(a) y=V24 - x?

1
% = 5 (24~ X372 (=2x) M
S
V24 — x2
dyf o B3V2
Wlhesvi  h - avay
=-V3
The equation of L is
y-V6 _ .5 M
x—3V2
y= —V3x +4vV6 1A
2 2
®) ) (3\/k - x2) - (—\/§x + 4«/8) M

9(k —x2) = 3x% - 24V2x + 96

0 = 12x% — 24V2x + (96 — 9k)
L is a tangent to Cj.

(24V2)? — 4(12)(96 - 9k) = 0
432k — 3456 = 0
k=8
Put k = 8.

0 =12x% = 24V2x + 24
0=12(x — V2)?
x=V2

L is the tangent to C at x = V2. 1
(i) (3V8-x2)? = (V24 - 22) IM
9(8 —x%) =24 —x*
x> =6
x=V6 or-vV6 (rejected)
Required coordinates are (\/6, 3\5) 1A

(iii) Required area

:‘/2\/6(—\/§x+4\/8—3\/W)dx+/

V6

3V2 V6 3V2
:/ (—\/§x+4\/6)dx—3/ V8 — x2dx — . V24 — x2dx
2 2 6

3V2
(~V3x+4V6 - V24 - 22) ax IM+1A



2.

V6
Consider / V8 —x2dx. Letx = V8 sin 6. Then dx = V8 cos § dé.
2

v 3
/ V8—x2dx:/3V8—8sin29-\/§cosed9
2 T

wly

:8/; cos” 6do

4
T

3
:4/ (1 +cos26)do
I

o
3

=410+

sin 26 ]

s
i

:—2+\/§+g

3V2
Consider \f V24 — x2 dx.
3

Letx = \/ﬁsinﬁ. Then dx = @cosﬁdﬂ.

V6

Required area

:[— Vax? +4Vex

2

3V2 3
24—x2dx:/ 24 — 24sin? B - V24 cos BdB
3

5 2
:24/ cos“ Bdp

6

= 12/3(1+cos2,8)d,8

o
3

B sin2f3
_12[ﬁ+ > ]

o
6

=2r

E\Fz—s(—2+\/§+g)—2n

=6+ 14V3-8V6-3n

(a) xz—x+1:(x—l

2 2

2
+_
4

1 1 1
Letx — 3 = Etane. Then dx = iseczgdé

/

dx

2 _ 1
X x+2

1 sec? 6
=§/12—1d9
Ztan 9+Z

= 20 + constant

= 2tan"!(2x — 1) + constant

M

IM

1A

M

M

1A



(b) Letu = A —x. Then du = —dx.

Pl 0
/ xf(x)dx=—/ (A—u)f(A—u)du IM
0 2
2
=/ (A=x)f(x)dx IM
0
Pl Pl
2/ xf(x)dx:/l/ f(x)dx
0 0
Pl 1A
/ xf(x)dxzz‘/ f(x)dx 1
0 0
% .
(c) Volume = x / i, IM+1A
0 sin”x +cos*x
sinx cos x
Let f(X) = 4—4
sin” x + cos
n sin (§ —x) cos (5 —x) cos x sinx
f(——X): 4 4 (7 = 4 . 4 :f(X).
2 sin (——x)+cos (5 —x) cos*x+sin*x
Volume = —/ sin.x cos x — dx 1M
sin® x + cos? x
Let u = sin” x. Then du = 2 sin x cos x dx.
Volume—ﬂ / du 1M
8 Jo u?+(1-u)?
B P ! du

16Jo u2-u+13
|

7T2 _1
=—|tan" 2u—1) M
8 0
3
T
_T 1A
16
(a) Letu = x*> — 2x +4. Then du = (2x — 2) dx. M
/1 x—1 dx:l 3d_l/t
0 x2—=2x+4 2Js u
1 3
== lnlul] 1A
2 4
1.3
=_InZ 1A
2%
b) (1) x>=2x+4=(x-1)2+3 1A



(1) Letx—-1= V3 tan 0. Then dx = V3 sec? 6 do.
/1 1 dx:/(’ 3sec’ 6 "
0 x2-2x+4 ~z 3tan?6 +3

T
3
0

d
\3r
T 18
A B(x-4) A -2x+4) - B(x+2)(x - 4)
x+2 x2-2x+4 (x+2)(x2=2x+4)
_(A- B)x?> +2(B — A)x + (4A + 8B)

(©) @

x3+8
Wehave A—B=0,B—A=0and 4A =8B = 12.

Solving, we have A =1 and B = 1.

0 1 2
(i) Required volume = & / ( ) dx
-1 \/8 _ x3

/0 dx
=r

-1 8—)63
Let u = —x. Then du = —dx.

du
u’ +8

n/‘ 1 u-4
= — — du
12 Jo \u+2 u?2-2u+4

1
Required volume = /
0

n U du g /1 u-—1
= — - — —du
12 Jo u+2 12\Jy u2-2u+4

‘a1, 3\ x(¥3m
0 12\2 4 4\ 18

_7T
T 12

B nln3 N \/§7r2
24 24

[ln|u+2|

(@) (1) cos* x sin? x = cos® x >
1 +cos2x) (sin® 2x
2 4

sin? 2x + cos 2x sin? 2x
8

9 i 2
5 5 ( s1nxcosx)

M

IM

1A

1A

M

IM

IM

M

1A

IM



(i) Letx = g — u. Then dx = —du.
0

/ sin4xcos2xdx=—/ sin* (z—u)cos2 (z—u) du
0 x 2 2

cos* usin® u du

Iy

N |

1l
By 3= 3= S~ S~

o
2

sin? 2u + cos 2u sin® 2u

2 u
3 1 >,
= / (1 = cos4u) du+—/ sin” 2u d(sin 2u)
0 16 Jo
B sin 4u %+ 1 [sin®2u]?
BT T T I P

(b) (1) Letx = k —u. Then dx = —du.

/f(x)dx / f(x)dx+/ £(x) dv
:‘/Ozf(x)dx—ﬂ Fk = u)du
:/ng(x)d“/ff(x)dx

k
:Z/Zf(x)dx
0
(i) Letx =k —w. Then dx = —dw.

k 0
/xf(x)dx=—/ (k=w)f(k—-w)dw
0

—k / Fow)dw - / o () dw

- /f(x)dx /xf(x)dx
2‘/kaf(x)dx:k/o f(x)dx

/kaf(x)dx= gfokﬂx)dx

=k/0§f(x)dx

(iii) Let f(x) = cos* x sin? x.

Then f (7 — x) = cos*(r — x) sin® (7 — x) = cos

T
Volume = 7 / x sin* x cos? x dx
0

4 xsin?x = f(x).

T
7
:7r2/ sin* x cos? x dx
0

M

IM+1M

1A

IM

IM
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M
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k
5. (a) Required volume = 7 / (12y — y») dy IM+1A
0
31k
y
6y* — =
-5

k3
=rlek? - = 1
o5

(b) (1) WhenO < h <.

h+2)3 23
Venlohe2)? -t J; ) —ﬂ[6(2)2—?} M
=7 6(h+2)2—1(h+2)3 _ Gn 1
3 3
(i) When4 < h < 11.
1 4
V=n(6)>(h-4) +n 6(4+2)2—§(4+2)3} —67” M
_36m(h — 4) + 28
av dh
V' _ 36 42 1A
ar =Ty
dh
-3=361 - —
T
dn __ 1
dt 12r7
1
Required rate is —— cm/s. 1A
127

(iii) When 0 < h < 4.

1 64
V=nr 6(h+2)2——(h+2)3}——ﬂ
3 3
dv dh dh
— =x|12(h+2)— — (h+2)*— 1A
ﬂ[ (h+2) = )dt]
Whenhzl,d—V:5—3:2.
dr
dh dh
2:n12(1+2)5—(1 2)2— ] M
dh 2
dt  27n
. .2
Required rate is —— cm/s. 1A
27
2
6. (a) Required volume = 7 (% )dy M
y 2
= - d
5
b 2ry?
B ”y .
ook,
—r|— h 1
”(405+ 27 )



(b) (1)) WhenO<h<6.

h 2(8)h3
-7 [405 +(8)°h
n* 16h? dh
—+ — 1A
"(8 ) d
When & = 3.
3% 16(3)? dh
dr=n|— 4| —
= [81 + 9 +6 ”
dh _ 4
dt 81
. .4
Required rate is 31 cm/s. 1A

2
(i) Base radius of the frustum = ry +38

=12cm 1A
Let H cm be the height of the frustum.

2H = V202 - 122

H=38 1A
When6 < h <T.
6> 16(6)3 1 5 22— h\’
V=n m + 27 +64(6) + §7T(12) (16) 1- (T IM+1M+1A
4
_ 65ﬂn ~ 2 22— h)? 1
(iii)) When6 < h <T.
av 9 dh
— =——n(22-h)*(-1)—
TR =g
9 ,dh
= E77(22 —h) T 1A
When /1 = 10.

4n ~k = 3en(22-10) (E)

k=mn 1A

(@ () h+1=x>+1
=Vh or —Vh (rejected)

The coordinates of A are (\/ﬁ, h+ 1). 1A
(ii) y=x>+1
d
ay =2 1A
d
o R
dx |e—va



The equation of L is

y—(h+1)
T —ovh
x—Vh

y=2Vhx —h+1

(b) (i) Consider the capacity of the cup.

h+1 2 h+1
y+h—1) / 31
b/ — | dy-nx (y=-1)dy=—n
/0 ( 2Vh 1 10

(y+h— 1)3]h+1 _ﬂ[(y_ 1)2]h+1 _ 3_171_
3 0 2 |, 10
Vg b4 31
ghz—m(h—w:En

10A> = 5(h® = 3h* +3h — 1) = 186K
5h° + 150 = 201h+5=0
(h—35)(5h* +40h-1) =0

—40 + /402 — 4(5)(-1)

T

4h

h= h=
5 or 2)
—40 = V162
h=5 or h= M (rejected)

10

(ii) Let Vcm?®, Acm? and H cm be the volume of water in the cup, the area of the water

surface and the depth of water at time ¢ s respectively.

H+1
v=n/ (v — 1) dy
1

[(y—l)z]H”
=7

2 1
e
2
dv dH
— —gH—/—
dr d dr
WhenH:Sandd—V:I.
dr
dH
1=n3)—
ﬂ()dT
dH 1
dr 3«
Wheny=H + 1.

H+1=x*>+1
x>=H
We have A = 7H.

dA dH
—_— = —
dr dr

M

IM+1A

M

1A

M

M

1A

M



8.

dH 1

WhenH=3,E=§.
dA 1
ol

1
"3

1
Required rate is 3 cm?/s.

(a) sin 166 sec 8 sec 26 sec 46 sec 86
= (2in 86 cos 80) sec O sec 20 sec 40 sec 80
= 2(2sin40 cos 40) sec 6 sec 26 sec 40
= 4(2sin 26 cos 260) sec 8 sec 20
= 8(2sinfcos ) secd

=16sin6
(b) Use the result of (a).

y= \/ sin 16x sec? x sec 2x sec 4x sec 8x

= V16sinxsecx
=4+vtanx

Let u = cosx. Then du = — sinx dx.

d
Required capacity = « / 16 tan x dx
0

cosd
d
= —167r/ d
1 u

cosd
lnlul]
1

= —16mIn(cosd)

=—16r

(¢c) (i) Required capacity = —16z In[cos(0.1)]
~0.252m’

(i) Let p m be the depth of water when the volume of water in the container is 0.08 m’.

—16m In(cos p) = 0.08
p ~ 0.0564

Let k m and V m? be the depth and the volume of the water at time 7 s respectively.

V = —16r1n(cos k)

dv dk
- =1 -
p 6mtan k ar

v oty K
— = l6rtanp - —

ar ),y T
dk

£ 0.00106

drl,_,

1A

M

M

IM

IM+1A

M

1A

1A

M



Required rate is 0.001 06 m/s.

@ ) SNT-2 = 512520

X
V1 —x2
(ii) y=sin"'x
siny =x
cosyd—y =1
dx
dy 1
dr cos y
isin_lx— !
dx Viee

(b) Use the result of (a).
1

(sin™!x)?dx = x(sin"'x) = 2 / xsin”!x- dx
/ —

1

C o1 N2 0. - /

=x(sin” x)” +2V1 — xZsin x—2/ 1—x2- dx
V1 —x2

= x(sin”' x)? + 2v1 — x2sin"! x — 2x + constant

1
(¢c) (i) Required capacity =« / (sin™!y)?dy
0
1
= 7r[y(sin_1 y)2 +24/1 -2 sin~! —2y]
0

3

:T—Zﬂ'

(i) Let & units and V cubic units be the depth and the volume of the wine respectively.

— =sinx
2
T
x=—=
3

h
Note that V = 7T/ (sin™! y)%dy.
0

dv._dv dh
dt  dh dt
dh
P )
— W2 . =
n(sin™" h) m
2
m . V3| dn
——— =mn|simn  —— -
3600 2 dr|,_v3
2
(77)2 dh
== P—
3 dr n="2
dh 1
dr|,.v 400
2

1
Required rate is 700 units/s.

10
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dy

10. ForI', —
(a) For or

dy 3 _1 1 1 1
Whenx =3, —=--(12-9) 2 =-—andy=-VI2-9=—.
a3 V3 3 V3

The equation of L is

1 1
- =——_—(x=-13
y NG \/g(x )
__*x .4
Y V3 3
4
b et — =W4-x2
(b) () NG X
—(x —8x +16) 2
4, 8 4
§X —§X+§—O

x =1 (repeated)

Whenx =1,y =V4 - = 3.

The point of contact of L and C is (1, \/5)

1
(ii) §\/12—x2 = V4-x2
1
§(12—x2) =4-x*

8x2 =24
=V3 or —-V3
Whenx=V3,y=V4-3=1

The point of intersection of C and I is (\5 1).

/lx/zt—)czdx/mdx

e

N
=i—2/ V4 — x2dx
V3

3/_
(iii) Required area = / (\; \/_)

1 x?
=—| - —+4x
A

Letx =2sinf. Then dx = 2 cos 8 d6.

Whenx=1,0= g;whenx:‘/_,ez g

4 3
Required area = — — 2/ V4 cos2 6 -2cos0do

———4/ (1 +cos26)do

6

21_4[9+sin20]3

V3 2 |
_4 2r
V3 3

11

Lo b oy = —Fa2 - )
—6(12 x)72(-2x) = 3(12 x“)

M

M

1A

M

1A

IM

1A

IM+1A

IM

IM

1A



11. (@ f'(x)= e +xe_x2(—2x)
= e_x2(1 - 2x%)
f(x) = —2xe7x2(1 -2 + efxz(—4x)
= 2xe™ (2x% - 3)

(b) When f/(x) =0,x = i%.

Wehavef"(T) = —2V2e2 <Oandf”( \/ﬁ) 2V2¢™2

1
The maximum point of G is (—, —)
V2 Vae
1
The minimum point of G is ( —, ——)
V2 V2e

© O f()=--

Required equation is

1 1
yo—=——(x-1)
e e
x 2
y=—+-
e e

(ii) Forx € (0, 1), f"(x) = 2xe~*" (2x*> =3) < 0.
G is concave downward in the interval (0, 1).
Thus, G lies below L in the interval (0, 1).
(iii) Letu = x*. Then du = 2x dx.
1

2

Required area = / L xe‘xz] dx

0 e
1! 1!
= —/ (—x+2)dx——/ e "du
e Jo 2.Jo

e

1] «2 1 !
=—[—x—+2x + = e_”]
e 2 0 2 0
201
e 2

12. (a) 1-cos46 —2cos20sin*260 = 2sin” 20 — 2 cos 26 sin” 20
= 25in” 20(1 — cos 20)
= 2(2sin @ cos §)*(2 sin” 6)
= 16cos’ O sin* 0
nm
(b) / cos” x sin* x dx = 16/ (1 = cos4x — 2 cos 2x sin® 2x) dx

1 nm

1 nrm
=— (1—cos4x)dx——/ sin” 2x - 2 cos 2x dx
16 Jo 16 Jo
Let u = sin2x. Then du = 2 cos 2x dx.

Whenx =0, u =0; whenx =nn,u =0.

nrmw 1 4 nmw
/ cos®xsin*xdx = — [ sin x] -0
0 0

16 4
nm

" 16

12

IM
1A

1A

IM

IM

1A

M

1A

M

M

1A

M
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(c) Letu = k —x. Then du = —dx.
Whenx =0, u =k; whenx =k, u =0.

k 0
/ xf(x)dx=—/ (k—u)f(k—u)du
0 k
k
- [ t=wrwa

2'/kaf(x)dx:k/0kf(x)dx

/Oka(x)dx= gfokfmdx

2r
(d) Required volume = 7 / ycos? ysin* ydy
T

Let f(y) = cos ysin® y.

Forr=1or2, f(rm—y) =cos*(rn — y)sin*(rm — y) = cos? ysin* y = f(y).

2 F/g
Required volume = 7 / y cos’ y sin* ydy — = / y cos’ y sin* ydy
0 0

2 2r T
:ﬂ._ﬂ/ coszysin“ydy—n-z‘/ coszysin4ydy
2 0 2 0

13. (a) () /sin4xdx:/(sinx)sin3xdx
:—cosxsin3x+/cosx(3sin2xcosx)dx
_ .3 BN
= —cosxsin x+3/(1—s1n x) sin” x dx
4/sin4xdx:—cosxsin3x+3/sin2xdx
.3
3
/sin4xdx=—w+—/sin2xdx
4 4
4 1
(ii) / sin*xdx = —-
0 4

T 3 T
+—/ sin” x dx
o 4Jo

3 T
=O+—/ (1 —cos2x)dx
8 Jo

cosx sin x

T

3 sin 2x
8T 2 |,
_3m
T8

13

IM

IM+IM

M

1A

IM

IM

M

1A



(b) (i) Letu =4 —x. Thendu = —dx.

B 0
/ xf(x) dx = —f (B - u)f (B - u)du
0 B

B B
:,8‘/0 f(u)du—‘/o uf(u)du

Z/Oﬁxﬂx)dx:/afoﬁf(x)dx

/OﬁXf(X)dx =§/Oﬁf(x)dx

(ii) sin*

T T T
/ xsin4xdx:—/ sin® x dx
0 2 Jo

. 3n

=55
B 372
T 16
2
(c) Required volume = 7 / (+x sin® x)? dx

n
2n

=7 x sin® x dx
T
Letx =u+m. "l;rhendu =dx.

Volume = 7 (u+ ) sin*(u + ) du
0

T T
=7T/ usin4udu+7r2/ sin* u du
0 0

3n2  , 3w

14. (a) x> —=4(9-3x)+8=0
X +12x-28=0
x=2 or - 14 (rejected)
The coordinates of B are (2, 3).

(b) Required capacity

370 u\2 h
=7r/ (9—y) dy+7r/ (4y — 8)dy
0 3 3

3 y2 h
=7r/ (9—2y+—)dy+7r/ (4y —8)dy
0 9 3

y3 3 h
:n[9y—y2+ﬁ + 7 2y2—8y}

0
= (2h%> — 8h +25)

3

(c) (i) Putx=6inx*—-4y+8=0,wehavey=11.

14

x is continuous on R and sin* (7 — x) = sin

M

M

M

M

M

1A

IM

1A

2M+1A

M

IM



The rqeuired capacity = 7[2(11)% — 8(11) +25]

= 1797 cm’

(i) Let & cm be the depth of water in the cup at time 7 s.

Let p cm be the depth of water when the volume of water in the cup is 357 cm?.

Since the volume of frustum (the lower part) is 197 cm?, p > 3.
By (a)(ii), we have
n(2p? — 8x +25) =357
pP—4p-5=0
p=5 or -1 (rejected)

Let V cm? be the volume of water in the cup at time ¢ s.
dv dh

For 3 < h < 11, we have V = 7(2h> — 8h + 25), and T n(4h — 8)5

When h =5,
dh
241 = n[4(5) — 8] —
r = x[4(5) - 8]
dh
b,
dt

Required rate of change is 2 cm/s.

15. (a) (1) ‘/Oﬂ[f(x)+f(7r—x)]dx:‘/On[xsinx+(7r—x)sin(7r—x)]dx
:/ﬂ[xsinx+(7r—x)sinx]dx

0

T
77/ sinx dx
0

n
ﬂ[ - COS)C]

0

=2
(i) By consider the symmetry of the graphs,

/Oﬂﬂx)dx:/oﬂf(n—x)dx

1

[ rwa=3 [+ s@-ola

=7

. d 2 . 2 .
(b) 1) a(x smx) =x“cosx +2xsinx

T T T
/ x?cosxdx = xzsinx] —2/ x sinx dx
0 0 0

=-2r

15



T
(i) Volume = 7 / 2 sin? ’EC dx M
0

= z/ x%(1 — cosx) dx

2 Jo
T T
=z‘/ xzdx—z/ x% cosx dx
2 Jo 2 Jo
a2 o«
== —Z(=2 IM
o[5],-5e
4
:%+7r2 1A
16 () ! 1 1A
L@ ==
Ve 1
Therefore, — — 1 = 0 which gives r = 1. 1
NG
1
d) @) AreaunderC1:/ (2vx —x) dx 1A
0
4 3 xz]l
= —-x2 — —
3 2,
5
=z 3
AreaunderCQ:/ (2V3—-x-(3-x))dx IM
2
4 273
=[—§(3—x)3—3x+%2
_2
_56 16
AreaofS:4><6+2(1><1):? 1A
1 3
(ii) Volume:g/ (2\/)_c—x)2dx+(1)277(1)+z/ [2V3 —x - (3 -x)]%dx IM+IM
2
3
/(4x 4x2+x2)dx+§+2/ [4(3—x) —4(3—x)2 + (3 —x)*] dx
8 s | s 3-x°
2——2———2323*— 1A
Db ik R S | RGeS Rk 3,
_ 3n
© 30
1
(iii)) Middle part is a half cylinder. Area of S| = 571’(1)2 = g
37 37
Length of the middle part = 9—(;T+ % =15 M
1 37 49
09—5(3‘5)—5
4
Therefore, OQ:OP:£:3=49:135 1A

16



17. (a) Required volume = 7« / (r? —y*) dy
r—h

31r
2 Yy ]
=n|ry - —
3 r—h
:7rr2h—%h[r2+r(r—h)+(r—h)2]
Th’
=nrh® - —
nr 3
0) ) 7(47(10) = 7(4P(H) + (3 - T
1
H=—(-9n*+4
48(h 9h” +480)
dH 1 dh
i) (1) — = —(3h* - 18h)—
(i) (1) o 48( o )9tdh
Whenh=3, — =———
- d’ dr 116 dth dh
WChaVCE(H+}Zl);Z:9$+£. )
Solving, Wehaveaz—ﬁ and5=7.

Required rate is BET cm/s.

4
(2) Required rate is 7 cm/s

k
18. (a) Required volume = 71/ (2ay — y?)dy
0

31k
o]
3
=7 (ak2 - %)
3
(b) (i) Required volume = 7 |(9)(15)? — %] -2n [(9)(3)2 -

= 756m cm’

(i) (1) Let V4 cm® and Vg cm? be the volume of water in containers A and B respectively.

When container A is just full,

(3)°
3

h3
90971 — 75671 = 7 (18h2 - ?)
h3 —54n* +459 =0
2) h —54h% +459 =0
(h=3)(h*=51h—153) =0
51 + 3357
h=3 or +T (rejected)
dvg 5 dh
—= = 7(36h — h*)—
& w Y
A B 2
— A== 2 - x(h®-36h)—
ar G )@

17

|
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IM+1A
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When container A is just full,

dh
451 = (3% - 36(3))5
e _ 5

d 11

. ) .5
The rate of decrease of water level in container B is I cm/s.

p
19. (a) Volume = ﬂ'/ (6y — y*) dy
0

4
(b) (i) Volume of water = 7(6)%(6) — 2 X §7r(3)3 = 1447 cm®
nh*(9 — h) _ k(9 — k)
3 3
1087 — 9h* + b3 —9k*> + k3 =432
K3 —9k*+ h3 —9n* +108h — 432 =0
(iii) When h =5,

(i) 7(6)*h — = 144n

kK*-9k*+8=0
(k—1)(k>-8k—-8)=0
k=1 or 4+2V6 (rejected)

From (b)(ii),
K3 —9k*+ h3 —9n* +108h — 432 =0
dk dk dh dh dh
3k2— — 18k — +3h*— — 18h— + 108— =0
dr a a T

Whenh=53nd%=—5,k=land

dk
15+ (93)(=5) =0

dk

— =-31
dr

d
v= =k ==5-(-31)=26

END OF PAPER
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