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建議題解

1. lim
𝑥→0

sin 𝑥 + sin 3𝑥
𝑥 = lim

𝑥→0
2 sin 2𝑥 cos 𝑥

𝑥 1M

= lim
𝑥→0

(sin 2𝑥
2𝑥 ⋅ 4 cos 𝑥) 1M

= 1 ⋅ 4
= 4 1A

2. lim
𝑥→0

sin 3𝑥 + sin 2𝑥
𝑥 = lim

𝑥→0
(sin 3𝑥

3𝑥 ⋅ 3 + sin 2𝑥
2𝑥 ⋅ 2) 1M

= 1(3) + 1(2)
= 5 1A

3. lim
𝑥→0

4𝑥 cot 2𝑥
cos 𝑥 = lim

𝑥→0
4𝑥 cos 2𝑥

cos 𝑥 sin 2𝑥
= lim

𝑥→0
( 2𝑥

sin 2𝑥 ⋅ 2 cos 2𝑥
cos 𝑥 ) 1M

= 1 ⋅ 2
= 2 1A

4. lim
𝑥→0

7𝑥2

1 − cos 7𝑥 = lim
𝑥→0

( 7𝑥2

1 − cos 7𝑥 ⋅ 1 + cos 7𝑥
1 + cos 7𝑥 ) 1M

= lim
𝑥→0

7𝑥2(1 + cos 7𝑥)
1 − cos2 7𝑥

= lim
𝑥→0

7𝑥2(1 + cos 7𝑥)
sin2 7𝑥

= lim
𝑥→0

⎡⎢
⎣
( 7𝑥

sin 7𝑥 )
2

⋅ 1 + cos 7𝑥
7

⎤⎥
⎦

1M

= 12 ⋅ 1 + 1
7

= 2
7 1A

5. lim
𝑥→0

cos 5𝑥 − cos 3𝑥
𝑥2 = lim

𝑥→0
−2 sin 4𝑥 sin 𝑥

𝑥2 1M

= lim
𝑥→0

(sin 4𝑥
4𝑥 ⋅ sin 𝑥

𝑥 ⋅ (−2)(4)) 1M

= (1)(1)(−8)
= −8 1A
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6. lim
𝑥→0

1 − cos 𝑥
1 − cos 5𝑥 = lim

𝑥→0
1 − (1 − 2 sin2 𝑥

2)
1 − (1 − 2 sin2 5𝑥

2 )
1M

= lim
𝑥→0

sin2 𝑥
2

sin2 5𝑥
2

= lim
𝑥→0

[sin 𝑥
2

( 𝑥
2) ]

2
⎡⎢
⎣

(5𝑥
2 )

sin 5𝑥
2

⎤⎥
⎦

2

⋅ 1
25 1M

= 12 ⋅ 12 ⋅ 1
25

= 1
25 1A

7. lim
𝑥→0

1 − cos 3𝑥
𝑥 sin 3𝑥 = lim

𝑥→0

1 − (1 − 2 sin2 3𝑥
2 )

𝑥 sin 3𝑥 1M

= lim
𝑥→0

2 sin2 3𝑥
2

𝑥 sin 3𝑥

= lim
𝑥→0

⎧{
⎨{⎩
⎡⎢
⎣

sin 3𝑥
2

(3𝑥
2 )

⎤⎥
⎦

2

⋅ 3𝑥
sin 3𝑥 ⋅ 3

2
⎫}
⎬}⎭

1M

= 12 ⋅ 1 ⋅ 3
2

= 3
2 1A

8. (a) lim
𝑢→0

𝑢 sin 𝑢
1 − cos 3𝑢 = lim

𝑢→0
𝑢 sin 𝑢

1 − (1 − 2 sin2 3𝑢
2 )

1M

= lim
𝑢→0

𝑢 sin 𝑢
2 sin2 3𝑢

2

= lim
𝑢→0

(3𝑢
2 )

2

sin2 3𝑢
2

⋅ sin 𝑢
𝑢 ⋅ 2

9 1M

= 2
9 1A

(b) 設 𝑢 = 𝜋
2 − 𝑥。

lim
𝑥→ 𝜋

2

(𝑥 − 𝜋
2 ) cos 𝑥

1 + sin 3𝑥 = lim
𝑢→0

−𝑢 cos (𝜋
2 − 𝑢)

1 + sin (3𝜋
2 − 3𝑢)

= lim
𝑢→0

−𝑢 sin 𝑢
1 − cos 3𝑢 1M

= −2
9 1A
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9. Let 𝑦 = 1
𝑥 , then 𝑥 = 1

𝑦 .

lim𝑥→∞(2𝑥2 + 𝑥 − 5) sin2 3
𝑥 = lim

𝑦→0
( 2

𝑦2 + 1
𝑦 − 5) sin2 3𝑦 1M

= lim
𝑦→0

⎛⎜
⎝

2 sin2 3𝑦
𝑦2 + sin2 3𝑦

𝑦 − 5 sin2 3𝑦⎞⎟
⎠

= lim
𝑦→0

⎡⎢
⎣
(sin 3𝑦

3𝑦 )
2

⋅ 18 + sin 3𝑦
3𝑦 ⋅ 3 sin 3𝑦 − 5 sin2 3𝑦⎤⎥

⎦
1M

= 1(18) + 1(0) − 5(0)
= 18 1A

10. lim
𝑥→0

𝑥 [1 + tan (𝜋
3 + 𝑥)]

√3 − tan (𝜋
3 + 𝑥)

= lim
𝑥→0

𝑥 (1 + √3+tan 𝑥
1−√3 tan 𝑥

)

√3 − √3+tan 𝑥
1−√3 tan 𝑥

1M

= lim
𝑥→0

⎡⎢
⎣
𝑥 ⎛⎜

⎝
(1 − √3) tan 𝑥 + (1 + √3)

1 − √3 tan 𝑥
⎞⎟
⎠

⎤⎥
⎦

÷ ⎛⎜
⎝

(−3 − 1) tan 𝑥 + (√3 − √3)
1 − √3 tan 𝑥

⎞⎟
⎠

= lim
𝑥→0

𝑥[(1 − √3) tan 𝑥 + (1 + √3)]
−4 tan 𝑥

= lim
𝑥→0

⎛⎜
⎝

𝑥
sin 𝑥 ⋅ cos 𝑥[(1 − √3) tan 𝑥 + (1 + √3)]

−4
⎞⎟
⎠

1M

= 1 ⋅ 1[0 + (1 + √3)]
−4

= −1 + √3
4 1A

11. (a) lim𝑥→∞
3𝑥2 + 2𝑥

𝑥2 = lim𝑥→∞
3 + 2

𝑥
1 1M

= 3 1A

(b) lim𝑥→∞ (𝑥2 + 3𝑥 + 2
𝑥2 )

2𝑥
= lim𝑥→∞ (1 + 3𝑥 + 2

𝑥2 )
2𝑥

1M

= lim𝑥→∞ (1 + 3𝑥 + 2
𝑥2 )

𝑥2
3𝑥+2 ⋅ 2(3𝑥2+2𝑥)

𝑥2

= lim𝑥→∞ (1 + 3𝑥 + 2
𝑥2 )

𝑥2
3𝑥+2 ⋅(6+ 4

𝑥 )
1M

= 𝑒6 1A

12. lim
𝑥→0

(1 + 5𝑥 + 6𝑥2) 1
𝑥 = lim

𝑥→0
[(1 + 2𝑥) 1

𝑥 (1 + 3𝑥) 1
𝑥 ]

= lim
𝑥→0

{[(1 + 2𝑥) 1
2𝑥 ]

2
[(1 + 3𝑥) 1

3𝑥 ]
3
} 1M

= 𝑒2 ⋅ 𝑒3

= 𝑒5 1A
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13. lim
𝑥→0

𝑒2𝑥 − 1
𝑥𝑒2𝑥 = lim

𝑥→0
(𝑒2𝑥 − 1

2𝑥 ⋅ 2
𝑒2𝑥 ) 1M

= 1 ⋅ 2
1

= 2 1A

14. lim
𝑥→0

𝑒2𝑥 − 1
𝑥(𝑒𝑥 + 1) = lim

𝑥→0
(𝑒2𝑥 − 1

2𝑥 ⋅ 2
𝑒𝑥 + 1) 1M

= 1 ⋅ 2
𝑒0 + 1

= 1 1A

15. lim
𝑥→0

𝑒2𝑥 + 𝑒−2𝑥 − 2
𝑥 sin 4𝑥 = lim

𝑥→0
𝑒4𝑥 + 1 − 2𝑒2𝑥

𝑥𝑒2𝑥 sin 4𝑥
= lim

𝑥→0
(𝑒2𝑥 − 1)2

𝑥𝑒2𝑥 sin 4𝑥 1M

= lim
𝑥→0

⎡⎢
⎣
(𝑒2𝑥 − 1

2𝑥 )
2

⋅ 4𝑥
sin 4𝑥 ⋅ 1

𝑒2𝑥
⎤⎥
⎦

1M

= 12 ⋅ 1 ⋅ 1
𝑒0

= 1 1A
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