4

0

sin2 G − 2 sin G cos G + cos2 G − G
1 + sin 2G

dG

=

∫ c
4

0

1 − sin 2G − G
1 + sin 2G

dG 1M

=

∫ c
4

0

1 − sin
(
c
2 − 2G

)
−

(
c
4 − G

)
1 + sin

(
c
2 − 2G

) dG 1M

=

∫ c
4

0

1 − cos 2G
1 + cos 2G

dG +
∫ c

4

0

G − c
4

1 + cos 2G
dG

=

∫ c
4

0
tan2 G dG +

∫ c
4

0

G − c
4

2 cos2 G
dG 1M

=

∫ c
4

0
(sec2 G − 1) dG + 1

2

∫ c
4

0
G sec2 G dG − c

8

∫ c
4

0
sec2 G dG 1M

=

[
tan G − G

] c
4

0
+ 1

2

[
G tan G + ln(cos G)

] c
4

0
− c

8

[
tan G

] c
4

0
1M

= 1 − c
4
− 1

4
ln 2 1A12

10. (a) (i)
d
d\

ln(csc \ + cot \) = −(sin \)
−2 cos \ − (tan \)−2 sec2 \

csc \ + cot \
1M

=
− csc \ cot \ − csc2 \

csc \ + cot \
= − csc \

9



Thus,
∫

csc \ d\ = − ln(csc \ + cot \) + constant. 1

(ii)
∫

1
sin G cos G

dG = 2
∫

csc 2G dG 1M

= − ln(csc 2G + cot 2G) + constant 1A

(b) Let D =
c

2
− G. Then dD = − dG. 1M∫ c
3

c
6

5 (G) ln
(
1 + 4sin G−cos G

)
dG = −

∫ c
6

c
3

5

(c
2
− D

)
ln

[
1 + 4sin( c2 −D)−cos( c2 −D)

]
dD

= −
∫ c

3

c
6

5 (D) ln
(
4sinD−cosD + 1
4sinD−cosD

)
dD 1M

= −
∫ c

3

c
6

5 (D) ln
(
1 + 4sin G−cos G

)
dG

+
∫ c

3

c
6

5 (G) (sin G − cos G) dG 1M

2
∫ c

3

c
6

5 (G) ln
(
1 + 4sin G−cos G

)
dG =

∫ c
3

c
6

5 (G) (sin G − cos G) dG 1M∫ c
3

c
6

5 (G) ln
(
1 + 4sin G−cos G

)
dG =

1
2

∫ c
3

c
6

5 (G) (sin G − cos G) dG 1

(c) Put 5 (G) = sin G − cos G
sin G cos G

. 1M

5

(c
2
− G

)
=

sin
(
c
2 − G

)
− cos

(
c
2 − G

)
sin

(
c
2 − G

)
cos

(
c
2 − G

)
=

cos G − sin G
cos G sin G

= − 5 (G)∫ c
3

c
6

(sin G − cos G) ln
(
1 + 4sin G−cos G )

sin G cos G
dG

=
1
2

∫ c
3

c
6

(sin G − cos G)2
sin G cos G

dG 1M

=
1
2

∫ c
3

c
6

1 − 2 sin G cos G
sin G cos G

dG

=
1
2

∫ c
3

c
6

1
sin G cos G

dG −
∫ c

3

c
6

dG

=
1
2

[
− ln(csc 2G + cot 2G)

] c
3

c
6

−
[
G

] c
3

c
6

1M

=
1
2

(
ln 3 − c

3

)
1A

11. (a) (i)
sin 3G
sin G

− (2 cos 2G + 1) = 1
sin G

[sin 3G − 2 sin G cos 2G − sin G]

=
1

sin G
[sin 3G − (sin 3G − sin G) − sin G] 1M

= 0

10



Thus,
sin 3G
sin G

= 2 cos 2G + 1. 1

(ii) Put G =
c

4
+ H.

sin 3
(
c
4 + H

)
sin

(
c
4 + H

) = 2 cos 2
(c
4
+ H

)
+ 1

sin 3c
4 cos 3H + cos 3c

4 sin 3H
sin c

4 cos H + cos c
4 sin H

= −2 sin 2H + 1 1A

cos 3H − sin 3H
cos H + sin H

= −2 sin 2H + 1

sin 3H − cos 3H
sin G + cos H

= 2 sin 2H − 1 1A

(b) (i) Let D = 0 − G. Then dD = − dG.∫ 0

0
5 (G) dG = −

∫ 0

0

5 (0 − D) dD 1M

=

∫ 0

0
5 (0 − D) dD

=

∫ 0

0
5 (0 − G) dG 1A

(ii) Put 5 (G) = sin 3G
sin G + cos G

.

5

(c
2
− G

)
=

sin 3
(
c
2 − G

)
sin

(
c
2 − G

)
+ cos

(
c
2 − G

) =
− cos 3G

cos G + sin G
1

We have
∫ c

2

0

sin 3G
sin G + cos G

dG =
∫ c

2

0

− cos 3G
sin G + cos G

dG. 1A

2
∫ c

2

0

sin 3G
sin G + cos G

dG =
∫ c

2

0

sin 3G
sin G + cos G

dG +
∫ c

2

0

− cos 3G
sin G + cos G

dG 1M∫ c
2

0

sin 3G
sin G + cos G

dG =
1
2

∫ c
2

0

sin 3G − cos 3G
sin G + cos G

dG 1A

(c)
∫ c

2

0

sin 3G
sin G + cos G

dG =
1
2

∫ c
2

0
(2 sin 2G − 1) dG 1M

=
1
2

[
− cos 2G − G

] c
2

0
1A

= 1 − c
4

1A

12. (a)
∫

6(G) dG = sin2 G

(
sin 2G

2

)
− 1

2

∫
(2 sin G cos G) sin 2G dG 1M

=
1
2

sin2 G sin 2G − 1
2

∫
sin2 2G dG 1

11



(b)
∫ c

0
6(G) dG = 1

2

[
sin2 G sin 2G

] c
0
− 1

2

∫ c

0
sin2 2G dG

= 0 − 1
4

∫ c

0
(1 − cos 4G) dG 1M

= −1
4

[
G − sin 4G

4

] c
0

= −c
4

1A

(c) Let D = c − G. Then dD = − dG. 1M∫ c

0
G6(G) dG = −

∫ 0

c

(c − D)6(c − D) dD

=

∫ c

0
(c − D) sin2(c − D) cos(2c − 2D) dD 1M

=

∫ c

0
(c − G) sin2 G cos 2G dG

= c

∫ c

0
6(G) dG −

∫ c

0
G6(G) dG

=
c

2

∫ c

0
6(G) dG 1M

=
c

2

(
−c

4

)
= −c

2

8
1A

(d) Note that (−G)6(−G) = −G sin2(−G) cos(−2G) = −G sin2 cos 2G = −G6(G). 1M
Thus, G6(G) is an odd function.
Let D = G − c. Then dD = dG. 1M∫ 2c

−c
G6(G) dG =

∫ c

−c
G6(G) dG +

∫ 2c

c

G6(G) dG

= 0 +
∫ 2c

c

G6(G) dG

=

∫ c

0
(D + c) sin2(D + c) cos(2D + 2c) dD

=

∫ c

0
(c + G)6(G) dG 1M

= c

∫ c

0
6(G) dG +

∫ c

0
G6(G) dG

= c

(
−c

4

)
+

(
−c

2

8

)
= −3c2

8
1A

12



13. (a) sin G + sin G tan2 G

2
= 2 sin

G

2
cos

G

2

(
1 +

sin2 G
2

cos2 G
2

)
= 2 tan

G

2

(
cos2 G

2
+ sin2 G

2

)
= 2 tan

G

2
1

(b) Note that G2 + 0G + 02 =

(
G + 0

2

)2
+ 302

4
.

Let G + 0
2
=

√
30
2

tan \. Then dG =
√

30
2

sec2 \ d\. 1M∫ 0

0

dG
G2 + 0G + 02 =

∫ c
3

c
6

√
30
2 sec2 \

302

4 tan2 \ + 302

4

d\ 1M

=
2
√

30

∫ c
3

c
6

d\

=
2
√

30

[
\

] c
3

c
6

=
c

3
√

30
1A

=

√
3c

90
(c) Use the result of (a).

sin G + sin G tan2 G

2
= 2 tan

G

2

sin G =
2 tan G

2
1 + tan2 G

2

Let C = tan
G

2
. Then dC =

1
2

sec2 G

2
dG =

1 + C2
2

dG. 1M∫ c
2

0

dG
sin G + 2

=

∫ 1

0

1
2C

1+C2 + 2
· 2

1 + C2
dC 1M

=

∫ 1

0

dC
C2 + C + 1

=

√
3c

9(1)

=

√
3c
9

1A

(d)
d
dG

( cos G
sin G + 2

)
=
(− sin G) (sin G + 2) − cos G(cos G)

(sin G + 2)2
1M

=
−2 sin G − 1
(sin G + 2)2

=
−2(sin G + 2) + 3
(sin G + 2)2

= − 2
sin G + 2

+ 3
(sin G + 2)2

13



Integrate both sides with respect to G.[
cos G

sin G + 2

] c
2

0
= −2

∫ c
2

0

dG
sin G + 2

+ 3
∫ c

2

0

dG
(sin G + 2)2

1M

1
2
− 0 = −2

(√
3c
9

)
+ 3

∫ c
2

0

dG
(sin G + 2)2∫ c

2

0

dG
(sin G + 2)2

=
2
√

3c
27
− 1

6

Note that
1

[cos(−G) + 2]2
=

1
(cos G + 2)2

.

Thus,
1

(cos G + 2)2
is an even function.

Let D =
c

2
− G. Then dD = − dG. 1M∫ c

2

− c
2

dG
(cos+2)2

= 2
∫ c

2

0

dG
(cos G + 2)2

1M

= −2
∫ 0

− c
2

dD[
cos

(
c
2 − D

)
+ 2

]2

= 2
∫ c

2

0

dD
(sin D + 2)2

1M

= 2

(
2
√

3c
27
− 1

6

)
=

4
√

3c
27
− 1

3
1A

14. (a) Let D = −G. Then dD = − dG. 1M∫ 0

−0
5 (G) dG =

∫ 0

−0
5 (G) dG +

∫ 0

0
5 (G) dG

= −
∫ 0

0

5 (−D) dD +
∫ 0

0
5 (G) dG

=

∫ 0

0
5 (−D) dD +

∫ 0

0
5 (G) dG 1M

=

∫ 0

0
[ 5 (G) + 5 (−G)] dG 1

(b) tan
(c
8
+ c

8

)
=

2 tan c
8

1 − tan2 c
8

1M

1 =
2 tan c

8
1 − tan2 c

8

1 − tan2 c

8
= 2 tan

c

8
1 − 2 tan

c

8
= tan2 c

8
1A

14



(c)
∫ 1

−1

tan c
8

(1 + 4G)
(
G2 + 1 − 2 tan c

8
) dG

=

∫ 1

−1

tan c
8

(1 + 4G)
(
G2 + tan2 c

8
) dG 1M

=

∫ 1

0

[
tan c

8

(1 + 4G)
(
G2 + tan2 c

8
) + tan c

8

(1 + 4−G)
(
(−G)2 + tan2 c

8
) ] dG 1M+1M

=

∫ 1

0

[
tan c

8

(1 + 4G)
(
G2 + tan2 c

8
) + 4G tan c

8

(4G + 1)
(
(−G)2 + tan2 c

8
) ] dG

=

∫ 1

0

tan c
8

G2 + tan2 c
8

dG 1A

Let G = tan
c

8
tan \. Then dG = tan

c

8
sec2 \ d\. 1M∫ 1

−1

tan c
8

(1 + 4G)
(
G2 + 1 − 2 tan c

8
) dG

=

∫ 3c
8

0

tan c
8 · tan c

8 sec2 \

tan2 c
8 tan2 \ + tan2 c

8
d\ 1A+1A

=

∫ 3c
8

0
d\

=

[
\

] 3c
8

0

=
3c
8

1A

15. (a) (i) Let D =
√

3 tan \. Then dD =
√

3 sec2 \ d\. 1M∫ 1

0

dD
3 + D2 =

∫ c
6

0

√
3 sec2 \

3 + 3 tan2 \
d\

=

√
3

3

∫ c
6

0
d\ 1M

=

√
3

3

[
\

] c
6

0

=

√
3c

18
1A

(ii)
∫ 1

0

D2

3 + D2 dD =

∫ 1

0

(
1 − 3

3 + D2

)
dD

=

∫ 1

0
dD − 3

∫ 1

0

dD
3 + D2 1M

=

[
D

]1

0
− 3

(√
3c

18

)
= 1 −

√
3c
6

1A

15



(b) (i) Let D = 0 − G. Then dD = − dG. 1M∫ 0

0
2

5 (G) dG = −
∫ 0

0
2

5 (0 − D) dD

=

∫ 0
2

0
5 (0 − D) dD

=

∫ 0
2

0
5 (0 − G) dG 1

(ii)
∫ 0

0
5 (G) dG =

∫ 0
2

0
5 (G) dG +

∫ 0

0
2

5 (G) dG

=

∫ 0
2

0
5 (G) dG +

∫ 0
2

0
5 (0 − G) dG 4

=

∫ 0
2

0
[ 5 (G) + 5 (0 − G)] dG 1

(c)
∫ c

0

G sin3 G

3 + cos2 G
dG

=

∫ c
2

0

[
G sin3 G

3 + cos2 G
+ (c − G) sin

3(c − G)
3 + cos2(c − G)

]
dG 1M

=

∫ c
2

0

[
G sin3 G

3 + cos2 G
+ (c − G) sin

3 G

3 + cos2 G

]
dG

= c

∫ c
2

0

sin3 G

3 + cos2 G
dG

Let D = cos G. Then dD = − sin G dG. 1M∫ c

0

G sin3 G

3 + cos2 G
dG

= c

∫ 0

1

(1 − D2) (−1)
3 + D2 dD

= c

[∫ 1

0

dD
3 + D2 dD −

∫ 1

0

D2

3 + D2 dD
]

= c

[√
3c

18
−

(
1 −
√

3c
6

)]
1M

=
2
√

3c2

9
− c 1A

16. (a) (i) Let D = G − c
2

. Then dD = dG.∫ c

c
2

sin4 G

sin4 G + cos4 G
dG =

∫ c
2

0

sin4 (
D + c

2
)

sin4 (
D + c

2
)
+ cos4 (

D + c
2
) dD 1M

=

∫ c
2

0

cos4 G

sin4 G + cos4 G
dG 1

16



(ii)
∫ c

0

sin4 G

sin4 G + cos4 G
dG

=

∫ c
2

0

sin4 G

sin4 G + cos4 G
dG +

∫ c

c
2

sin4 G

sin4 G + cos4 G
dG 1M

=

∫ c
2

0

sin4 G

sin4 G + cos4 G
dG +

∫ c
2

0

cos4 G

sin4 G + cos4 G
dG 1M

=

∫ c
2

0
dG 1M

=

[
G

] c
2

0

=
c

2
1A

(b) Let D = _ − G. Then dD = − dG. 1M∫ _

0
G 5 (G) dG = −

∫ 0

_

(_ − D) 5 (_ − D) dD

=

∫ _

0
(_ − D) 5 (D) dD 1M

= _

∫ _

0
5 (G) dG −

∫ _

0
G 5 (G) dG

=
_

2

∫ _

0
5 (G) dG 1

(c) Put 5 (G) = 4 sin2 G − sin2 2G
sin4 G + cos4 G

.

We have 5 (c − G) = 4 sin2(c − G) − sin2(2c − 2G)
sin4(c − G) + cos4(c − G)

=
4 sin2 G − sin2 2G
sin4 G + cos4 G

= 5 (G).∫ c

0

4G sin2 G − G sin2 2G
sin4 G + cos4 G

dG =
∫ c

0
G

(
4 sin2 G − sin2 2G
sin4 G + cos4 G

)
dG

=
c

2

∫ c

0

4 sin2 G − sin2 2G
sin4 G + cos4 G

dG 1M

=
c

2

∫ c

0

4 sin2 G − (2 sin G cos G)2

sin4 G + cos4 G
dG 1M

=
c

2

∫ c

0

4 sin2 G(1 − cos2 G)
sin4 G + cos4 G

dG

= 2c
∫ c

0

sin4 G

sin4 G + cos4 G
dG

= 2c
(c
2

)
1M

= c2 1A

17



17. (a) Let C = c − G. Then dC = − dG. 1M∫ c

0
G 5 (sin G) dG = −

∫ 0

c

(c − C) 5 [sin(c − C)] dC

=

∫ c

0
(c − C) 5 (sin C) dC 1M

= c

∫ c

0
5 (sin G) dG −

∫ c

0
G 5 (sin G) dG

=
c

2

∫ c

0
5 (sin G) dG 1

(b) Let D = c − G. Then dD = − dG. 1M∫ c

0
G 5 (sin G) dG = c

2

∫ c

0
5 (sin G) dG

=
c

2

[∫ c
2

0
5 (sin G) dG +

∫ c

c
2

5 (sin G) dG
]

1M

=
c

2

∫ c
2

0
5 (sin G) dG − c

2

∫ 0

c
2

5 [sin(c − D)] dD

=
c

2

∫ c
2

0
5 (sin G) dG + c

2

∫ c
2

0
5 (sin G) dG 1M

= c

∫ c

0
5 (sin G) dG 1

(c) Note that
sin G

1 + cos2 G
=

sin G
1 + (1 − sin2 G)

=
sin G

2 − sin2 G
.

Put 5 (sin G) = sin G
2 − sin2 G

.∫ c

0

G sin G
1 + cos2 G

dG = c
∫ c

2

0

sin G
1 + cos2 G

dG 1M

Let D = cos G. Then dD = − sin G dG. 1M∫ c

0

G sin G
1 + cos2 G

dG = −c
∫ 0

1

dD
1 + D2

= c

∫ 1

0

dD
1 + D2

Let D = tan \. Then dD = sec2 \ d\. 1M∫ c

0

G sin G
1 + cos2 G

dG = c
∫ c

4

0

sec2 \

1 + tan2 \
d\

= c

∫ c
4

0
d\

= c

[
\

] c
4

0

=
c2

4
1A

(d) Put 5 (G) = G

2 − G2 . 1M

18



Since 5 (−G) = −G
2 − (−G)2

=
−G

2 − G2 = − 5 (G), 5 (G) is an odd function.

Note that (−G) 5 (sin(−G)) = −G(− 5 (sin G)) = G 5 (sin G) = G sin G
1 + cos2 G

.∫ c

−c
G 5 (sin G) dG = 2

∫ c

0
G 5 (sin G) dG

= 2
(
c2

4

)
=
c2

2
≠ 0

The claim is disagreed. 1A

18. (a) Let D = c − G. Then dD = − dG. 1M∫ c

0
G 5 (sin G) dG = −

∫ 0

c

(c − D) 5 (sin(c − D)) dD

=

∫ c

0
(c − D) 5 (sin D) dD 1M

= c

∫ c

0
5 (sin D) dD −

∫ c

0
D 5 (sin D) dD

= c

∫ c

0
5 (sin G) dG −

∫ c

0
G 5 (sin G) dG

2
∫ c

0
G 5 (sin G) dG = c

∫ c

0
5 (sin G) dG∫ c

0
G 5 (sin G) dG = c

2

∫ c

0
5 (sin G) dG 1

(b) (i) Let E = −G. Then dE = − dG. 1M∫ 0

−c

6(G)
1 + 4G dG = −

∫ 0

c

6(−E)
1 + 4−E dE

=

∫ c

0

4E6(E)
4E (1 + 4−E ) dE

=

∫ c

0

4E6(E)
1 + 4E dE

=

∫ c

0

4G6(G)
1 + 4G dG 1

(ii)
∫ c

−c

6(G)
1 + 4G dG =

∫ 0

−c

6(G)
1 + 4G dG +

∫ c

0

6(G)
1 + 4G dG

=

∫ c

0

4G6(G)
1 + 4G dG +

∫ c

0

6(G)
1 + 4G dG

=

∫ c

0

(1 + 4G)6(G)
1 + 4G dG

=

∫ c

0
6(G) dG 1

19



(c) Put 6(G) =
√

2 + cos G
√

2 + cos G +
√

2 − cos G
.

6(−G) =
√

2 + cos(−G)√
2 + cos(−G) +

√
2 − cos(−G)

=

√
2 + cos G

√
2 + cos G +

√
2 − cos G

= 6(G) 1M

6(G) is a continuous even function on [−c, c].∫ c

−c

√
2 + cos G

(1 + 4G) (
√

2 + cos G +
√

2 − cos G)
dG

=

∫ c

0
6(G) dG

=

[
G6(G)

] c
0
−

∫ c

0
G6′(G) dG 1M

6′(G) =
− sin G

2
√

2+cos G
(
√

2 + cos G +
√

2 − cos G) − (
√

2 + cos G)
(
− sin G

2
√

2+cos G
+ sin G

2
√

2−cos G

)
(
√

2 + cos G +
√

2 − cos G)2
1M

=
− sin G

2
√

3 + sin2 G + (3 + sin2 G)
1A

Take 5 (G) = −G
2
√

3 + G2 + 3 + G2
such that it is continuous on [0, 1] and 6′(G) = 5 (sin G).∫ c

−c

√
2 + cos G

(1 + 4G) (
√

2 + cos G +
√

2 − cos G)
dG

=

[
G6(G)

] c
0
−

∫ c

0
G 5 (sin G) dG

= c6(c) − c
2

∫ c

0
5 (sin G) dG 1M

= c6(c) − c
2

∫ c

0
6′(G) dG

= c6(c) − c
2

[
6(G)

] c
0

=
c

2

( √
2 − 1

√
2 − 1 +

√
2 − 1

+
√

2 + 1
√

2 + 1 +
√

2 − 1

)
=
c

2
1A

19. (a) Let D = : − G. Then dD = − dG. 1M∫ :

0
G 5 (G) dG = −

∫ 0

:

(: − D) 5 (c − D) dD

=

∫ :

0
(: − D) 5 (D) dD

=

∫ :

0
(: − G) 5 (G) dG 1

20



Put : = c.∫ c

0
G 5 (G) dG =

∫ c

0
(c − G) 5 (G) dG

=
1
2

[∫ c

0
(c − G) 5 (G) dG +

∫ c

0
G 5 (G) dG

]
1M

=
c

2

∫ c

0
5 (G) dG 1

(b) Let D = cos G. Then dD = − sin G dG. 1M∫ c

0

sin G
1 + cos2 G

dG = −
∫ −1

1

dD
1 + D2 1A

=

∫ 1

−1

dD
1 + D2

Let D = tan \. Then dD = sec2 \ d\. 1M∫ c

0

sin G
1 + cos2 G

dG =
∫ c

4

− c
4

sec2 \

1 + tan2 \
d\ 1A

=

∫ c
4

− c
4

d\

=

[
\

] c
4

− c
4

=
c

2
1A

(c)
cos

(
c
6 − G

)
− cos

(
c
6 + G

)
3 + cos 2G

=
−2 sin c

6 sin(−G)
3 + (2 cos2 G − 1)

1M

=
1
2
· sin G

1 + cos2 G

Put 5 (G) = sin G
1 + cos2 G

. 1M

Then 5 (c − G) sin(c − G)
1 + cos2(c − G)

=
sin G

1 + cos2 G
= 5 (G).∫ c

0

G
[
cos

(
c
6 − G

)
− cos

(
c
6 + G

) ]
3 + cos 2G

dG

=
1
2

∫ c

0

G sin G
1 + cos2 G

dG

=
1
2
· c

2

∫ c

0

sin G
1 + cos2 G

dG

=
c

4
· c

2

=
c2

8
1A
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20. (a) Let D = c − G. Then dD = − dG. 1M∫ c

0
5 (c − G) dG = −

∫ 0

c

5 (D) dD

=

∫ c

0
5 (D) dD 1M

=

∫ c

0
5 (G) dG 1

(b)
∫ c

0

G sin G
1 + cos2 G

dG =
∫ c

0

(c − G) sin(c − G)
1 + cos2(c − G)

dG 1M

=

∫ c

0

(c − G) sin G
1 + cos2 G

dG

=
1
2

[∫ c

0

G sin G
1 + cos2 G

dG +
∫ c

0

(c − G) sin G
1 + cos2 G

dG
]

1M

=
c

2

∫ c

0

sin G
1 + cos2 G

dG 1A

(c) (i) Let G = tan \. Then dG = sec2 \ d\. 1M∫
1

1 + G2 dG =
∫

sec2 \

1 + tan2 \
d\

=

∫
d\

= \ + constant

= tan−1 G + constant 1A

(ii)
∫ c

0

(G + cos5 G) sin G
1 + cos2 G

dG

=

∫ c

0

G sin G
1 + cos2 G

dG +
∫ c

0

cos5 G

1 + cos2 G
dG

=
c

2

∫ c

0

sin G
1 + cos2 G

dG +
∫ c

0

cos5 G sin G
1 + cos2 G

dG 1M

Since
cos5(−G) sin(−G)

1 + cos2(−G)
=
− cos5 G sin G

1 + cos2 G
, it is an odd function.

Let D = cos G. Then dD = − sin G dG. 1M∫ c

0

(G + cos5 G) sin G
1 + cos2 G

dG

= −c
2

∫ −1

1

dD
1 + D2 + 0 1M

=
c

2

∫ 1

−1

dD
1 + D2

=
c

2

[
tan−1 G

]1

−1
1M

=
c2

4
1A
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21. (a)
∫ c

0
cos4 G dG

=

∫ c

0

(
1 + cos 2G

2

)2
dG 1M

=

∫ c

0

(
1
4
+ cos 2G

2
+ cos2 2G

8

)
dG

=

∫ c

0

(
1
4
+ cos 2G

2
+ 1 + cos 4G

16

)
dG 1M

=

[
3G
8
+ sin 2G

4
+ sin 4G

32

] c
0

=
3c
8

1A

(b) Let D = : − G. Then dD = − dG. 1M∫ :

0
5 (G)6(G) dG = −

∫ 0

:

5 (: − D)6(: − D) dD

=

∫ :

0
5 (D)6(: − D) dD

=

∫ :

0
5 (G)6(: − G) dG

=
1
2

[∫ :

0
5 (G)6(G) dG +

∫ :

0
5 (G)6(: − G) dG

]
1M

=
1
2

∫ :

0
5 (G) [6(G) + 6(: − G)] dG

=
0

2

∫ :

0
5 (G) dG 1

(c) (i) Put 5 (G) = cos4 G and 6(G) = 1
1 + 4sin G

. 1M

5 (2c − G) = cos4(2c − G) = cos4 G = 5 (G)
6(G) + 6(2c − G) = 1

1 + 4sin G
+ 1

1 + 4sin(2c−G)

=
1

1 + 4sin G
+ 1

1 + 4− sin G
× 4

sin G

4sin G

=
1

1 + 4sin G
+ 4sin G

1 + 4sin G

= 1 1M

23



Let D = 2c − G. Then dD = − dG.∫ 2c

0

cos4 G

1 + 4sin G
dG =

1
2

∫ 2c

0
cos4 G dG 1M

=
1
2

(∫ c

0
cos4 G dG +

∫ 2c

c

cos4 G dG
)

=
1
2

∫ c

0
cos4 G dG − 1

2

∫ 0

c

cos4(2c − D) dD

=
1
2

∫ c

0
cos4 G dG + 1

2

∫ c

0
cos4 D dD

=
1
2

(
3c
8

)
+ 1

2

(
3c
8

)
=

3c
8

1A

(ii)
∫ 2c

0

4sin G cos4 G

1 + 4sin G
dG =

∫ 2c

0

[
(1 + 4sin G) cos4 G

1 + 4sin G
− cos4 G

1 + 4sin G

]
dG

=

∫ 2c

0
cos4 G dG −

∫ 2c

0

cos4 G

1 + 4sin G
dG 1M

= 2
(
3c
8

)
− 3c

8

=
3c
8

1A

22. (a)
2

3 cos 2G + 5
=

2
3(cos2 G − 1) + 5

=
2

6 cos2 G + 2

=
sec2 G

3 + sec2 G
1

(b) Let D = tan G. Then dD = sec2 G dG. 1M∫ c
4

0

2
3 cos 2G + 5

dG =
∫ c

4

0

sec2 G

3 + sec2 G
dG

=

∫ 1

0

1
4 + D2 dD

Let D = 2 tan \. Then dD = 2 sec2 \ d\. 1M∫ c
4

0

2
3 cos 2G + 5

dG =
∫ tan−1 1

2

0

2 sec2 \

4 + 4 tan2 \
d\

=
1
2

[
\

] tan−1 1
2

0

=
1
2

tan−1 1
2

1A
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(c) Let D = −G. Then dD = − dG. 1M∫ U

−U
5 (G) ln(4G + 1) dG =

∫ 0

−U
5 (G) ln(4G + 1) dG +

∫ U

0
5 (G) ln(4G + 1) dG 1M

= −
∫ 0

U

5 (−D) ln(4−D + 1) dD +
∫ U

0
5 (G) ln(4G + 1) dG

= −
∫ U

0
5 (G) ln

(
1 + 4G
4G

)
dG +

∫ U

0
5 (G) ln(4G + 1) dG

= −
∫ U

0
5 (G) ln(1 + 4G) dG +

∫ U

0
5 (G) ln 4G dG +

∫ U

0
5 (G) ln(4G + 1) dG

=

∫ U

0
G 5 (G) dG 1

(d) Put 5 (G) = 6 sin 2G
(3 cos 2G + 5)2

. 1M

Then 5 (−G) = 6 sin(−2G)
(3 cos(−2G) + 5)2

=
−6 sin 2G

(3 cos 2G + 5)2
= − 5 (G).

Note that
d
dG

(
2

3 cos 2G + 5

)
=

6 sin 2G
(3 cos 2G + 5)2

.∫ c
4

− c
4

6 sin 2G
(3 cos 2G + 5)2

ln(4G + 1) dG

=

∫ c
4

0

6G sin 2G
(3 cos 2G + 5)2

dG 1M

=

[
G

3 cos 2G + 5

] c
4

0
−

∫ c
4

0

1
3 cos 2G + 5

dG 1M

=

c
4

3(0) + 5
− 1

2

(
1
2

tan−1 1
2

)
1M

=
c

20
− 1

4
tan−1 1

2
1A

23. (a) (i)
1

1 + 2 sin2 G
=

1
1 + 2(1 − cos2 G)

÷ cos2 G

cos2 G

=
sec2 G

3 sec2 G − 2
1

(ii) Let D = tan G. Then dD = sec2 G dG. 1M∫ c
4

0

1
1 + 2 sin2 G

dG =
∫ c

4

0

sec2 G

3 sec2 G − 2
dG

=

∫ 1

0

dD
3(D2 + 1) − 2

=

∫ 1

0

dD
1 + 3D2

25



Let
√

3D = tan \. Then
√

3 dD = sec2 \ d\. 1M∫ c
4

0

1
1 + 2 sin2 G

dG =
√

3
3

∫ c
3

0

sec2 \

1 + tan2 \
d\

=

√
3

3

[
\

] c
3

0

=

√
3c
9

1A

(b) Let D = −G. Then dD = − dG. 1M∫ <

−<
6(G)ℎ(G) dG =

∫ 0

−<
6(G)ℎ(G) dG +

∫ <

0
6(G)ℎ(G) dG 1M

= −
∫ 0

<

6(−D)ℎ(−D) dD +
∫ <

0
6(G)ℎ(G) dG

= −
∫ <

0
6(−D)ℎ(D) dD +

∫ <

0
6(G)ℎ(G) dG

= −
∫ <

0
6(−G)ℎ(G) dG +

∫ <

0
6(G)ℎ(G) dG

=

∫ <

0
[6(G) − 6(−G)]ℎ(G) dG 1M

=

∫ <

0
Gℎ(G) dG 1

(c) Put 6(G) = ln(4G + 1) and ℎ(G) = sin 2G
(1 + 2 sin2 G)2

. 1M

ℎ(−G) = sin(−2G)
(1 + 2 sin2(−2G))2

=
− sin 2G

(1 + 2 sin2 2G)2
= −ℎ(G).

6(G) − 6(−G) = ln(4G + 1) − ln(4−G + 1)

= ln(4G + 1) − ln
(
1 + 4G
4G

)
= ln 4G

= G∫ c
4

− c
4

ln(4G + 1) sin 2G
(1 + 2 sin2 G)2

dG

=

∫ c
4

0

G sin 2G
(1 + 2 sin2 G)2

dG 1M

=

[
−G

2(1 + sin2 G)

] c
4

0
+

∫ c
4

0

1
2(1 + 2 sin2 G)

dG 1M

=
− c

4

2
(
1 + 2 sin2 c

4

) + 1
2

(√
3c
9

)
1M

=
(8
√

3 − 9)c
144

1A
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24. (a) Let G = sin \. Then dG = cos \ d\. 1M∫ 1

0
G2

√
1 − G2 dG =

∫ c
2

0
sin2 \

√
1 − sin2 G cos \ d\

=

∫ c
2

0
sin2 \ cos2 \ d\

=
1
4

∫ c
2

0
sin2 2\ d\ 1M

=
1
8

∫ c
2

0
(1 − cos 4\) d\ 1M

=
1
8

[
\ − sin 4\

4

] c
2

0

=
c

16
1A

(b) (i) Let D = : − G. Then dD = − dG. 1M∫ :

0
5 (G)6(G) dG = −

∫ 0

:

5 (: − D)6(: − D) dD

=

∫ :

0
5 (D)6(: − D) dD

=

∫ :

0
5 (G)6(: − G) dG 1

(ii)
∫ :

0
5 (G)6(G) dG = 1

2

[∫ :

0
5 (G)6(G) dG +

∫ :

0
5 (G)6(: − G) dG

]
1M

=
1
2

∫ :

0
5 (G) [6(G) + 6(: − G)] dG

=
0

2

∫ :

0
5 (G) dG 1

(c) Put 5 (G) = sin2 G cos2 G and 6(G) = 1
1 + 4sin 8G . 1M

5

(c
2
− G

)
= sin2

(c
2
− G

)
cos2

(c
2
− G

)
= cos2 G sin2 G = 5 (G)

6(G) + 6
(c
2
− G

)
=

1
1 + 4sin 8G +

1
1 + 4sin(4c−8G)

=
1

1 + 4sin G
+ 1

1 + 4− sin 8G ·
4sin 8G

4sin 8G

= 1∫ c
2

0

sin2 G cos2 G

1 + 4sin 8G dG =
1
2

∫ c
2

0
sin2 G cos2 G dG 1M

=
1
2

( c
16

)
1M

=
c

32
1A

25. (a) Let D = 0 − G. Then dD = − dG. 1M
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When G = 0, D = 0; when G = 0, D = 0.∫ 0

0
5 (G) dG = −

∫ 0

0

5 (0 − D) dD

=

∫ 0

0
5 (0 − D) dD 1M

=

∫ 0

0
5 (0 − G) dG 1

(b) ln(1 + tan G) is a continuous function on
[
0,
c

4

]
. By (a),∫ c

4

0
ln(1 + tan G) dG =

∫ c
4

0
ln

[
1 + tan

(c
4
− G

)]
dG 1M

=

∫ c
4

0
ln

(
1 + 1 − tan G

1 + tan G

)
dG 1M

=

∫ c
4

0
ln

(
2

1 + tan G

)
dG 1

(c) By (b), ∫ c
4

0
ln(1 + tan G) dG =

∫ c
4

0
ln 2 dG −

∫ c
4

0
ln(1 + tan G) dG 1M

2
∫ c

4

0
ln(1 + tan G) dG =

∫ c
4

0
ln 2 dG 1M∫ c

4

0
ln(1 + tan G) dG = ln 2

2

[
G

] c
4

0

=
c ln 2

8
1

(d)
∫ c

4

0

G sec2 G

1 + tan G
dG =

[
G ln(1 + tan G)

] c
4

0
−

∫ 4

0
ln(1 + tan G) dG 1M

=

(
c ln 2

4
− 0

)
− c ln 2

8
1M

=
c ln 2

8
1A

26. (a) G2 + 2G + 3 = (G + 1)2 + 2.
Let G + 1 =

√
2 tan \. dG =

√
2 sec2 \ d\.

28



When G = 0, \ = tan−1
√

2
2

; when G = 1, \ = tan−1 √2.∫ 1

0

1
G2 + 2G + 3

dG =
∫ 1

0

1
(G + 1)2 + 2

dG 1M

=

∫ tan−1 √2

tan−1
√

2
2

√
2 sec2 \

2 sec2 \
d\

=

√
2

2

[
\

] tan−1 √2

tan−1
√

2
2

1M

=

√
2

2

[
tan−1 √2 − tan−1

√
2

2

]
=

√
2

2
tan−1

(√
2

4

)
1A

(b) (i)
2 tan \

1 + tan2 \
=

2 tan \ cos2 \

sec2 \ cos2 \

=
2 sin \ cos \

1
= sin 2\ 1

1 − tan2 \

1 + tan2 \
=
(1 − tan2 \) cos2 \

sec2 \ cos2 \

= cos2 \ − sin2 \

= cos 2\ 1

(ii) Let C = tan \. Then dC = sec2 \ d\ = (1 + tan2 \) d\ 1M∫ c
4

0

1
sin 2\ + cos 2\ + 2

d\

=

∫ c
4

0

1 + tan2 \

2 tan \ + (1 − tan2 \) + 2(1 + tan2 \)
d\ 1M

=

∫ 1

0

1
C2 + 2C + 3

dC

=

√
2

2
tan−1

(√
2

4

)
1M

29



(c) Let H =
c

4
− \. Then, we have dH = − d\. 1M∫ c

4

0

sin 2\ + 1
sin 2\ + cos 2\ + 2

d\ = −
∫ 0

c
4

sin
(
c
2 − 2H

)
+ 1

sin
(
c
2 − 2H

)
+ cos

(
c
2 − 2H

)
+ 2

dH

=

∫ c
4

0

cos 2H + 1
sin 2H + cos 2H + 2

dH

=

∫ c
4

0

cos 2\ + 1
sin 2\ + cos 2\ + 2

d\ 1

(d)
∫ c

4

0

8 sin 2\ + 9
sin 2\ + cos 2\ + 2

d\

= 8
∫ c

4

0

sin 2\ + 1
sin 2\ + cos 2\ + 2

d\ +
∫ c

4

0

1
sin 2\ + cos 2\ + 2

d\

= 4
∫ c

4

0

sin 2\ + 1
sin 2\ + cos 2\ + 2

d\ + 4
∫ c

4

0

cos 2\ + 1
sin 2\ + cos 2\ + 2

d\

+
∫ c

4

0

1
sin 2\ + cos 2\ + 2

d\ 1M

= 4
∫ c

4

0
d\ +

∫ c
4

0

1
sin 2\ + cos 2\ + 2

d\ 1M

= 4
(c
4
− 0

)
+
√

2
2

tan−1

(√
2

4

)
= c +

√
2

2
tan−1

(√
2

4

)
1M

27. (a)
1

2 + cos 2G
=

1
2 + (2 cos2 G − 1)

× sec2 G

sec2 G

=
sec2 G

2 + sec2 G
1

(b)
∫ c

4

0

1
2 + cos 2G

dG =
∫ c

4

0

sec2 G

2 + sec2 G
dG 1M

=

∫ c
4

0

sec2 G

tan2 G + 3
dG

Let tan G =
√

3 tan D. Then sec2 G dG =
√

3 sec2 D dD. 1M
When G = 0, D = 0; when G =

c

4
, D =

c

6
.∫ c

4

0

1
2 + cos 2G

dG =
√

3
∫ c

6

0

sec2 D

3 sec2 D
dD

=
√

3
[
D

3

] c
6

0

=

√
3c

18
1A
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(c) Let D = −G. Then dD = − dG.∫ 0

−0
5 (G) ln(1 + 4G) dG =

∫ 0

−0
5 (G) ln(1 + 4G) dG +

∫ 0

0
5 (G) ln(1 + 4G) dG 1M

= −
∫ 0

0

5 (−D) ln(1 + 4−D) dD +
∫ 0

0
5 (G) ln(1 + 4G) dG 1M

= −
∫ 0

0
5 (D) ln[4−D (4D + 1)] dD +

∫ 0

0
5 (G) ln(1 + 4G) dG 1M

=

∫ 0

0
5 (G) ln 1 + 4G

4−G (4G + 1) dG

=

∫ 0

0
G 5 (G) dG 1

(d) Let 5 (G) = sin 2G
(2 + cos 2G)2

.

5 (−G) = sin(−2G)
(2 + cos(−2G))2

= − sin 2G
(2 + cos 2G)2

= − 5 (G). 1M∫ c
4

− c
4

sin 2G
(2 + cos 2G)2

ln(1 + 4G) dG =
∫ c

4

0

G sin 2G
(2 + cos 2G)2

dG 1M

=

[
G

2(2 + cos 2G)

] c
4

0
− 1

2

∫ c
4

0

1
2 + cos 2G

dG 1M

=
c

16
− 1

2
×
√

3c
18

1M

=
c

16
−
√

3c
36

1A

28. (a)
∫

6(G) dG = cos2 G · sin 2G
2
− 1

2

∫
2 cos G(− sin G) sin 2G dG 1M

=
sin 2G cos2 G

2
+ 1

2

∫
sin2 2G dG 1

(b)
∫ c

0
6(G) dG =

[
sin 2G cos2 G

2

] c
0
+ 1

2

∫ c

0
sin2 2G dG

= 0 + 1
4

∫ c

0
(1 − cos 4G) dG 1M

=
1
4

[
G − sin 4G

4

] c
0

=
c

4
1A

(c) Let D = c − G. Then dD = − dG.

31



6(c − D) = cos2(c − D) cos(2c − 2D) = cos2 D cos 2D = 6(D).∫ c

0
G6(G) dG = −

∫ 0

c

(c − D)6(c − D) dD 1M

=

∫ c

0
(c − D)6(D) dD 1M

= c

∫ c

0
6(G) dG −

∫ c

0
G6(G) dG

2
∫ c

0
G6(G) dG = c

∫ c

0
6(G) dG 1M∫ c

0
G6(G) dG = c

2
· c

4

=
c2

8
1A

(d) (−G)6(−G) = −G cos2(−G) cos(−2G) = −G cos2 G cos 2G = −G6(G)
Thus, G6(G) is an odd function. 1M∫ c

−c
G6(G) dG =

∫ c

−c
G6(G) dG +

∫ 2c

c

G6(G) dG

= 0 +
∫ 2c

c

G6(G) dG 1M

Let D = G − c. Then dD = dG.∫ 2c

−c
G6(G) dG =

∫ c

0
(D + c) cos2(D + c) cos(2D + 2c) dD 1M

=

∫ c

0
(D + c)6(D) dD

=

∫ c

0
G6(G) dG + c

∫ c

0
6(G) dG

=
c2

8
+ c · c

4

=
3c2

8
1A

29. (a)
∫ 1

0
G240G dG =

[
G240G

0

]1

0
− 2
0

∫ 1

0
G40G dG 1M

=
40

0
−
[
2G40G

02

]1

0
+ 2
02

∫ 1

0
40G dG 1M

=
40

0
− 240

02 +
2
03

[
40G

]1

0

=
(02 − 20 + 2)40 − 2

03 1
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(b) Let D = ln(1 + G). Then dD =
1

1 + G dG. 1M∫ 4−1

0
G(ln(1 + G))2 dG =

∫ 4−1

0

G(1 + G)
1 + G (ln(1 + G))

2 dG

=

∫ 1

0
(4D − 1)4D · D2 dD 1M

=

∫ 1

0
D242D dD −

∫ 1

0
D24D dD

=
[(2)2 − 2(2) + 2]42 − 2

23 − (1 − 2 + 2)4 − 2
13 1M

=
42 − 44 + 7

4
1A

(c) Let D = (4 − 1) cos G. Then dD = (1 − 4) sin G dG. 1M∫ c
2

0
(ln(1 + (4 − 1) cos G))2 sin 2G dG

=

∫ c
2

0
(ln(1 + (4 − 1) cos G))2 · 2 sin G cos G dG

=

∫ 0

4−1
(ln(1 + D))2 · 2

1 − 4 ·
D

4 − 1
dD 1M

=
2

(4 − 1)2

∫ 4−1

0
D (ln(1 + D))2 dD

=
42 − 44 + 7
2(4 − 1)2

1M

(d) Let D = G − c
2

. Then dD = dG. 1M∫ c

c
2

(ln(1 + (4 − 1) sin G))2 sin 2G dG

=

∫ c
2

0

[
ln

(
1 + (4 − 1) sin

(c
2
+ D

))]2
sin(c + 2D) dD 1M

= −
∫ c

2

0
(ln(1 + (4 − 1) cos D))2 sin 2D dD

= −4
2 − 44 + 7
2(4 − 1)2

1M

30. (a) (i) Let D = −G. Then dD = − dG. 1M
When G = −1, D = 1; when G = 0, D = 0.∫ 0

−1
5 (G) dG = −

∫ 0

1
5 (−D) dD

=

∫ 1

0
5 (−D) dD 1M

=

∫ 1

0
5 (−G) dG 1

33



(ii) If 5 (G) is an odd function, then 5 (−G) = − 5 (G) and∫ 1

−1
5 (G) dG =

∫ 0

−1
5 (G) dG +

∫ 1

0
5 (G) dG

=

∫ 1

0
− 5 (G) dG +

∫ 1

0
5 (G) dG 1M

= 0 1

(b) (i) ℎ(−G) = 6(−G) − 1
2

= 1 − 6(G) − 1
2

1M

= −6(G) + 1
2

= −ℎ(G)
Thus, ℎ(G) is an odd function on R.

(ii)
∫ 1

−1
G26(G) dG =

∫ 1

−1
G2

[
ℎ(G) + 1

2

]
dG 1M

=

∫ 1

−1
G2ℎ(G) dG + 1

2

∫ 1

−1
G2 dG

= 0 + 1
2

[
G3

3

]1

−1
1M

=
1
3

1

(c) Let 6(G) = 1
1 + 4sin G

. Then 6(G) is a function with derivatives of any order on R.

6(−G) + 6(G) = 1
4− sin G

+ 1
1 + 4sin G

=
4sin G

1 + 4sin G
+ 1

1 + 4sin G
= 1 1M

Thus,
∫ 1

−1

G2

1 + 4sin G
dG =

1
3

. 1A

31. (a) (i) Let D = 0 − G. Then dD − dG. 1M
When G = 0, D = 0; when G = 0, D = 0.∫ 0

0
ln cos(0 − G) dG = −

∫ 0

0

ln cos D dD

=

∫ 0

0
ln cos D dD 1M

=

∫ 0

0
ln cos G dG 1

(ii) By (a),

0 =

∫ 0

0
ln cos(0 − G) dG −

∫ 0

0
ln cos G dG 1M

=

∫ 0

0
[ln cos(0 − G) − ln cos G] dG

=

∫ 0

0
ln

cos 0 cos G + sin 0 sin G
cos G

dG 1M

=

∫ 0

0
ln(cos 0 + sin 0 tan G) dG 1
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(b) (i) Let G = tan \. Then dG = sec2 \ d\. 1M∫ 1

0

tan−1 G

1 + G dG =
∫ c

4

0

\

1 + tan \
· sec2 \ d\

=

[
\ ln(1 + tan \)

] c
4

0
−

∫ c
4

0
ln(1 + tan \) d\ 1M+1M

=
c

4
ln 2 −

∫ c
4

0
ln(1 + tan \) d\ 1

(ii) Put 0 =
c

4
such that 0 < 0 <

c

2
,∫ 1

0

tan−1 G

1 + G dG =
c

4
ln 2 −

∫ c
4

0
ln(1 + tan \) d\

=
c

4
ln 2 −

∫ c
4

0

[
ln

(
1
√

2
+ 1
√

2
tan \

)
+ 1

2
ln 2

]
d\ 1M

=
c

4
ln 2 −

∫ c
4

0
ln

(
cos

c

4
+ sin

c

4
tan \

)
d\ − 1

2
ln 2

[
\

] c
4

0
1M

=
c

8
ln 2 1A

32. (a) (i)
(
sin

G

2
+ cos

G

2

)2
= sin2 G

2
+ 2 sin

G

2
cos

G

2
+ cos2 G

2
= 1 + sin G 1

(ii)
∫ c

2

0

dG
1 + sin G

=

∫ c
2

0

dG(
sin G

2 + cos G
2
)2

=

∫ c
2

0

sec2 G
2(

tan G
2 + 1

)2 dG

Let D = tan
G

2
+ 1. Then dD =

1
2

sec2 G

2
dG. 1M

When G = 0, D = 1; when G =
c

2
, D = 2.∫ c

2

0

dG
1 + sin G

= 2
∫ 2

1

dD
D2

= 2
[
− 1
D

]2

1

= 1 1A

(iii)
∫ c

2

0

sin G
1 + sin G

dG =
∫ c

2

0

(
1 − 1

1 + sin G

)
dG 1M

=

[
G

] c
2

0
− 1

=
c

2
− 1 1A

(b)
∫ c

0
5 (G) dG =

∫ c
2

0
5 (G) dG +

∫ c

c
2

5 (G) dG.

Let D = c − G. Then dD = − dG. 1M
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When G =
c

2
, D =

c

2
; when G = c, D = 0.∫ c

0
5 (G) dG =

∫ c
2

0
5 (G) dG −

∫ 0

c
2

5 (c − D) dD

=

∫ c
2

0
5 (G) dG +

∫ c
2

0
5 (D) dD 1M

= 2
∫ c

2

0
5 (G) dG 1

(c) Let D = c − G. Then dD = − dG.
When G = 0, D = c; when G = c, D = 0.∫ c

0
6(G) ln(1 + 4cos G) dG = −

∫ 0

c

6(c − D) ln
(
1 + 4cos(c−D)

)
dD

= −
∫ c

0
6(D) ln(1 + 4− cosD) dD

= −
∫ c

0
6(D) [ln(4cosD + 1) − ln 4cosD] dD 1M

2
∫ c

0
6(G) ln(1 + 4cos G) dG =

∫ c

0
6(G) cos G dG 1M∫ c

0
6(G) ln(1 + 4cos G) dG = 1

2

∫ c

0
6(G) cos G dG 1

(d) Let 6(G) = cos G
(1 + sin G)2

.

Then 6(G) is continuous on [0, c]
6(c − G) = cos(c − G)

(1 + sin(c − G))2
= − cos G
(1 + sin G)2

= −6(G).
By (c),∫ c

0

cos G ln(1 + 4cos G)
(1 + sin G)2

dG =
1
2

∫ c

0

cos2 G

(1 + sin G)2
dG 1M

=
1
2

∫ c

0

1 − sin2 G

(1 + sin G)2
dG

=
1
2

∫ c

0

1 − sin G
1 + sin G

dG 1M

Let 5 (G) = 1 − sin G
1 + sin G

. So, 5 (c − G) = 1 − sin(c − G)
1 + sin(c − G) =

1 − sin G
1 + sin G

= 5 (G).∫ c

0

cos G ln(1 + 4cos G)
(1 + sin G)2

dG =
∫ c

2

0

1
1 + sin G

dG −
∫ c

2

0

sin G
1 + sin G

dG 1M

= 1 −
(c
2
− 1

)
= 2 − c

2
1A

END OF PAPER


