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Suggested solutions

1. (a) Let 𝑢 = 𝑎 − 𝑥. Then d𝑢 = − d𝑥. 1M∫ 𝑎

0
𝑓 (𝑎 − 𝑥) d𝑥 = −

∫ 0

𝑎

𝑓 (𝑢) d𝑢

=

∫ 𝑎

0
𝑓 (𝑢) d𝑢

=

∫ 𝑎

0
𝑓 (𝑥) d𝑥 1

(b)
∫ 𝜋

4

0
ln(1 + tan 𝑥) d𝑥 =

∫ 𝜋
4

0
ln

[
1 + tan

(𝜋
4
− 𝑥

)]
d𝑥 1M

=

∫ 𝜋
4

0
ln

[
1 +

tan 𝜋
4 − tan 𝑥

1 + tan 𝜋
4 tan 𝑥

]
d𝑥 1M

=

∫ 𝜋
4

0
ln

[
(1 + tan 𝑥) + (1 − tan 𝑥)

1 + tan 𝑥

]
d𝑥

=

∫ 𝜋
4

0
ln

(
2

1 + tan 𝑥

)
d𝑥 1

(c) Using the result of (b), we have∫ 𝜋
4

0
ln(1 + tan 𝑥) d𝑥 =

∫ 𝜋
4

0
ln 2 d𝑥 −

∫ 𝜋
4

0
ln(1 + tan 𝑥) d𝑥 1M

2
∫ 𝜋

4

0
ln(1 + tan 𝑥) d𝑥 = ln 2

[
𝑥

] 𝜋
4

0∫ 𝜋
4

0
ln(1 + tan 𝑥) d𝑥 =

𝜋 ln 2
8

1A

Note that
d
d𝑥

[ln(1 + tan 𝑥)] = sec2 𝑥

1 + tan 𝑥
.∫ 𝜋

4

0

𝑥 sec2 𝑥

1 + tan 𝑥
d𝑥 =

[
𝑥 ln(1 + tan 𝑥)

] 𝜋
4

0
−

∫ 𝜋
4

0
ln(1 + tan 𝑥) d𝑥 1M

=
𝜋

4
ln 2 − 𝜋 ln 2

8

=
𝜋 ln 2

8
1A
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(d)
∫ 𝜋

4

0

𝑥 tan 𝑥(tan 𝑥 − 1)
tan 𝑥 + 1

d𝑥

=

∫ 𝜋
4

0

𝑥 tan2 𝑥 − 𝑥 tan 𝑥
tan 𝑥 + 1

d𝑥

=

∫ 𝜋
4

0

𝑥(sec2 𝑥 − 1) − 𝑥 tan 𝑥
tan 𝑥 + 1

d𝑥 1M

=

∫ 𝜋
4

0

𝑥 sec2 𝑥

1 + tan 𝑥
d𝑥 −

∫ 𝜋
4

0
𝑥 d𝑥 1M

=
𝜋 ln 2

8
−
[
𝑥2

2

] 𝜋
4

0

=
𝜋 ln 2

8
− 𝜋2

32
1A
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2. (a)
d
d𝑥

[
𝑥𝑛+

1
2 (4 − 𝑥) 3

2

]
=

(
𝑛 + 1

2

)
𝑥𝑛−

1
2 (4 − 𝑥) 3

2 + 𝑥𝑛+
1
2 · 3

2
(4 − 𝑥) 1

2 (−1) 1M

= 𝑥𝑛−
1
2 (4 − 𝑥) 1

2

[(
𝑛 + 1

2

)
(4 − 𝑥) − 3

2
𝑥

]
1M

= 𝑥𝑛−
1
2 (4 − 𝑥) 1

2 (−𝑛𝑥 − 2𝑥 + 4𝑛 + 2) 1
(b) By (a),[

𝑥𝑛+
1
2 (4 − 𝑥) 3

2

]2

0
=

∫ 2

0
𝑥𝑛−

1
2 (4 − 𝑥) 1

2 (−𝑛𝑥 − 2𝑥 + 4𝑛 + 2) d𝑥 1M

2𝑛+
1
2 · 2

3
2 =

∫ 2

0
𝑥𝑛−1

√︁
4𝑥 − 𝑥2 [−(𝑛 + 2)𝑥 + (4𝑛 + 2)] d𝑥

2𝑛+2 = −(𝑛 + 2)
∫ 2

0
𝑥𝑛

√︁
4𝑥 − 𝑥2 d𝑥 + (4𝑛 + 2)

∫ 2

0
𝑥𝑛−1

√︁
4𝑥 − 𝑥2 d𝑥 1M

2𝑛+2 = −(𝑛 + 2)𝐼𝑛 + 2(2𝑛 + 1)𝐼𝑛−1

𝐼𝑛 =
2(2𝑛 + 1)
𝑛 + 2

𝐼𝑛−1 −
2𝑛+2

𝑛 + 2
1

(c) 𝐼0 =

∫ 2

0

√︁
4𝑥 − 𝑥2 d𝑥 =

∫ 2

0

√︁
4 − (𝑥 − 2)2 d𝑥 1M

Let 𝑥 − 2 = 2 sin 𝜃. Then d𝑥 = 2 cos 𝜃 d𝜃. 1M
When 𝑥 = 0, 𝜃 = −𝜋

2
; when 𝑥 = 2, 𝜃 = 0.

𝐼0 =

∫ 0

− 𝜋
2

√︁
4 − 4 sin2 𝜃 · 2 cos 𝜃 d𝜃 1M

= 4
∫ 0

− 𝜋
2

cos2 𝜃 d𝜃

= 2
∫ 0

− 𝜋
2

(1 + cos 2𝜃) d𝜃 1M

= 2
[
𝜃 + sin 2𝜃

2

]0

− 𝜋
2

1A

= 𝜋 1A

(d) 𝐼2 =
2(4 + 1)

2 + 2
𝐼1 −

22 + 2
2 + 2

1M

=
5
2

[
2(2 + 1)

1 + 2
𝐼0 −

21+2

1 + 2

]
− 3

2
1M

= 5𝜋 − 32
3

1A
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3. (a)
d
d𝑥

(
1 − 𝑥2

) 3
2
=

3
2
(1 − 𝑥2) 1

2 (−2𝑥) 1M

= −3𝑥(1 − 𝑥2) 1
2 1A

(b) 𝐼2𝑛 =

[
𝑥2𝑛−1 × (1 − 𝑥2) 3

2

−3

]1

0
−

∫ 1

0
(2𝑛 − 1)𝑥2𝑛−2

(
(1 − 𝑥2) 3

2

−3

)
d𝑥 1M+1M

= 0 + 2𝑛 − 1
3

∫ 1

0
𝑥2𝑛−2(1 − 𝑥2) 1

2 (1 − 𝑥2) d𝑥 1M

=
2𝑛 − 1

3

∫ 1

0
𝑥2𝑛−2(1 − 𝑥2) 1

2 d𝑥 − 2𝑛 − 1
3

∫ 1

0
𝑥2𝑛 (1 − 𝑥2) 1

2 d𝑥 1M

=
2𝑛 − 1

3
𝐼2𝑛−2 −

2𝑛 − 1
3

𝐼2𝑛

2𝑛 + 2
3

𝐼2𝑛 =
2𝑛 − 1

3
𝐼2𝑛−2 1M

𝐼2𝑛 =
2𝑛 − 1
2𝑛 + 2

𝐼2𝑛−2 1

(c) Let 𝑥 = sin 𝜃. Then d𝑥 = cos 𝜃 d𝜃. 1M
When 𝑥 = 0, 𝜃 = 0; when 𝑥 = 1, 𝜃 =

𝜋

2
.

𝐼0 =

∫ 𝜋
2

0

√︁
1 − sin2 𝜃 cos 𝜃 d𝜃 1M

=
1
2

∫ 𝜋
2

0
(1 + cos 2𝜃) d𝜃 1M

=
1
2

[
𝜃 + sin 2𝜃

2

] 𝜋
2

0
1A

=
𝜋

4
1A

(d) When 𝑛 = 1,
L.H.S. = 𝐼2 =

2 − 1
2 + 2

𝐼0 =
1
4
× 𝜋

4
=

𝜋

16
1M

R.H.S. =
𝜋

22+1(2)
=

𝜋

16
= L.H.S.

It is true for 𝑛 = 1. 1

Assume 𝐼2𝑘 =
(2𝑘 − 1)!𝜋

22𝑘−1(𝑘 − 1)!(𝑘 + 1)!
, where 𝑘 ∈ Z+. 1

𝐼2𝑘+2 =
2𝑘 + 2 − 1
2𝑘 + 2 + 2

𝐼2𝑘

=
2𝑘 + 1
2𝑘 + 4

× (2𝑘 − 1)!𝜋
22𝑘−1(𝑘 − 1)!(𝑘 + 1)!

1

=

(2𝑘+1)!
2𝑘 𝜋

22𝑘 (𝑘 + 2) (𝑘 − 1)!(𝑘 + 1)!

=
(2𝑘 + 1)!𝜋

22𝑘+1𝑘!(𝑘 + 2)!
= R.H.S. 1

It is true for 𝑛 = 𝑘 + 1.
By M.I., it is true ∀𝑛 ∈ Z+. 1
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(e) 𝐼10 =
9!𝜋

210+1(4!) (6!)
1M

=
21𝜋
2048

1A
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4. (a) Let 𝑢 = 𝑎 − 𝑥. Then d𝑢 = − d𝑥. 1M
When 𝑥 = 0, 𝑢 = 𝑎; when 𝑥 = 𝑎, 𝑢 = 0.∫ 𝑎

0
𝑓 (𝑥) d𝑥 = −

∫ 0

𝑎

𝑓 (𝑎 − 𝑢) d𝑢

=

∫ 𝑎

0
𝑓 (𝑎 − 𝑢) d𝑢 1M

=

∫ 𝑎

0
𝑓 (𝑎 − 𝑥) d𝑥 1

(b)
∫ 𝑎

−𝑎
𝑓 (𝑥) d𝑥 =

∫ 0

−𝑎
𝑓 (𝑥) d𝑥 +

∫ 𝑎

0
𝑓 (𝑥) d𝑥. 1M

Let 𝑢 = −𝑥. Then d𝑢 = − d𝑥.
When 𝑥 = −𝑎, 𝑢 = 𝑎; when 𝑥 = 0, 𝑢 = 0.∫ 𝑎

−𝑎
𝑓 (𝑥) d𝑥 = −

∫ 0

𝑎

𝑓 (−𝑢) d𝑢 +
∫ 𝑎

0
𝑓 (𝑥) d𝑥

=

∫ 𝑎

0
𝑓 (𝑢) d𝑢 +

∫ 𝑎

0
𝑓 (𝑥) d𝑥 1M

= 2
∫ 𝑎

0
𝑓 (𝑥) d𝑥 1

(c)
∫ 𝜋

0
sin𝑛 𝑥 d𝑥 =

[
sin𝑛−1 𝑥(− cos 𝑥)

] 𝜋
0
+

∫ 𝜋

0
(𝑛 − 1) sin𝑛−2 𝑥 cos2 𝑥 d𝑥 1M+1M

= 0 + (𝑛 − 1)
∫ 𝜋

0
sin𝑛−2 𝑥(1 − sin2 𝑥) d𝑥

𝑛

∫ 𝜋

0
sin𝑛 𝑥 d𝑥 = (𝑛 − 1)

∫ 𝜋

0
sin𝑛−2 𝑥 d𝑥 1M∫ 𝜋

0
sin𝑛 𝑥 d𝑥 =

𝑛 − 1
𝑛

∫ 𝜋

0
sin𝑛−2 𝑥 d𝑥 1

(d) (−𝑥) sin2019(−𝑥) = 𝑥 sin2019 𝑥 for all 𝑥 ∈ R. So, 𝑥 sin2019 𝑥 is an even function.
By (b),∫ 𝜋

−𝜋

𝑥 sin2019 𝑥 d𝑥 = 2
∫ 𝜋

0
𝑥 sin2019 𝑥 d𝑥 1M

= 2
∫ 𝜋

0
(𝜋 − 𝑥) sin2019(𝜋 − 𝑥) d𝑥 1M

Therefore,

2
∫ 𝜋

0
𝑥 sin2019 𝑥 d𝑥 = 2𝜋

∫ 𝜋

0
sin2019 𝑥 d𝑥 − 2

∫ 𝜋

0
𝑥 sin2019 𝑥 d𝑥

2
∫ 𝜋

0
𝑥 sin2019 𝑥 d𝑥 = 𝜋

∫ 𝜋

0
sin2019 𝑥 d𝑥 1M
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Therefore,∫ 𝜋

−𝜋

𝑥 sin2019 𝑥 d𝑥 = 𝜋

∫ 𝜋

0
sin2019 𝑥 d𝑥

= 𝜋 × 2018
2019

∫ 𝜋

0
sin2017 𝑥 d𝑥 1M

= 𝜋 × 2018 × 2016 × . . . × 2
2019 × 2017 × . . . × 3

∫ 𝜋

0
sin 𝑥 d𝑥 1M

= 𝜋 × [21009(1009!)]2

2019!

[
− cos 𝑥

] 𝜋
0

=
22019(1009!)2𝜋

2019!
1A
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