M2INT-INT-2324-ASM-SET 4-MATH
Suggested solutions

1. (a) Letu = a —x. Then du = —dx.

n :1+tan<%—x)]dx

T tan J — tanx
0 | 1+tan 7 tanx

'/3r [ (1 +tanx) + (1 — tanx)
0

1 +tanx

2
:/ ln( )dx
0 1 +tanx

(c) Using the result of (b), we have

T T T
/ 1n(1+tanx)dx:/ ln2dx—/ In(1 + tanx) dx
0 0 0

dx

4

z/ (1 + tanx) dx = 1n2H
0 0

s

T In2
/ ln(1+tanx)dx:ﬂ 1
0 8
Note that d [In(1 +tanx)] secx
— x)| = .
dx 1 +tanx

T T
xIn(1 + tanx)] - / In(1 + tan x) dx
0 0

z 2
xsec”x
dx =
o 1+tanx

b4 mln2
=—1In2-

4" 8
_711n2
-8

M2INT-INT-2324-ASM-SET 4-MATH-MS-1 1

M

M

IM

M

1A

M

1A



3 -1
@ /4 x tan x(tan x )dx
0

tanx + 1

_/3r xtanzx—xtanxdx
~Jo tanx + 1

IS

x(sec’x — 1) — x tan x

:/ dx
0 tanx + 1

s 2 s

4 xsecx 4
:/ —dx—/ xdx

o l+tanx 0

_ min2 xzr
8 2,

_7r1n2 2

-8 32

M2INT-INT-2324-ASM-SET 4-MATH-MS-2

M

IM

1A



(a) %[x"+%(4—x)%] = (n+l) ”_7(4 x)2 +x"* %(4 x) (-1)

2
(n+%)(4—x)—%x

:x”_%(4—x)%(—nx —-2x+4n+2)

:x”_%(4—x)%

(b) By (a),
2

[x”+5(4—x)g] =
0
2
2y .03 :/ A Iax = x2[=(n +2)x + (4n +2)] dx
0
2 2
2"+2=—(n+2)/ x"\/4x—x2dx+(4n+2)/ x4y — x2 dx
0 0

22 = —(n+2)1, +2Q2n+ DI,
_2(2n+ 1)1 2n+2
T T
2 2
(c) Ioz/ V4x—x2dx:/ 4—(x-2)2dx
0 0
Letx —2 =2sinf. Then dx = 2 cos 8 d6.
Whenx:0,0:—g;whenx:2,9:0.

10_/ V4 —45in%6 -2 cos 0 do
%

2
/ x”_%(4—x)%(—nx—2x+4n+2)dx
0

cos2 6do

(1 + cos 26) do

N sin 260 0
2 .

Iy

24+ 1 2242
d L= ( )11

242 ' 242
_5[22+ 1) 21421 3
T2l 1+2 T 142 2
32
=51
3
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3. (a) d(1 2)3 31— x2) (—2n) M
) —(1-x7)" ==(1-x —2x
dx 2
= —3x(1 —xz)% 1A
1— 27371 1 1— 243
(b) 12n=[x2"_lxﬂ] - / 2n— 2 (U252 4 IM+1M
2n—1 !
0+ ”3 /xZ"—Z(l—xZ)%(l—xZ)dx M
0
2n—-1 ! 2n—1 !
- '/xzn_z(l—xz);dx— " /xzn(l—xz)édx M
3 Jo 3 Jo
_2n—11 2n—11
= 3 2n-2 3 2n
2n+2 2n—1
3 Ly = 3 Ly IM
I _2n—1 |
2n = m+2 2n-2
(c) Letx =sind. Then dx = cos 6 d6. 1M
Whenx=0,9=0;whenx=1,9:g.
%
10:/ V1 = sin® 6 cos §do 1M
0
1 (2
:—/ (1 +cos26)do M
2 Jo
1[ sinze]’f
_ o4 1A
2 2 |,
T
_T 1A
4
(d) Whenn =1,
2-1 1 n T
LHS.=1, = Ih=-X—-=— 1M
S.=h 2+2°727°47 16
RHS.=—=—=LH.S.
22+1(2) 16
It is true for n = 1. 1
2k —1)!
Assume Iy = ( )!n , where k € Z". 1
22k=T(k — D)I(k + 1)!
Lo _2k+2-1,
T k242
2kl 2k - D)'x |
T2k 447 221k — D)k +1)!
kst
_ 2k
22k (k +2)(k — D)!(k +1)!
_ (Ck+)x
22k N (K + 2)!
=R.H.S. 1
It is true forn = k + 1.
By M.L,, it is true Vn € Z*. 1
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9n
(©) 10 = 56T 4y 61y
_ 2lxm
2048
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4. (a) Letu =a—x. Then du = —dx. IM

Whenx =0,u =a; whenx =a, u =0.

‘/Oaf(x)dx=—/a0f(a—u)du

:/uf(a—u)du M
0

=/af(a—X)dx 1
(b) / fdre [ Fdes / £(x) dr. IM

Letu = —x. Thendu— —dx.

Whenx =—-a,u=a;whenx=0,u=0

/f(x)dx— /f( u)du+/ £x) dx

- /O £ () du+ /0 £(x) dv IM
:2/Oaf(x)dx 1

Ve
(©) / sin” x dx =[sin"_1x(— cos x)
0

T V.4
+ / (n— 1) sin" 2 x cos? x dx IM+1M
o Jo

=0+(n—1)/ sin 2 x(1 = sin® x) dx
0

T T
n/ sin"xdx:(n—l)/ sin” "2 x dx M
0 0
b/g -1 F/d
/ sin” x dx = — / sin" 2 x dx 1
0 n 0
(d) (=x) sin®?(=x) = xsin®""? x for all x € R. So, x sin**!” x is an even function.
By (b),
T T
/ xsin?!? x dx :2/ xsin??"? x dx 1M
- 0
T
= 2/ (1 — x) sin?*!? (7 — x) dx M
0
Therefore,

T T T
2/ xsin?""? x dx = 277/ sin?? x dx — 2/ xsin?21? x dx
0 0 0

T T
2/ xsin?%" x dx = 77/ sin?1? x dx M
0 0
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Therefore,

T T
/ xsin?®Pxdx = n / sin?1% x dx
- 0

2018 [ . 2017
— dx
X 5019 A sin™ '’ x

B ><2018><2016><...><2/’r i x d
T 019% 2017 x ... x3 Jy

[21909(1009!)]? g
ST T TR B
_22019(1009!) 7

- 2019!

0
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