M2REG-MAD-2324-ASM-SET 3-MATH
Suggested solutions

1 (a)A2_5151_28 8
' 13 3)\3 3/ 24 12

) 28 8 51 18 6
A?-2A = -2 = M
24 12 33 18 6
31 18 6
6(A—-2I)=6 =
31 18 6
Thus, A? — 2A = 6(A - 2I). 1
(b) Whenn =1,
1
RHS.=2(6-2)(A-20)+2[=A=LHS.
It is true for n = 1. 1
1
Assume A* = 1(6" —2K)(A = 21) + 2K1, where k € Z. 1
Ak+1 :AkA
1
= Z(6k—2k)(A—21)+2’<1 A M

= %(6" —25(A? = 24) +2%A

_ %(6" “2%)(6)(A—21) +25A

1
= 1(6"“ -2k 1(3))(A - 21) +2FA

1 2
= 1(6"” -2k A -21) - Z(Z"”)(A -21)+2%A

1
— _(6k+1 _2k+l)(A _21) +2k+11

4
It is true forn = k + 1.
By M.L, it is true Vn € Z*. 1
, (4 -7 ; (10
2. (a) A° = and A” = IM+1A
3 -5 0 1
Thus, the smallest value of n is 3. 1A
b) () A+A%+A%= 00 1A
0 0
335
(ii) ZAk =(A+ A2+ A+ APA+ A2+ A+, +APB(A+A? IM
k=1
= A+A?
5 -1 0
=—A’=-]= IM+1A
0 -1
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Thus, A>— A=A - 1.
by A’-A=A-1
A —A?=A(A’-A)=A-1
AY— AP =AAP-A)=A-1

At — A=A

(A=A + A -A)+. . +(A"-A"H=(m-1D(A-])
A"—A=(n-1)(A-1)
A" =nA - (n-1)I
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11 -1 0 4 -3
4. (a A’=[0 2 -1 andA3_(1 0 0 1A
1 1
4
0

01 0 -1
0 -3\ (1 1 -1\ (0 3 =2\ (1 0 O

A+ A’rA-T=-1 0[+|0 2 —1|+|1 -1 1|-|l0 1 0 1
1 -1 1) \o1 o/ 1 =2 2 00 1

(b) (i) Note that —AK*3 4 AK+2 1 A1 _ Ak = AK(—A3 + A% + A — ) = 0 for non-negative

integers k.
n-3
0: (_Ak+3+Ak+2+Ak+l _Ak) lM
k=0
n-3 n-3
— (_Ak+3 +Ak+2) + Z(Ak+l _ Ak)
k=0 k=0
= (A" + A + (A2 =) M
A" = A2+ AT 1
(i) AB=A%+A%-1 M
=A% +2A% - 2]
= A% +48A% — 48] 1A
1 1 -1 1 00
=49{0 2 -1|-48|0 1 ©
01 0 0 0 1
1 49 -49
=0 50 -49 1A
0 49 -48

M2REG-MAD-2324-ASM-SET 3-MATH-MS-3 3



(22

We have 1 =a +9. 1A
(i) a -3 b b
11 =
3 a+sfl1) H
ab -3 ub

Sb+a+8] \u
We have ab —3 = ub and -3b+a+8 = .

ab-3=(-3b+a+8)b M
362 -8h-3=0

1
b=3 or - 3 (rejected)

u=-33)+a+8=a-1 1A
111 =
3 1/\-3 1
(10 0 A
1o 10
(2) Whenn =1,
1
RHS.= —MDMT"
10

11 3\ fa+9 0 \[1 -3
1003 1)\ 0 a-1/\3 1
3 1 a+9 3a-3\([1 -3
T 10\-3¢-27 a-1[13 1

|a -3
=3 a+8

Itis true forn = 1. 1
1
Assume A¥ = EMD"MT, where k € Z". 1
Ak+l — AkA
1 it (] T
=—MD*"M" | —MDM 1M
10 10
1 koasT T
=—MD"(M" M)DM
100 ( )
1 k T
=—MD"*(10)DM
100 (107)
1 k
= —MD*'mT
10
Itis true forn = k + 1.
By M.L, it is true Vn € Z*. 1
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2 =3
@iv) Puta:2,then/l:11,,u:1andA:( 3 10).

2019
( ) 2 -3 X
X
Nz 0]y
(x )iMDMT g
YJ\10 y
1 112°% 0 x =3y
E(X_By 3x+y)( 0 1299 \3x + y
x =3y

(112019()6 -3y) 3x +y) (3
X+y

(112019(x ~3y)2 4 3+ y)z) =0

We have 112°(x = 3y)2 + 3x + y)* = 0.
Thus,x —3y=0and3x +y =0.

Solving, we have x =y = 0.
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6.

(@ () (X+Y)?=(X+Y)(X+Y)
=X+ XY +YX+Y?

= X% +2XY +Y?

n! n!
Mn=—n!  r=Dln=r+1)!
_nl[(n+1-7r)+7]
orl(n+1=r)!

_ (n+D)!
:C;Hl
(iii) Whenn =1, RH.S.= X +Y = LH.S.
It is true when n = 1.
k
Assume (X +Y)k = Z Ckx*="y" where k € Z*.
r=0

(i) €M +C

X+ = (X + )5 (X +Y)

k
- (Z Ckaerr
r

r=0

(X+7Y)

= (XM of xRy + CE xR+ L+ XY
+(X*Y + CEXFIY2 + O XR Y 4L+ YR
= Xy (Cf + CHXFY + (CY + cHXy2 4+ Y
=P GHEY G G NS GRS SRS dan
k+1
_ Z Ck+l xk+1-ryr
r=0
Itis true whenn = k + 1.
By MLL, it is true Vn € Z"*.

02 4 1 2 4
(b) Let X=7TandY =0 0 3|suchthat XY =YXand X+Y=]|0 1 3
0 0 0 00 1
0 2 4\/0 2 4 (0 0 6
y>=10 0 3|0 0 3|[=|0 0 O
0 0 0o/\o oo \ooo
0 0 6\[/0 2 4
v*=10 0 o|lo 0 3|=0
0 0 0/\0o 00
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100

=(X+1)'%

S O =
S = N
—_ W

100
— Z CJOOX]OO_rYr
r=0

=1+C"Y+C,"7?
1200 30100

=lo 1 300
0 0 1
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7.

. B 1 3 1 b-—a b-a
@ <‘>A—m“‘4‘“’)——b_a+1( L )

Be—  (Upl-My=—" boa=b
T b-a+1 T b-a+1\-1 b-a
1 b—a b-a\|ll a-b
AB= —— 1M
(b-—a+1)2\ 1 1 -1 b-a
00
= 1A
1 1 a-b\|b-a b-a
BA= —-—
(b-a+1)?\-1 b-a 1 1

X

1 b—-a b-a 1 a-b
A+B=—— +
b-a+l 1 1 -1 b-ua
B 1 b-—a+1 0
b-a+l 0 b-—a+1
1 0
- 1A
(i) A2=A(I-B) and B?=B(I-A) M
:A—AB :B—BA
= A =B 1

(iii) Whenn =1,
b
RHS. = (h+1)A+aB=—2"

1 a
— M -al)+ ——— (U +bl-M)=M =LHS.
—a+1( al) +1( )

b b—-a
It is true for n = 1. 1
Assume M* = (b + 1)*A + a* B, where k € Z*. 1
Mk+1 — MkM
=[(b+1D*A+d*BIM[(b+1)A + aB] M

=+ DA+ b+ 1D aAB+a*(b+1)BA+a**'B
=(b+ DA +d'B

It is true forn = k + 1.
By MLL, it is true Vn € Z. 1
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-3 =2 2 2 -1 =2
(b) Putb:—landa:—lsuch‘[hatM:(1 0),A:( | l)andB:(] 2). 1M

3 2999 3 2999
:(_1)999 1M
-1 0 1 0
= (-D[(-2)* A+ (-1)**B] M
=2A+B
71000 _ | 51000 _ 5
= 9999 L1 999, 5 1A
, (5 =2\[5 -2} [17 -8
8. (a) A= _
4 -1/\4 -1 16 -7
2 17-5m+n -8+2m
A“—mA +nl =
16 —4m ~T+m+n
Wehave 17-5m+n=0,-8+2m=0,16—-4m=0and -7+m+n=0. 1M
Solving, we have m = 4 and n = 3. 1A+1A
(b) () e=3andp =1 1A
o (2 -2\ [2 -2} (-4 4
P = =
4 —4/\a -4] |-8 8
, (4 -2\ (4 2\ (8 -4
0? = - 1A
4 =2f\a —2] |8 -4
2 =2\(4 =2 0 0
PQ: =
4 -4]\4 2] 1o o
4 =-21(2 =2 0 0
QP = = 1A
4 -2/\4 -4] 1o o
(ii) Note that PQ = QP =0, P> = 2P and Q* = 20.
—(A-3D+3(A-1)=-P+30
1 3
A=—-P+= 1A
;P50
1 3 \100
Ao _(_Zp,2
( 2 +2Q)
_1 |00 ol 1 9 3 ol 1 98 132 3 \100
“(5r) e r) [efrefr) (3] <o (5]
_L 100 ﬂQmo
100 5100
1 99 3100 o
=W[(_2) ]P+W(2 )0 1A
1 3100
———_p4+
P50
—1+2x3100 1_3100
= 100 100 1A
-2+2x%x3 2-3

M2REG-MAD-2324-ASM-SET 3-MATH-MS-9 9



a b
9. (a) =0
1 ¢
ac-b=0
b=ac 1A
Thus, A= [© ).
1 ¢
A2 a acl\la ac
IRV AV
3 a’>+ac a’c+ac?
“\a+c  ac+c?
=(a+c)(a ac)
1 ¢
=(a+c)A M
A% = A%A
= (a+c)A?
=(a+c)’A
Thus, A" = (a + ¢)"A. 1
(b) (1) A= (a+c)®—4(detA) M
=(a+c)>—4(ac - b)
=(a—c)*>+4b
> 4b
>0
Thus, @ and B are distinct real numbers. 1
i 2 a bl\la b a*+b ab+bc
(i) A° = = 5
1 c¢J\l ¢ a+c b+c
(a+B)A—apBl =(a+c)A - (ac—-b)I
a b 1 0
=(a+c —(ac—->b
ot )-wnly )
3 a*+b ac+bc
Na+e b+
= A2 1

(i) (1) XY = (A —al)(A - BI)
= A’ - (a+PB)A+apBl
=0
YX = (A-BI)(A-al)
= A2 (a+B)A+apl
=0
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detX=(a—a)(c—a)-b
=a*—(a+c)a+ac—b
=a? - (a+c)a+detA

detY =(a—-pB)(c-B)-b
=p*—(a+c)B+ac—b
=p*—(a+c)B+detA

Since @ and S8 are roots of the equation x> — (a + ¢)x + det A = 0,

det X =detY =0.
2) AX+uY =2(A—-al)+u(A-pBI)
= (A+ A - (ad+pu)l
Wehave A + u=1and ad + Bu = 0.

al+p(1-2)=0 and a(l-p)+Bu=0
(a=p)A=-p (—a+B)u=-a
/l_,B—a a-p

(c) Puta=4,b=3andc =2,wehavedetA=5and b =3 > 0.

Let @ and 8 be the roots of x> — (4 +2)x +5 =0, we have @ = 1 and 8 = 5.

5
Then/l—STl—Zand,U—————.

|

57 (3 3) 1(-1 3
4l 1) 4\1 -3

35" +1  3(5") -3

- 4 4
= sn o 5M43
4 4
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