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Suggested solutions

1. Let 𝑢 = 𝑒𝑥 − 𝑒−𝑥 . Then d𝑢 = (𝑒𝑥 + 𝑒−𝑥) d𝑥. 1M∫ ln 4

ln 2

𝑒𝑥 + 𝑒−𝑥
√
𝑒𝑥 − 𝑒−𝑥

d𝑥 =

∫ 15
4

3
2

d𝑢
√
𝑢

1A

=

[
2𝑢

1
2

] 15
4

3
2

=
√

15 −
√

6 1A

2.
∫ 5𝜋

36

𝜋
9

√
3 + tan 3𝑥

1 −
√

3 tan 3𝑥
d𝑥 =

∫ 5𝜋
36

𝜋
9

tan 𝜋
3 + tan 3𝑥

1 − tan 𝜋
3 tan 3𝑥

d𝑥

=

∫ 5𝜋
36

𝜋
9

tan
(
3𝑥 + 𝜋

3

)
d𝑥 1M

=

∫ 5𝜋
36

𝜋
9

sin
(
3𝑥 + 𝜋

3
)

cos
(
3𝑥 + 𝜋

3
) d𝑥

Let 𝑢 = cos
(
3𝑥 + 𝜋

3

)
. Then d𝑢 = −3 sin

(
3𝑥 + 𝜋

3

)
d𝑥. 1M∫ 5𝜋

36

𝜋
9

√
3 + tan 3𝑥

1 −
√

3 tan 3𝑥
d𝑥 = −1

3

∫ −
√

2
2

− 1
2

d𝑢
𝑢

1A

= −1
3

[
ln |𝑢 |

]− √
2

2

− 1
2

= −1
6

ln 2 1A

3. (a) 𝑓 (−𝑥) =
77∑︁
𝑖=0

sin2𝑖+1(−𝑥)

= −
77∑︁
𝑖=0

sin2𝑖+1 𝑥

= − 𝑓 (𝑥)
Thus, 𝑓 (𝑥) is an odd function. 1

(b)
∫ 𝜋

9

− 𝜋
9

𝑓 (𝑥) d𝑥 = 0 1A

4.
tan(−𝑥)3 + sin(−𝑥)3

(−𝑥)2 + cos(−𝑥)
=
− tan 𝑥3 − sin 𝑥3

𝑥2 + cos 𝑥
tan 𝑥3 + sin 𝑥3

𝑥2 + cos 𝑥
is an odd function. 1M

Thus,
∫ 2𝜋

9

− 2𝜋
9

tan 𝑥3 + sin 𝑥3

𝑥2 + cos 𝑥
d𝑥 = 0. 1A
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5. (−𝑥)3 sin
[
(−𝑥)2 + 𝑒 (−𝑥 )

4
]
= −𝑥3 sin

(
𝑥2 + 𝑒𝑥

4
)

𝑥3 sin
(
𝑥2 + 𝑒𝑥

4
)

is an odd function. 1M

Thus,
∫ 1

−1
𝑥3 sin

(
𝑥2 + 𝑒𝑥

4
)

d𝑥 = 0. 1A

6. ln
4 + sin(−𝑥)
4 − sin(−𝑥) = ln

4 − sin 𝑥
4 + sin 𝑥

= − ln
4 + sin 𝑥
4 − sin 𝑥

ln
4 + sin 𝑥
4 − sin 𝑥

is an odd function. 1M

Thus,
∫ 𝜋

2

− 𝜋
2

ln
4 + sin 𝑥
4 − sin 𝑥

d𝑥 = 0. 1A

7. Let 𝑢 = tan 𝑥. Then d𝑢 = sec2 𝑥 d𝑥. 1M∫ 𝜋
3

− 𝜋
3

d𝑥
cos2 𝑥

√
4 − tan2 𝑥

=

∫ √
3

−
√

3

d𝑢
√

4 − 𝑢2

Let 𝑢 = 2 sin 𝜃. Then d𝑢 = 2 cos 𝜃 d𝜃. 1M∫ 𝜋
3

− 𝜋
3

d𝑥
cos2 𝑥

√
4 − tan2 𝑥

=

∫ 𝜋
3

− 𝜋
3

2 cos 𝜃√︁
4 − 4 sin2 𝜃

d𝜃

=

∫ 𝜋
3

− 𝜋
3

d𝜃 1A

=

[
𝜃

] 𝜋
3

− 𝜋
3

=
2𝜋
3

1A

8.
−2(−𝑥)5

1 + (−𝑥)6 = − −2𝑥5

1 + 𝑥6

−2𝑥5

1 + 𝑥6 is an odd function. 1M∫ 1

−1

𝑥2 − 2𝑥5 + 𝑥8

1 + 𝑥6 d𝑥 =

∫ 1

−1

−2𝑥5

1 + 𝑥6 d𝑥 +
∫ 1

−1

𝑥2(1 + 𝑥6)
1 + 𝑥6 d𝑥

= 0 +
∫ 1

−1
𝑥2 d𝑥 1M

=

[
𝑥3

3

]1

−1

=
2
3

1A
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9. sin (sin(−𝑥)) = − sin(sin 𝑥)
sin(sin 𝑥) is an odd function. 1M∫ 𝜋

4

− 𝜋
4

[tan2 𝑥 + sin(sin 𝑥)] d𝑥 =

∫ 𝜋
4

− 𝜋
4

tan2 𝑥 d𝑥 +
∫ 𝜋

4

− 𝜋
4

sin(sin 𝑥) d𝑥

=

∫ 𝜋
4

− 𝜋
4

(sec2 𝑥 − 1) d𝑥 + 0 1M

=

[
tan 𝑥 − 𝑥

] 𝜋
4

− 𝜋
4

= 2 − 𝜋

2
1A

10. (a) 𝑓 (−𝑥) = (−𝑥)4 sin(−𝑥)

= −𝑥4 sin 𝑥

= − 𝑓 (𝑥)
Thus, 𝑓 (𝑥) is an odd function. 1

(b)
∫ 𝑎

−𝑎
(1 − 𝑥4 sin 𝑥) d𝑥 =

𝜋

2∫ 𝑎

−𝑎
d𝑥 −

∫ 𝑎

−𝑎
𝑥2 sin 𝑥 d𝑥 =

𝜋

2[
𝑥

]𝑎
−𝑎

− 0 =
𝜋

2
1M

2𝑎 =
𝜋

2
𝑎 =

𝜋

4
1A

11. (a)
∫ 𝜋

4

− 𝜋
4

tan2 𝑥 d𝑥 =

∫ 𝜋
4

− 𝜋
4

(sec2 𝑥 − 1) d𝑥 1M

=

[
tan 𝑥 − 𝑥

] 𝜋
4

− 𝜋
4

= 2 − 𝜋

2
1A

(b)
(−𝑥) tan2(−𝑥)

1 + (−𝑥)2 = −𝑥 tan2 𝑥

1 + 𝑥2

𝑥 tan2 𝑥

1 + 𝑥2 is an odd function. 1M

Thus,
∫ 𝜋

4

− 𝜋
4

𝑥 tan2 𝑥

1 + 𝑥2 d𝑥 = 0. 1A
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12. tan5(−𝑥) = − tan5 𝑥

tan5 𝑥 is an odd function.∫ 𝜋
6

− 𝜋
6

(tan5 𝑥 + sin2 𝑥) d𝑥 =

∫ 𝜋
6

− 𝜋
6

tan5 𝑥 d𝑥 +
∫ 𝜋

6

− 𝜋
6

sin2 𝑥 d𝑥

= 0 + 1
2

∫ 𝜋
6

− 𝜋
6

(1 − cos 2𝑥) d𝑥 1M+1M

=
1
2

[
𝑥 − sin 2𝑥

2

] 𝜋
6

− 𝜋
6

=
𝜋

6
−
√

3
4

1A
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13. (a)
1

4 cos 2𝑥 + 5
=

1
4(2 cos2 𝑥 − 1) + 5

=
1

8 cos2 𝑥 + 1

=
sec2 𝑥

8 + sec2 𝑥
1

(b) Let 𝑢 = tan 𝑥. Then d𝑢 = sec2 𝑥 d𝑥. 1M∫ 𝜋
4

0

1
4 cos 2𝑥 + 5

d𝑥 =

∫ 𝜋
4

0

sec2 𝑥

8 + sec2 𝑥
d𝑥 1M

=

∫ 𝜋
4

0

sec2 𝑥

9 + tan2 𝑥
d𝑥

=

∫ 1

0

d𝑢
𝑢2 + 9

Let 𝑢 = 3 tan 𝜃. Then d𝑢 = 3 sec2 𝜃 d𝜃.∫ 𝜋
4

0

1
4 cos 2𝑥 + 5

d𝑥 =

∫ tan−1 1
3

0

3 sec2 𝜃

9 tan2 𝜃 + 9
d𝜃

=
1
3

∫ tan−1 1
3

0
d𝜃

=
1
3

[
𝜃

] tan−1 1
3

0

=
1
3

tan−1 1
3

1A

(c) Let 𝑢 = −𝑥. Then d𝑢 = − d𝑥.∫ 𝑎

−𝑎
𝑓 (𝑥) ln(1 + 𝑒𝑥) d𝑥

=

∫ 0

−𝑎
𝑓 (𝑥) ln(1 + 𝑒𝑥) d𝑥 +

∫ 𝑎

0
𝑓 (𝑥) ln(1 + 𝑒𝑥) d𝑥 1M

= −
∫ 0

𝑎

𝑓 (−𝑢) ln(1 + 𝑒−𝑢) d𝑢 +
∫ 𝑎

0
𝑓 (𝑥) ln(1 + 𝑒𝑥) d𝑥 1M

= −
∫ 0

𝑎

[− 𝑓 (𝑥)] ln(1 + 𝑒−𝑥) d𝑥 +
∫ 𝑎

0
𝑓 (𝑥) ln(1 + 𝑒𝑥) d𝑥 1M

= −
∫ 𝑎

0
𝑓 (𝑥) ln

(
𝑒𝑥 + 1
𝑒𝑥

)
d𝑥 +

∫ 𝑎

0
𝑓 (𝑥) ln(1 + 𝑒𝑥) d𝑥

=

∫ 𝑎

0
𝑓 (𝑥) [ln 𝑒𝑥 − ln(1 + 𝑒𝑥) + ln(1 + 𝑒𝑥)] d𝑥

=

∫ 𝑎

0
𝑥 𝑓 (𝑥) d𝑥 1

(d) Let 𝑔(𝑥) = 4 sin 2𝑥
(4 cos 2𝑥 + 5)2 .

𝑔(−𝑥) = 4 sin[2(−𝑥)]
(4 cos[2(−𝑥)] + 5)2 = − 4 sin 2𝑥

(4 cos 2𝑥 + 5)2 = −𝑔(𝑥) 1M

Thus, 𝑔(𝑥) is an odd function.

Note that
d
d𝑥

[
1

2(4 cos 2𝑥 + 5)

]
=

4 sin 2𝑥
(4 cos 2𝑥 + 5)2 .
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∫ 𝜋
4

− 𝜋
4

4 sin 2𝑥
(4 cos 2𝑥 + 5)2 d𝑥

=

∫ 𝜋
4

0

4𝑥 sin 2𝑥
(4 cos 2𝑥 + 5)2 d𝑥 1M

=

[
𝑥

2(4 cos 2𝑥 + 5)

] 𝜋
4

0
−
∫ 𝜋

4

0

d𝑥
2(4 cos 2𝑥 + 5) 1M

=
1
2

(𝜋
4

) ( 1
0 + 5

)
− 1

2

(
1
3

tan−1 1
3

)
1M

=
𝜋

40
− 1

6
tan−1 1

3
1A
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