
M2REG-INVM-2324-ASM-SET 3-MATH
建議題解

1. (a) det 𝑄 = 5
11 + 6

11 = 1 1A

𝑄−1 = 1
1

⎛⎜⎜
⎝

1 2
− 3

11
5
11

⎞⎟⎟
⎠

𝑇

= ⎛⎜⎜⎜
⎝

1 − 3
11

2 5
11

⎞⎟⎟⎟
⎠

1A

𝑄𝑃𝑄−1 = ⎛⎜⎜
⎝

5
11

3
11

−2 1
⎞⎟⎟
⎠

⎛⎜
⎝

5 3
10 6

⎞⎟
⎠

⎛⎜⎜⎜
⎝

1 − 3
11

2 5
11

⎞⎟⎟⎟
⎠

= ⎛⎜
⎝

5 3
0 0

⎞⎟
⎠

⎛⎜⎜⎜
⎝

1 − 3
11

2 5
11

⎞⎟⎟⎟
⎠

= ⎛⎜
⎝

11 0
0 0

⎞⎟
⎠

1A

(b) 𝑄𝑃𝑄−1 = ⎛⎜
⎝

11 0
0 0

⎞⎟
⎠

𝑃 = 𝑄−1 ⎛⎜
⎝

11 0
0 0

⎞⎟
⎠

𝑄 1M

𝑃𝑛 = 𝑄−1 ⎛⎜
⎝

11 0
0 0

⎞⎟
⎠

𝑛

𝑄 1M

= 𝑄−1 ⎛⎜
⎝

11𝑛 0
0 0

⎞⎟
⎠

𝑄

= ⎛⎜⎜⎜
⎝

1 − 3
11

2 5
11

⎞⎟⎟⎟
⎠

⎛⎜
⎝

11𝑛 0
0 0

⎞⎟
⎠

⎛⎜⎜
⎝

5
11

3
11

−2 1
⎞⎟⎟
⎠

1A

= ⎛⎜
⎝

5 ⋅ 11𝑛−1 3 ⋅ 11𝑛−1

10 ⋅ 11𝑛−1 6 ⋅ 11𝑛−1
⎞⎟
⎠

1A
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2. (a) (i) 𝑃2 =
⎛⎜⎜⎜⎜⎜
⎝

−1 0 1
0 1 0
2 0 −1

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

−1 0 1
0 1 0
2 0 −1

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

3 0 −2
0 1 0

−4 0 3

⎞⎟⎟⎟⎟⎟
⎠

1A

𝑃3 =
⎛⎜⎜⎜⎜⎜
⎝

3 0 −2
0 1 0

−4 0 3

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

−1 0 1
0 1 0
2 0 −1

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

−7 0 5
0 1 0
10 0 −7

⎞⎟⎟⎟⎟⎟
⎠

𝑃3 + 𝑃2 − 3𝑃 + 𝐼 =
⎛⎜⎜⎜⎜⎜
⎝

−7 0 5
0 1 0
10 0 −7

⎞⎟⎟⎟⎟⎟
⎠

+
⎛⎜⎜⎜⎜⎜
⎝

3 0 −2
0 1 0

−4 0 3

⎞⎟⎟⎟⎟⎟
⎠

− 3
⎛⎜⎜⎜⎜⎜
⎝

−1 0 1
0 1 0
2 0 −1

⎞⎟⎟⎟⎟⎟
⎠

+
⎛⎜⎜⎜⎜⎜
⎝

1 0 0
0 1 0
0 0 1

⎞⎟⎟⎟⎟⎟
⎠

= 0 1

(ii) 𝑃3 + 𝑃2 − 3𝑃 + 𝐼 = 0
𝐼 = 3𝑃 − 𝑃2 − 𝑃3

= 𝑃(3𝐼 − 𝑃 − 𝑃2) 1M
𝑃−1 = 3𝐼 − 𝑃 − 𝑃2 1M

=
⎛⎜⎜⎜⎜⎜
⎝

1 0 1
0 1 0
2 0 1

⎞⎟⎟⎟⎟⎟
⎠

1A

(b) (i) 𝑃−1𝐴𝑃 =
⎛⎜⎜⎜⎜⎜
⎝

1 0 1
0 1 0
2 0 1

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

0 0 −1
0 1 0
2 0 3

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

−1 0 1
0 1 0
2 0 −1

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

2 0 0
0 1 0
0 0 1

⎞⎟⎟⎟⎟⎟
⎠

= 𝑀 1

(ii) det(𝑃−1𝐴𝑃) = det 𝑀
det 𝑃−1 ⋅ det 𝐴 ⋅ det 𝑃 = det 𝑀

1
det 𝑃 ⋅ det 𝐴 ⋅ det 𝑃 = det 𝑀

det 𝐴 = det 𝑀
= 2(1)(1) ≠ 0 1M

因此，𝐴及 𝑀 為非奇異矩陣。 1

(iii) 𝑀−1 =
⎛⎜⎜⎜⎜⎜⎜
⎝

1
2 0 0
0 1 0
0 0 1

⎞⎟⎟⎟⎟⎟⎟
⎠

1A

(𝑀−1)50 =
⎛⎜⎜⎜⎜⎜
⎝

2−50 0 0
0 1 0
0 0 1

⎞⎟⎟⎟⎟⎟
⎠

1A
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𝑀−1 = (𝑃−1𝐴𝑃)−1

= 𝑃−1𝐴−1𝑃
𝐴−1 = 𝑃𝑀−1𝑃−1 1M

(𝐴−1)50 = (𝑃𝑀−1𝑃−1)50

= 𝑃(𝑀−1)50𝑃−1 1M

=
⎛⎜⎜⎜⎜⎜
⎝

2 − 2−50 0 1 − 2−50

0 1 0
2−49 − 2 0 2−49 − 1

⎞⎟⎟⎟⎟⎟
⎠

1A
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3. (a) (i) 對 𝑖 = 1, 2，

𝐴 ⎛⎜
⎝

𝑥𝑖
𝑦𝑖

⎞⎟
⎠

= 𝜆𝑖
⎛⎜
⎝

𝑥𝑖
𝑦𝑖

⎞⎟
⎠

(𝐴 − 𝜆𝑖𝐼) ⎛⎜
⎝

𝑥𝑖
𝑦𝑖

⎞⎟
⎠

= ⎛⎜
⎝

0
0
⎞⎟
⎠

1M

若 det(𝐴 − 𝜆𝑖𝐼) ≠ 0，則 (𝐴 − 𝜆𝑖𝐼)−1存在及

⎛⎜
⎝

𝑥𝑖
𝑦𝑖

⎞⎟
⎠

= (𝐴 − 𝜆𝑖𝐼)−1 ⎛⎜
⎝

0
0
⎞⎟
⎠

= ⎛⎜
⎝

0
0
⎞⎟
⎠
，即矛盾。

因此，det(𝐴 − 𝜆𝑖𝐼) = 0。
𝜆1及 𝜆2滿足 det(𝐴 − 𝜆𝐼) = 0。 1

(ii)
∣∣∣∣
5 − 𝜆 0

21 −2 − 𝜆
∣∣∣∣
= 0

(5 − 𝜆)(−2 − 𝜆) = 0 1M

𝜆 = −2 或 5
因此，𝜆2 = −2及 𝜆2 = 5。 1A

(b) (i) 對 𝑖 = 1, 2。

𝐴 ⎛⎜
⎝

𝑥𝑖
𝑦𝑖

⎞⎟
⎠

= 𝜆𝑖
⎛⎜
⎝

𝑥𝑖
𝑦𝑖

⎞⎟
⎠

⎛⎜
⎝

5𝑥𝑖
21𝑥𝑖 − 2𝑦𝑖

⎞⎟
⎠

= ⎛⎜
⎝

𝜆𝑖𝑥𝑖
𝜆𝑖𝑦𝑖

⎞⎟
⎠

21𝑥𝑖 − 2𝑦𝑖 = 𝜆𝑖𝑦𝑖

21𝑥𝑖 = (𝜆𝑖 + 2)𝑦𝑖 1M
若 𝑦𝑖 = 0，則 𝑥𝑖 = 0，產生矛盾。
因此，𝑦1及 𝑦2均為非零實數。 1

(ii) 當 𝜆1 = −2，

21𝑥1 = (−2 + 2)𝑦1
𝑥1
𝑦1

= 0 1A

當 𝜆2 = 5，

21𝑥2 = (5 + 2)𝑦2
𝑥2
𝑦2

= 1
3 1A

因此，𝑃 = ⎛⎜⎜
⎝

0 1
3

1 1
⎞⎟⎟
⎠
。 1A

(iii) det 𝑃 =
∣∣∣∣
0 1

3
1 1

∣∣∣∣
= −1

3 ≠ 0

因此，𝑃為可逆矩陣。 1
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𝑃−1 = 1
(−1

3)
⎛⎜⎜
⎝

1 −1
−1

3 0
⎞⎟⎟
⎠

𝑇

= ⎛⎜
⎝

−3 1
3 0

⎞⎟
⎠

1A

(c) (i) 𝐴𝑃 = ⎛⎜
⎝

5 0
21 −2

⎞⎟
⎠

⎛⎜⎜
⎝

0 1
3

1 1
⎞⎟⎟
⎠

= ⎛⎜⎜
⎝

0 5
3

−2 5
⎞⎟⎟
⎠

𝑃 ⎛⎜
⎝

𝜆1 0
0 𝜆2

⎞⎟
⎠

= ⎛⎜⎜
⎝

0 1
3

1 1
⎞⎟⎟
⎠

⎛⎜
⎝

−2 0
0 5

⎞⎟
⎠

= ⎛⎜⎜
⎝

0 5
3

−2 5
⎞⎟⎟
⎠

= 𝐴𝑃 1

(ii) 𝐴𝑃 = 𝑃 ⎛⎜
⎝

𝜆1 0
0 𝜆2

⎞⎟
⎠

𝑃−1𝐴𝑃 = ⎛⎜
⎝

𝜆1 0
0 𝜆2

⎞⎟
⎠

(𝑃−1)𝐴(𝑃−1)−1 = ⎛⎜
⎝

𝜆1 0
0 −𝜆2

⎞⎟
⎠

因此，若 𝑄 = 𝑃−1，𝑄𝐴𝑄−1為對角矩陣。 1
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4. (a) (i) det 𝐴 = −𝑘

𝐴−1 = 1
−𝑘

⎛⎜
⎝

0 −1
−𝑘 1

⎞⎟
⎠

𝑇

1M

= 1
𝑘

⎛⎜
⎝

0 𝑘
1 −1

⎞⎟
⎠

1A

(ii) 𝐴−1𝑀𝐴 = 1
𝑘

⎛⎜
⎝

0 𝑘
1 −1

⎞⎟
⎠

⎛⎜
⎝

𝑘 2 − 𝑘
0 2

⎞⎟
⎠

⎛⎜
⎝

1 𝑘
1 0

⎞⎟
⎠

= 1
𝑘

⎛⎜
⎝

0 𝑘
1 −1

⎞⎟
⎠

⎛⎜
⎝

2 𝑘2

2 0
⎞⎟
⎠

1M+1A

= 1
𝑘

⎛⎜
⎝

2𝑘 0
0 𝑘2

⎞⎟
⎠

= ⎛⎜
⎝

2 0
0 𝑘

⎞⎟
⎠

1A

(iii) (𝐴−1𝑀𝐴)𝑛 = ⎛⎜
⎝

2 0
0 𝑘

⎞⎟
⎠

𝑛

𝐴−1𝑀𝑛𝐴 = ⎛⎜
⎝

2𝑛 0
0 𝑘𝑛

⎞⎟
⎠

1M

𝑀𝑛 = 𝐴 ⎛⎜
⎝

2𝑛 0
0 𝑘𝑛

⎞⎟
⎠

𝐴−1 1M

= 1
𝑘

⎛⎜
⎝

1 𝑘
1 0

⎞⎟
⎠

⎛⎜
⎝

2𝑛 0
0 𝑘𝑛

⎞⎟
⎠

⎛⎜
⎝

0 𝑘
1 −1

⎞⎟
⎠

= 1
𝑘

⎛⎜
⎝

2𝑛 𝑘𝑛+1

2𝑛 0
⎞⎟
⎠

⎛⎜
⎝

0 𝑘
1 −1

⎞⎟
⎠

= 1
𝑘

⎛⎜
⎝

𝑘𝑛+1 𝑘2𝑛 − 𝑘𝑛+1

0 𝑘2𝑛
⎞⎟
⎠

= ⎛⎜
⎝

𝑘𝑛 2𝑛 − 𝑘𝑛

0 2𝑛
⎞⎟
⎠

1A

(b) 代 𝑘 = −1至 𝑀。
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⎛⎜
⎝

𝑥2𝑛+2
𝑥2𝑛+1

⎞⎟
⎠

= ⎛⎜
⎝

−1 3
0 2

⎞⎟
⎠

⎛⎜
⎝

𝑥2𝑛
𝑥2𝑛−1

⎞⎟
⎠

= ⎛⎜
⎝

−1 3
0 2

⎞⎟
⎠

2
⎛⎜
⎝

𝑥2𝑛−2
𝑥2𝑛−3

⎞⎟
⎠

1M

= …

= ⎛⎜
⎝

−1 3
0 2

⎞⎟
⎠

𝑛
⎛⎜
⎝

𝑥2
𝑥1

⎞⎟
⎠

1A

= ⎛⎜
⎝

(−1)𝑛+1 2𝑛 − (−1)𝑛

0 2𝑛
⎞⎟
⎠

⎛⎜
⎝

−1
1

⎞⎟
⎠

= ⎛⎜
⎝

2𝑛 + 2(−1)𝑛+1

2𝑛
⎞⎟
⎠

1A

因此，𝑥𝑛 =
⎧{
⎨{⎩

2 𝑛
2 −1 + 2(−1) 𝑛

2 當 𝑛 = 2, 4, 6, …

2 𝑛−1
2 當 𝑛 = 1, 3, 5, …

1A
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5. (a) (i) 𝑋2 =
⎛⎜⎜⎜⎜⎜
⎝

0 0 1
1 0 1
1 1 1

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

0 0 1
1 0 1
1 1 1

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

1 1 1
1 1 2
2 1 3

⎞⎟⎟⎟⎟⎟
⎠

𝑋2 =
⎛⎜⎜⎜⎜⎜
⎝

1 1 1
1 1 2
2 1 3

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

0 0 1
1 0 1
1 1 1

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

2 1 3
3 2 4
4 3 6

⎞⎟⎟⎟⎟⎟
⎠

𝑋3 + 𝑚𝑋2 + 𝑛𝑋 = 𝐼

⎛⎜⎜⎜⎜⎜
⎝

2 1 3
3 2 4
4 3 6

⎞⎟⎟⎟⎟⎟
⎠

+ 𝑚
⎛⎜⎜⎜⎜⎜
⎝

1 1 1
1 1 2
2 1 3

⎞⎟⎟⎟⎟⎟
⎠

+ 𝑛
⎛⎜⎜⎜⎜⎜
⎝

0 0 1
1 0 1
1 1 1

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

1 0 0
0 1 0
0 0 1

⎞⎟⎟⎟⎟⎟
⎠

1M

可得 2 + 𝑚 = 1及 3 + 𝑚 + 𝑛 = 0。 1M
求解後，可得 𝑚 = −1及 𝑛 = −2。 1A

(ii) 𝑋3 − 𝑋2 − 2𝑋 = 𝐼
𝑋(𝑋2 − 𝑋 − 2𝐼) = 𝐼 = (𝑋2 − 𝑋 − 2𝐼)𝑋 1M
𝑋−1 = 𝑋2 − 𝑋 − 2𝐼

=
⎛⎜⎜⎜⎜⎜
⎝

−1 1 0
0 −1 1
1 0 0

⎞⎟⎟⎟⎟⎟
⎠

1A

(b) (i) 𝑍 = 𝑋𝑌3𝑋−1

=
⎛⎜⎜⎜⎜⎜
⎝

0 0 1
1 0 1
1 1 1

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

−2 0 −4
3 1 3
0 0 2

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

−1 1 0
0 −1 1
1 0 0

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

2 0 0
0 −2 0
0 0 1

⎞⎟⎟⎟⎟⎟
⎠

1A

(ii) det(𝑍) = (2)(−2)(1)
= −4

det(𝑍) = det(𝑋𝑌3𝑋−1)
= det 𝑋(det 𝑌3)[det(𝑋−1)]
= det(𝑋𝑋−1)(det 𝑌)3

= (det 𝑌)3 1M

det 𝑌 = 3√−4 ≠ 0
因此，𝑌 為非奇異矩陣。 1
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(iii) 𝑍 = 𝑋𝑌3𝑋−1

𝑍−1 = (𝑋𝑌3𝑋−1)−1

= 𝑋(𝑌3)−1𝑋−1

= 𝑋(𝑌−1)3𝑋−1 1M

(𝑍−1)20 = 𝑋(𝑌−1)60𝑋−1

(𝑌−1)60 = 𝑋−1(𝑍−1)20𝑋−1 1M

= 𝑋−1
⎛⎜⎜⎜⎜⎜⎜⎜
⎝

1
2 0 0
0 −1

2 0
0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

20

𝑋−1 1A

=
⎛⎜⎜⎜⎜⎜
⎝

−1 1 0
0 −1 1
1 0 0

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

2−20 0 0
0 2−20 0
0 0 1

⎞⎟⎟⎟⎟⎟
⎠

⎛⎜⎜⎜⎜⎜
⎝

0 0 1
1 0 1
1 1 1

⎞⎟⎟⎟⎟⎟
⎠

=
⎛⎜⎜⎜⎜⎜
⎝

2−20 0 0
1 − 2−20 1 1 − 2−20

0 0 2−20

⎞⎟⎟⎟⎟⎟
⎠

1A
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6. (a)
∣∣∣∣
1 − 𝜆 3

2 2 − 𝜆
∣∣∣∣
= 0 1A

(1 − 𝜆)(2 − 𝜆) − 6 = 0 1A

𝜆2 − 3𝜆 − 4 = 0
𝜆 = −1 或 4 1A

(b) 𝜆1 = −1。⎛⎜
⎝

1 3
2 2

⎞⎟
⎠

⎛⎜
⎝

𝑥1
𝑦1

⎞⎟
⎠

= ⎛⎜
⎝

𝑥1 + 3𝑦1
2𝑥1 + 2𝑦1

⎞⎟
⎠

= ⎛⎜
⎝

−𝑥1
−𝑦1

⎞⎟
⎠
。 1M

因此，𝑥1 + 3𝑦1 = −𝑥1及 2𝑥1 + 2𝑦1 = −𝑦1。

一可能的解為 ⎛⎜
⎝

𝑥1
𝑦1

⎞⎟
⎠

= ⎛⎜
⎝

−3
2

⎞⎟
⎠
。 1A

𝜆2 = 4。⎛⎜
⎝

1 3
2 2

⎞⎟
⎠

⎛⎜
⎝

𝑥2
𝑦2

⎞⎟
⎠

= ⎛⎜
⎝

𝑥2 + 3𝑦2
2𝑥2 + 2𝑦2

⎞⎟
⎠

= ⎛⎜
⎝

4𝑥2
4𝑦2

⎞⎟
⎠

因此，𝑥2 + 3𝑦2 = 4𝑥2及 2𝑥2 + 2𝑦2 = 4𝑦2。

一可能的解為 ⎛⎜
⎝

𝑥2
𝑦2

⎞⎟
⎠

= ⎛⎜
⎝

1
1
⎞⎟
⎠
。 1A

設 𝑃 = ⎛⎜
⎝

−3 1
2 1

⎞⎟
⎠
，則 det 𝑃 = −3 − 2 = −5 ≠ 0。

𝑃−1 = 1
−5

⎛⎜
⎝

1 −1
−2 −3

⎞⎟
⎠

1A

𝑃−1 ⎛⎜
⎝

1 3
2 2

⎞⎟
⎠

𝑃 = −1
5

⎛⎜
⎝

1 −1
−2 −3

⎞⎟
⎠

⎛⎜
⎝

1 3
2 2

⎞⎟
⎠

⎛⎜
⎝

−3 1
2 1

⎞⎟
⎠

= −1
5

⎛⎜
⎝

1 −1
−2 −3

⎞⎟
⎠

⎛⎜
⎝

3 4
−2 4

⎞⎟
⎠

= ⎛⎜
⎝

−1 0
0 4

⎞⎟
⎠

1A
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(c) ⎡⎢
⎣
𝑃−1 ⎛⎜

⎝
1 3
2 2

⎞⎟
⎠

𝑃⎤⎥
⎦

1996

= ⎛⎜
⎝

−1 0
0 4

⎞⎟
⎠

1996

𝑃−1 ⎛⎜
⎝

1 3
2 2

⎞⎟
⎠

1996

𝑃 = ⎛⎜
⎝

1 0
0 41996

⎞⎟
⎠

1M

⎛⎜
⎝

1 3
2 2

⎞⎟
⎠

1996

= 𝑃 ⎛⎜
⎝

1 0
0 41996

⎞⎟
⎠

𝑃−1 1M

= −1
5

⎛⎜
⎝

−3 1
2 1

⎞⎟
⎠

⎛⎜
⎝

1 0
0 41996

⎞⎟
⎠

⎛⎜
⎝

1 −1
−2 −3

⎞⎟
⎠

= 1
5

⎛⎜
⎝

−3 41996

2 41996
⎞⎟
⎠

⎛⎜
⎝

−1 1
2 3

⎞⎟
⎠

= 1
5

⎛⎜
⎝

3 + 2 ⋅ 41996 −3 + 3 ⋅ 41996

−2 + 2 ⋅ 41996 2 + 3 ⋅ 41996
⎞⎟
⎠

1A
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7. (a) (i) 假設相反地，𝑃為一奇異矩陣，即 |𝑃| = 𝑎 + 𝑏 = 0。 1A
則 𝑎𝑏 = (−𝑏)𝑏 = −𝑏2 ≤ 0，矛盾。 1M
所以，|𝑃|為一非奇異矩陣。 1

(ii) 𝑃−1 = 1
𝑎 + 𝑏

⎛⎜
⎝

1 −𝑏
1 𝑎

⎞⎟
⎠

𝑇

= 1
𝑎 + 𝑏

⎛⎜
⎝

1 1
−𝑏 𝑎

⎞⎟
⎠

1A

𝑃−1𝐴𝑃

= 1
𝑎 + 𝑏

⎛⎜
⎝

1 1
−𝑏 𝑎

⎞⎟
⎠

⎛⎜
⎝

4 − 𝑏 𝑎
𝑏 4 − 𝑎

⎞⎟
⎠

⎛⎜
⎝

𝑎 −1
𝑏 1

⎞⎟
⎠

= 1
𝑎 + 𝑏

⎛⎜
⎝

4 4
𝑎𝑏 − (4 − 𝑏)𝑏 (4 − 𝑎)𝑎 − 𝑎𝑏

⎞⎟
⎠

⎛⎜
⎝

𝑎 −1
𝑏 1

⎞⎟
⎠

1M

= 1
𝑎 + 𝑏

⎛⎜
⎝

4𝑎 + 4𝑏 0
𝑎2𝑏 − (4 − 𝑏)𝑎𝑏 + (4 − 𝑎)𝑎𝑏 − 𝑎𝑏2 −𝑎𝑏 + (4 − 𝑏)𝑏 + (4 − 𝑎)𝑎 − 𝑎𝑏

⎞⎟
⎠

= 1
𝑎 + 𝑏

⎛⎜
⎝

4(𝑎 + 𝑏) 0
0 −𝑎2 − 2𝑎𝑏 − 𝑏2 + 4𝑎 + 4𝑏

⎞⎟
⎠

= ⎛⎜
⎝

4 0
0 4 − (𝑎 + 𝑏)

⎞⎟
⎠

1A

(iii) 根據 (a)(ii)，

(𝑃−1𝐴𝑃)𝑛 = ⎛⎜
⎝

4 0
0 4 − (𝑎 + 𝑏)

⎞⎟
⎠

𝑛

𝑃−1𝐴𝑛𝑃 = ⎛⎜
⎝

4𝑛 0
0 (4 − 𝑎 − 𝑏)𝑛

⎞⎟
⎠

1M+1M

𝐴𝑛 = 𝑃 ⎛⎜
⎝

4𝑛 0
0 (4 − 𝑎 − 𝑏)𝑛

⎞⎟
⎠

𝑃−1

因此，𝑑1 = 4𝑛及 𝑑2 = (4 − 𝑎 − 𝑏)𝑛。 1A
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(b) 由於 4 ⋅ 1 = 4 > 0，代 𝑎 = 4及 𝑏 = 1至矩陣 𝐴，得出 1A

𝐵𝑘 = 𝑃 ⎛⎜
⎝

4𝑘 0
0 (4 − 4 − 1)𝑘

⎞⎟
⎠

𝑃−1

= 𝑃 ⎛⎜
⎝

4𝑘 0
0 (−1)𝑘

⎞⎟
⎠

𝑃−1 1M

所以，

𝐵 + 𝐵3 + 𝐵5 + … + 𝐵2𝑛−1 =
𝑛

∑
𝑘=1

𝑃 ⎛⎜
⎝

42𝑘−1 0
0 (−1)2𝑘−1

⎞⎟
⎠

𝑃−1 1M

= 𝑃
⎛⎜⎜⎜⎜⎜⎜⎜
⎝

𝑛
∑
𝑘=1

42𝑘−1 0

0
𝑛

∑
𝑘=1

(−1)2𝑘−1

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

𝑃−1 1A

= 𝑃 ⎛⎜⎜
⎝

4(1 − 16𝑛)
1 − 16 0

0 −𝑛
⎞⎟⎟
⎠

𝑃−1 1M

= ⎛⎜
⎝

4 −1
1 1

⎞⎟
⎠

⎛⎜⎜
⎝

4
15(16𝑛 − 1) 0

0 −𝑛
⎞⎟⎟
⎠

⋅ 1
4 + 1

⎛⎜
⎝

1 1
−1 4

⎞⎟
⎠

= 1
5

⎛⎜⎜⎜
⎝

16
15(16𝑛 − 1) 𝑛
4
15(16𝑛 − 1) −𝑛

⎞⎟⎟⎟
⎠

⎛⎜
⎝

1 1
−1 4

⎞⎟
⎠

= 1
5

⎛⎜⎜⎜
⎝

16
15(16𝑛 − 1) − 𝑛 16

15(16𝑛 − 1) + 4𝑛
4
15(16𝑛 − 1) + 𝑛 4

15(16𝑛 − 1) − 4𝑛
⎞⎟⎟⎟
⎠

1A

= 1
75

⎛⎜
⎝

16(16𝑛 − 1) − 15𝑛 16(16𝑛 − 1) + 60𝑛
4(16𝑛 − 1) + 15𝑛 4(16𝑛 − 1) − 60𝑛

⎞⎟
⎠
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