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Suggested solutions

1. (a) �2 =

(
5 1
3 3

) (
5 1
3 3

)
=

(
28 8
24 12

)
�2 − 2� =

(
28 8
24 12

)
− 2

(
5 1
3 3

)
=

(
18 6
18 6

)
1M

6(� − 2�) = 6

(
3 1
3 1

)
=

(
18 6
18 6

)
Thus, �2 − 2� = 6(� − 2�). 1

(b) When = = 1,
R.H.S. =

1
4
(6 − 2) (� − 2�) + 2� = � = L.H.S.

It is true for = = 1. 1

Assume �: =
1
4
(6: − 2:) (� − 2�) + 2: �, where : ∈ Z. 1

�:+1 = �:�

=

[
1
4
(6: − 2:) (� − 2�) + 2: �

]
� 1M

=
1
4
(6: − 2:) (�2 − 2�) + 2:�

=
1
4
(6: − 2:) (6) (� − 2�) + 2:�

=
1
4
(6:+1 − 2:+1(3)) (� − 2�) + 2:�

=
1
4
(6:+1 − 2:+1) (� − 2�) − 2

4
(2:+1) (� − 2�) + 2:�

=
1
4
(6:+1 − 2:+1) (� − 2�) + 2:+1�

It is true for = = : + 1.
By M.I., it is true ∀= ∈ Z+. 1

2. (a) �2 =

(
4 −7
3 −5

)
and �3 =

(
1 0
0 1

)
1M+1A

Thus, the smallest value of = is 3. 1A

(b) (i) � + �2 + �3 =

(
0 0
0 0

)
1A

(ii)
335∑
:=1

�: = (� + �2 + �3) + �3(� + �2 + �3) + . . . + �333(� + �2) 1M

= � + �2

= −�3 = −� =
(
−1 0
0 −1

)
1M+1A
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3. (a) �2 =

(
5 16
−1 −3

) (
5 16
−1 −3

)
=

(
9 32
−2 −7

)
1A

�2 − � =
(

9 32
−2 −7

)
−

(
5 16
−1 −3

)
=

(
4 16
−1 −4

)
1A

� − � =
(

5 16
−1 −3

)
−

(
1 0
0 1

)
=

(
4 16
−1 −4

)
Thus, �2 − � = � − �. 1

(b) �2 − � = � − �

�3 − �2 = �(�2 − �) = � − � 1A

�4 − �3 = �(�3 − �2) = � − �
...

�= − �=−1 = � − �
(�2 − �) + (�3 − �2) + . . . + (�= − �=−1) = (= − 1) (� − �) 1M

�= − � = (= − 1) (� − �)

�= = =� − (= − 1)�

=

(
4= + 1 16=
−= 1 − 4=

)
1A
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4. (a) �2 =
©­­«
1 1 −1
0 2 −1
0 1 0

ª®®¬ and �3 =
©­­«
0 4 −3
1 0 0
1 −1 1

ª®®¬ 1A

−�3 + �2 + � − � = −
©­­«
0 4 −3
1 0 0
1 −1 1

ª®®¬ +
©­­«
1 1 −1
0 2 −1
0 1 0

ª®®¬ +
©­­«
0 3 −2
1 −1 1
1 −2 2

ª®®¬ −
©­­«
1 0 0
0 1 0
0 0 1

ª®®¬
= 0

1

(b) (i) Note that −�:+3 + �:+2 + �:+1 − �: = �: (−�3 + �2 + � − �) = 0 for non-negative
integers : .

0 =
=−3∑
:=0
(−�:+3 + �:+2 + �:+1 − �:) 1M

=

=−3∑
:=0
(−�:+3 + �:+2) +

=−3∑
:=0
(�:+1 − �:)

= (−�= + �2) + (�=−2 − �) 1M

�= = �=−2 + �2 − � 1

(ii) �98 = �96 + �2 − � 1M

= �94 + 2�2 − 2�

= �2 + 48�2 − 48� 1A

= 49
©­­«
1 1 −1
0 2 −1
0 1 0

ª®®¬ − 48
©­­«
1 0 0
0 1 0
0 0 1

ª®®¬
=

©­­«
1 49 −49
0 50 −49
0 49 −48

ª®®¬ 1A
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5. (a) (i)

(
0 −3
−3 0 + 8

) (
1
−3

)
= _

(
1
−3

)
(
0 + 9
−30 − 27

)
=

(
_

−3_

)
We have _ = 0 + 9. 1A

(ii)

(
0 −3
−3 0 + 8

) (
1

1

)
= `

(
1

1

)
(

01 − 3
−31 + 0 + 8

)
=

(
`1

`

)
We have 01 − 3 = `1 and −31 + 0 + 8 = `.

01 − 3 = (−31 + 0 + 8)1 1M

312 − 81 − 3 = 0

1 = 3 or − 1
3

(rejected)

` = −3(3) + 0 + 8 = 0 − 1 1A

(iii) (1) ")" =

(
1 −3
3 1

) (
1 3
−3 1

)
=

(
10 0
0 10

)
1A

(2) When = = 1,
R.H.S. =

1
10
"�")

=
1
10

(
1 3
−3 1

) (
0 + 9 0

0 0 − 1

) (
1 −3
3 1

)
=

1
10

(
0 + 9 30 − 3
−30 − 27 0 − 1

) (
1 −3
3 1

)
=

(
0 −3
−3 0 + 8

)
It is true for = = 1. 1

Assume �: =
1
10
"�:") , where : ∈ Z+. 1

�:+1 = �:�

=
1
10
"�:")

(
1
10
"�")

)
1M

=
1

100
"�: (")")�")

=
1

100
"�: (10�)�")

=
1
10
"�:+1")

It is true for = = : + 1.
By M.I., it is true ∀= ∈ Z+. 1
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(iv) Put 0 = 2, then _ = 11, ` = 1 and � =

(
2 −3
−3 10

)
.

(
G H

) (
2 −3
−3 10

)2019 (
G

H

)
= 0

(
G H

) (
1
10
"�")

) (
G

H

)
= 0

1
10

(
G − 3H 3G + H

) (
112019 0

0 12019

) (
G − 3H
3G + H

)
= 0 1M

(
112019(G − 3H) 3G + H

) (
G − 3H
3G + H

)
= 0(

112019(G − 3H)2 + (3G + H)2
)
= 0

We have 112019(G − 3H)2 + (3G + H)2 = 0.
Thus, G − 3H = 0 and 3G + H = 0. 1M
Solving, we have G = H = 0. 1
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6. (a) (i) (- + . )2 = (- + . ) (- + . )

= -2 + -. + .- + .2

= -2 + 2-. + .2 1

(ii) �=
A + �=

A−1 =
=!

A!(= − A)! +
=!

(A − 1)!(= − A + 1)!

=
=![(= + 1 − A) + A]
A!(= + 1 − A)! 1M

=
(= + 1)!

A!(= + 1 − A)!
= �=+1

A 1
(iii) When = = 1, R.H.S. = - + . = L.H.S.

It is true when = = 1. 1

Assume (- + . ): =
:∑

A=0
�:
A -

:−A. A , where : ∈ Z+. 1

(- + . ):+1 = (- + . ): (- + . )

=

(
:∑

A=0
�:
A -

:−A. A

)
(- + . ) 1

= (- :+1 + �:
1 -

:. + �:
2 -

:−1.2 + . . . + -. :)

+ (- :. + �:
1 -

:−1.2 + �:
2 -

:−2.3 + . . . + . :+1)

= - :+1 + (�:
1 + �

:
0 )-

:. + (�:
2 + �

:
1 )-

:−1.2 + . . . + . :+1

= - :+1 + �:+1
1 - :. + �:+1

2 - :−1.2 + . . . + . :+1 1M

=

:+1∑
A=0

�:+1
A - :+1−A. A 1

It is true when = = : + 1.
By M.I., it is true ∀= ∈ Z+. 1

(b) Let - = � and . =
©­­«
0 2 4
0 0 3
0 0 0

ª®®¬ such that -. = .- and - + . =
©­­«
1 2 4
0 1 3
0 0 1

ª®®¬.

.2 =
©­­«
0 2 4
0 0 3
0 0 0

ª®®¬
©­­«
0 2 4
0 0 3
0 0 0

ª®®¬ =
©­­«
0 0 6
0 0 0
0 0 0

ª®®¬
.3 =

©­­«
0 0 6
0 0 0
0 0 0

ª®®¬
©­­«
0 2 4
0 0 3
0 0 0

ª®®¬ = 0 1A
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©­­«
1 2 4
0 1 3
0 0 1

ª®®¬
100

= (- + . )100

=

100∑
A=0

�100
A -100−A. A

= � + �100
1 . + �100

2 .2 1M

=
©­­«
1 200 30 100
0 1 300
0 0 1

ª®®¬ 1A
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7. (a) (i) � =
1

1 − 0 + 1
(" − 0�) = 1

1 − 0 + 1

(
1 − 0 1 − 0

1 1

)
� =

1
1 − 0 + 1

(� + 1� − ") = 1
1 − 0 + 1

(
1 0 − 1
−1 1 − 0

)
�� =

1
(1 − 0 + 1)2

(
1 − 0 1 − 0

1 1

) (
1 0 − 1
−1 1 − 0

)
1M

=

(
0 0
0 0

)
1A

�� =
1

(1 − 0 + 1)2

(
1 0 − 1
−1 1 − 0

) (
1 − 0 1 − 0

1 1

)
=

(
0 0
0 0

)
� + � = 1

1 − 0 + 1

[(
1 − 0 1 − 0

1 1

)
+

(
1 0 − 1
−1 1 − 0

)]
=

1
1 − 0 + 1

(
1 − 0 + 1 0

0 1 − 0 + 1

)
=

(
1 0
0 1

)
1A

(ii) �2 = �(� − �) 1M

= � − ��

= � 1

and �2 = �(� − �)

= � − ��

= �

(iii) When = = 1,
R.H.S. = (1 + 1)� + 0� = 1 + 1

1 − 0 + 1
(" − 0�) + 0

1 − 0 + 1
(� + 1� − ") = " = L.H.S.

It is true for = = 1. 1
Assume ": = (1 + 1):� + 0:�, where : ∈ Z+. 1

":+1 = ":"

= [(1 + 1):� + 0:�]" [(1 + 1)� + 0�] 1M

= (1 + 1):+1� + (1 + 1):0�� + 0: (1 + 1)�� + 0:+1�

= (1 + 1):+1� + 0:+1�

It is true for = = : + 1.
By M.I., it is true ∀= ∈ Z+. 1
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(b) Put 1 = −1 and 0 = −1 such that " =

(
−3 −2
1 0

)
, � =

(
2 2
−1 −1

)
and � =

(
−1 −2
1 2

)
. 1M(

3 2
−1 0

)999

= (−1)999

(
−3 −2
1 0

)999

1M

= (−1) [(−2)999� + (−1)999�] 1M

= 2999� + �

=

(
21000 − 1 21000 − 2
−2999 + 1 −2999 + 2

)
1A

8. (a) �2 =

(
5 −2
4 −1

) (
5 −2
4 −1

)
=

(
17 −8
16 −7

)
�2 − <� + =� =

(
17 − 5< + = −8 + 2<

16 − 4< −7 + < + =

)
We have 17 − 5< + = = 0, −8 + 2< = 0, 16 − 4< = 0 and −7 + < + = = 0. 1M
Solving, we have < = 4 and = = 3. 1A+1A

(b) (i) U = 3 and V = 1 1A

%2 =

(
2 −2
4 −4

) (
2 −2
4 −4

)
=

(
−4 4
−8 8

)
&2 =

(
4 −2
4 −2

) (
4 −2
4 −2

)
=

(
8 −4
8 −4

)
1A

%& =

(
2 −2
4 −4

) (
4 −2
4 −2

)
=

(
0 0
0 0

)
&% =

(
4 −2
4 −2

) (
2 −2
4 −4

)
=

(
0 0
0 0

)
1A

(ii) Note that %& = &% = 0, %2 = −2% and &2 = 2&.
−(� − 3�) + 3(� − �) = −% + 3&

� = −1
2
% + 3

2
& 1A

�100 =

(
−1

2
% + 3

2
&

)100

=

(
−1
2
%

)100
+ �100

1

(
−1

2
%

)99 (
3
2
&

)
+ �100

2

(
−1

2
%

)98 (
3
2

)2
+ . . . +

(
3
2
&

)100
1M

=
1

2100 %
100 + 3100

2100&
100

=
1

2100 [(−2)99]% + 3100

2100 (2
99)& 1A

= −1
2
% + 3100

2
&

=

(
−1 + 2 × 3100 1 − 3100

−2 + 2 × 3100 2 − 3100

)
1A
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9. (a)

�����0 1

1 2

����� = 0

02 − 1 = 0

1 = 02 1A

Thus, � =

(
0 02

1 2

)
.

�2 =

(
0 02

1 2

) (
0 02

1 2

)
=

(
02 + 02 022 + 022

0 + 2 02 + 22

)
= (0 + 2)

(
0 02

1 2

)
= (0 + 2)� 1M

�3 = �2�

= (0 + 2)�2

= (0 + 2)2�
Thus, �=+1 = (0 + 2)=�. 1

(b) (i) Δ = (0 + 2)2 − 4(det �) 1M

= (0 + 2)2 − 4(02 − 1)

= (0 − 2)2 + 41

≥ 41

> 0
Thus, U and V are distinct real numbers. 1

(ii) �2 =

(
0 1

1 2

) (
0 1

1 2

)
=

(
02 + 1 01 + 12
0 + 2 1 + 22

)
(U + V)� − UV� = (0 + 2)� − (02 − 1)�

= (0 + 2)
(
0 1

1 2

)
− (02 − 1)

(
1 0
0 1

)
=

(
02 + 1 02 + 12
0 + 2 1 + 22

)
= �2 1

(iii) (1) -. = (� − U�) (� − V�)

= �2 − (U + V)� + UV�

= 0
.- = (� − V�) (� − U�)

= �2 − (U + V)� + UV�

= 0 1
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det - = (0 − U) (2 − U) − 1

= U2 − (0 + 2)U + 02 − 1

= U2 − (0 + 2)U + det �
det. = (0 − V) (2 − V) − 1

= V2 − (0 + 2)V + 02 − 1

= V2 − (0 + 2)V + det �
Since U and V are roots of the equation G2 − (0 + 2)G + det � = 0,
det - = det. = 0. 1

(2) _- + `. = _(� − U�) + `(� − V�)

= (_ + `)� − (U_ + V`)�
We have _ + ` = 1 and U_ + V` = 0. 1M
U_ + V(1 − _) = 0

(U − V)_ = −V

_ =
V

V − U

and U(1 − `) + V` = 0

(−U + V)` = −U

` =
U

U − V 1

(c) Put 0 = 4, 1 = 3 and 2 = 2, we have det � = 5 and 1 = 3 > 0.
Let U and V be the roots of G2 − (4 + 2)G + 5 = 0, we have U = 1 and V = 5. 1A

Then _ =
5

5 − 1
=

5
4

and ` =
1

1 − 5
= −1

4
.(

4 3
1 2

)=
=

[
5
4

(
3 3
1 1

)
− 1

4

(
−1 3
1 −3

)]=
1M

=

(
5
4

)= (
3 3
1 1

)=
+

(
−1

4

)= (
−1 3
1 −3

)=
=

(
5
4

)=
(3 + 1)=−1

(
3 3
1 1

)
+

(
−1

4

)=
(−1 − 3)=−1

(
−1 3
1 −3

)
1M

=
5=

4

(
3 3
1 1

)
− 1

4

(
−1 3
1 −3

)

=
©­­«
3(5=) + 1

4
3(5=) − 3

4
5= − 1

4
5= + 3

4

ª®®¬ 1A
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