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MATHEMATICS Extended Part
S5 – S6 M2 Differentiation Assignment Set 7

Name: Centre:

Lesson date: SUN/MON/TUE/WED/THU/FRI/SAT

INSTRUCTIONS

1. Attempt ALL questions in this paper. Write your answers in the spaces provided in this Question-
Answer Book.

2. Unless otherwise specified, all workings must be clearly shown.

3. Unless otherwise specified, numerical answers must be exact.

4. The diagrams in this paper are not necessarily drawn in scale.

Suggested solution

Distributed in summer course
S5 – S6 M2 Differentiation
Phase 2 – Lesson 3
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1. (a) Let 𝑇 hours be the time taken.

𝑇 =
𝑥

8
+

√︁
(6 − 𝑥)2 + 42

3
1A

=
𝑥

8
+
√
𝑥2 − 12𝑥 + 52

3

(b)
d𝑇
d𝑥

=
1
8
+ 1

6
(𝑥2 − 12𝑥 + 52)− 1

2 (2𝑥 − 12) 1M

=
1
8
+ 2𝑥 − 12

6(𝑥2 − 12𝑥 + 52) 1
2

When
d𝑇
d𝑥

= 0,

1
8
+ 2𝑥 − 12

6
√
𝑥2 − 12𝑥 + 52

= 0 1M

(8𝑥 − 48)2 = 32(𝑥2 − 12𝑥 + 52)

55𝑥2 − 660𝑥 + 1836 = 0

𝑥 =
330 − 12

√
55

55
or

330 + 12
√

55
55

(rejected) 1A

𝑥 0 < 𝑥 <
330 − 12

√
55

55
330 − 12

√
55

55
< 𝑥 < 6

d𝑇
d𝑥

− + 1M

𝑇 attains minimum when 𝑥 =
330 − 12

√
55

55
≈ 4.38.

Minimum time taken =
𝑥

8
+
√
𝑥2 − 12𝑥 + 52

3
≈ 1.99 h > 1.5 h 1A

The claim is disagreed. 1A
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2. (a) 32𝜋 = 2𝜋𝑟ℎ + 2𝜋𝑟2 1M

ℎ =
16
𝑟

− 𝑟 1

(b) 𝑉 = 𝜋𝑟2ℎ + 2
3
𝜋𝑟3

= 𝜋𝑟2
(
16
𝑟

− 𝑟

)
+ 2

3
𝜋𝑟3 1M

=

(
16𝑟 − 1

3
𝑟3

)
𝜋 1

(c)
d𝑉
d𝑟

= (16 − 𝑟2)𝜋

When
d𝑉
d𝑟

= 0, 𝑟 = 4 or −4 (rejected) 1M

Since the outer surface area is 32𝜋 cm2, we have 0 < 𝑟 ≤ 4.
As

d𝑉
d𝑟

> 0 for 0 < 𝑟 < 4, 𝑉 attains its maximum at 𝑟 = 4. 1M

Maximum capacity =

(
16(4) − 1

3
(4)3

)
𝜋 =

128𝜋
3

cm3 < 135 cm3. 1A

The capacity cannot be greater than 135 cm3. 1A
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3. (a)
𝑥

sin
(
𝜋 − 2𝜋

3 − 𝜃

) =
3

sin 2𝜋
3

1M

𝑥 =
3 sin

(
𝜋
3 − 𝜃

)(√
3

2

)
= 2

√
3 sin

(𝜋
3
− 𝜃

)
1A

(b) 𝑦 =
1
2
(𝑥) (3) sin 𝜃

= 3
√

3 sin
(𝜋
3
− 𝜃

)
sin 𝜃 1

(c) 𝑦 =
3
√

3
2

[
cos

(𝜋
3
− 2𝜃

)
− cos

𝜋

3

]
d𝑦
d𝜃

= 3
√

3 sin
(𝜋
3
− 2𝜃

)
1

(d) When
d𝑦
d𝜃

= 0,

sin
(𝜋
3
− 2𝜃

)
= 0

𝜋

3
− 2𝜃 = 0

𝜃 =
𝜋

6
1A

𝜃 0 < 𝜃 <
𝜋

6
𝜋

6
< 𝜃 <

𝜋

3

d𝑦
d𝜃

+ −
1M

𝑦 attains its greatest value at 𝜃 =
𝜋

6
.

Required value = 3
√

3 sin
𝜋

6
sin

𝜋

6
=

3
√

3
4

1A
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4. (a) (i) 𝐴𝐸 = 𝐴𝐶 − 𝐶𝐸

1 cot 𝜃 = 8 cos 𝜃 − 𝑥 1M

𝑥 = 8 cos 𝜃 − cot 𝜃 1A

(ii)
d𝑥
d𝜃

= csc2 𝜃 − 8 sin 𝜃 1A

When
d𝑥
d𝜃

= 0,

1
sin2 𝜃

= 8 sin 𝜃

sin 𝜃 =
1
2

𝜃 =
𝜋

6

𝜃 0 < 𝜃 <
𝜋

6
𝜋

6
< 𝜃 <

𝜋

2

d𝑥
d𝜃

+ −
1M

𝑥 attains its maximum when 𝜃 =
𝜋

6
. 1

(b) (i) 𝑆 =
1
2
(8 sin 𝜃) (8 cos 𝜃) − 1

2
(1 cot 𝜃) (1) 1M

=
1
2
(32 sin 2𝜃 − cot 𝜃) 1

(ii)
d𝑆
d𝜃

= 32 cos 2𝜃 + 1
2

csc2 𝜃 1A

When 𝜃 =
𝜋

6
,

d𝑆
d𝜃

= 18 ≠ 0. 1M

Thus, 𝑆 does not attain maximum when 𝑥 attains its maximum, i.e., when 𝜃 =
𝜋

6
. 1A
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5. (a) (i)
𝐹𝐺

𝐵𝐶
=

6 − 𝑥

6
1M

𝐹𝐺 =
2
√

3(6 − 𝑥)
3

cm

𝑆 =
1
2

(
2
√

3(6 − 𝑥)
3

)
(𝑥)

=

√
3𝑥(6 − 𝑥)

3
1

(ii)
d𝑆
d𝑥

=

√
3

3
(6 − 2𝑥) 1A

When
d𝑆
d𝑥

= 0, 𝑥 = 3. 1M

𝑥 0 < 𝑥 < 3 3 < 𝑥 < 6

d𝑆
d𝑥

+ − 1M

𝑆 attains its maximum when 𝑥 = 3. 1A

(b) (i) 𝑃 =
2
√

3(6 − 𝑥)
3

+ 2

√√√
𝑥2 +

[√
3(6 − 𝑥)

3

]2

1M

=
2
√

3(6 − 𝑥)
3

+ 2
√︂
𝑥2 + 𝑥2 − 12𝑥 + 36

3

=
2
√

3(6 − 𝑥)
3

+ 4
√︂

𝑥2 − 3𝑥 + 9
3

1A

(ii)
d𝑃
d𝑥

= −2
√

3
3

+ 2
√

3
(𝑥2 − 3𝑥 + 9)− 1

2 (2𝑥 − 3)

= −2
√

3
3

+ 2(2𝑥 − 3)√︁
3(𝑥2 − 3𝑥 + 9)

1A

When
d𝑃
d𝑥

= 0,

2(2𝑥 − 3)√︁
3(𝑥2 − 3𝑥 + 9)

=
2
√

3
3

(2𝑥 − 3)2 = 𝑥2 − 3𝑥 + 9

3𝑥2 − 9𝑥 = 0

𝑥 = 3 or 0 (rejected)

𝑥 0 < 𝑥 < 3 3 < 𝑥 < 6

d𝑃
d𝑥

− + 1M

𝑃 attains its minimum when 𝑆 attains its maximum at 𝑥 = 3.
The claim is disagreed. 1A
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6. (a) 100𝑒−2.5 = [−(25)2 + 𝐴(25) + 𝐵]𝑒− 25
10 1M

25𝐴 + 𝐵 = 725
75𝑒−3 = [−(30)2 + 𝐴(30) + 𝐵]𝑒− 30

10

30𝐴 + 𝐵 = 975
Solving, we have 𝐴 = 50 and 𝐵 = −525. 1A+1A

(b) (i)
d𝑊 (𝑥)

d𝑥
= (−𝑥2 + 50𝑥 − 525)𝑒− 𝑥

10

(
− 1

10

)
+ 𝑒−

𝑥
10 (−2𝑥 + 50) 1M

=
1
10

(𝑥2 − 70𝑥 + 1025)𝑒− 𝑥
10 1A

(ii) When
d𝑊 (𝑥)

d𝑥
= 0,

𝑥2 − 70𝑥 + 1025 = 0 1M

𝑥 = 35 − 10
√

2 or 35 + 10
√

2 (rejected) 1A

𝑥 15 < 𝑥 < 35 − 10
√

2 35 − 10
√

2 < 𝑥 < 35

d𝑊 (𝑥)
d𝑥

+ − 1M

𝑊 (𝑥) attains its maximum at 𝑥 = 35 − 10
√

2.
Maximum weight = [−(35 − 10

√
2)2 + 50(35 − 10

√
2) − 525]𝑒−

35−10
√

2
10

≈ 10.29 t 1A

(c) 𝑃(𝑥) = 1000𝑊 (𝑥)
𝑥

d𝑃(𝑥)
d𝑥

= 1000
[
𝑥𝑊 ′(𝑥) −𝑊 (𝑥)

𝑥2

]
1M

d𝑃(𝑥)
d𝑥

����
𝑥=35−10

√
2
= 1000

[
(35 − 10

√
2)𝑊 ′(35 − 10

√
2) −𝑊 (35 − 10

√
2)

(35 − 10
√

2)2

]
= 1000

[
−𝑊 (35 − 10

√
2)

(35 − 10
√

2)2

]
≠ 0 1M

𝑃(𝑥) does not attains its maximum when 𝑊 (𝑥) attains its maximum.
The claim is incorrect. 1A
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7. 𝑓 ′(𝑥) = 1 − ln 𝑥
𝑥2 1A

When 𝑓 ′(𝑥) = 0,

1 − ln 𝑥 = 0 1M

𝑥 = 𝑒

𝑥 1 𝑒 4

𝑓 (𝑥) 0
1
𝑒

ln 4
4

1M

Since 0 <
ln 4
4

<
1
𝑒

,

global maximum =
1
𝑒

and global minimum = 0. 1A+1A
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8. (a) (i) 𝑎 =
(𝐴𝐵) (1)

2
+ (𝐵𝐶) (1)

2
+ (𝐶𝐴) (1)

2
1M

2𝑎 = 𝐴𝐵 + 𝐵𝐶 + 𝐶𝐴

𝑠 = 2𝑎 1

(ii) 𝐴𝐵 + 𝐵𝐶 + 𝐶𝐴 = 2𝑎

𝑥 + 𝑥 + 2𝑥 sin 𝜃 = 2 × 1
2
(𝑥)2 sin 2𝜃 1M+1M

2𝑥(1 + sin 𝜃) = 𝑥2 sin 2𝜃

𝑥 =
2(1 + sin 𝜃)

sin 2𝜃
𝑠 = 2 × 2(1 + sin 𝜃)

sin 2𝜃
× (1 + sin 𝜃)

=
4(1 + sin 𝜃)2

sin 2𝜃
1

(b)
d𝑠
d𝜃

=
8(1 + sin 𝜃) (cos 𝜃) (sin 2𝜃) − 4(1 + sin 𝜃)2(2 cos 2𝜃)

sin2 2𝜃
1M

=
8(1 + sin 𝜃) (cos 𝜃 sin 2𝜃 − sin 𝜃 cos 2𝜃 − cos 2𝜃)

sin2 2𝜃

=
8(1 + sin 𝜃) [sin(2𝜃 − 𝜃) − cos 2𝜃]

sin2 2𝜃

=
8(1 + sin 𝜃) (sin 𝜃 − cos 2𝜃)

sin2 2𝜃
1A

When
d𝑠
d𝜃

= 0, sin 𝜃 = −1 (rejected) or sin 𝜃 − cos 2𝜃 = 0.

sin 𝜃 − (1 − 2 sin2 𝜃) = 0

2 sin2 𝜃 + sin 𝜃 − 1 = 0

sin 𝜃 =
1
2

or − 1 (rejected)

𝜃 =
𝜋

6
1A

𝜃 0 < 𝜃 <
𝜋

6
𝜋

6
< 𝜃 <

𝜋

2

d𝑠
d𝜃

− + 1M

Perimeter is minimum when 𝜃 =
𝜋

6
. 1A
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(c) 𝑥 =
2(1 + sin 𝜃)

sin 2𝜃
d𝑥
d𝜃

=
2 cos 𝜃 sin 2𝜃 − 2(1 + sin 𝜃) (2 cos 2𝜃)

sin2 2𝜃
1M

When 𝜃 =
𝜋

6
,

d𝑠
d𝜃

=
2 sin 𝜋

3 cos 𝜋
6 − 4 cos 𝜋

3
(
1 + sin 𝜋

6
)

sin2 𝜋
3

= −2 ≠ 0 1M

The value of 𝑥 does not attain its minimum.
The claim is disagreed. 1A

9. (a) 𝑁 = 2𝑃𝐶 + 𝑃𝐴 1M

= 2ℎ sec 𝜃 + (50 − ℎ tan 𝜃) 1

(b) 𝑁 = 100 sec 𝜃 + 50 − 50 tan 𝜃
d𝑁
d𝜃

= 100 sec 𝜃 tan 𝜃 − 50 sec2 𝜃 1A

= 50 sec2 𝜃 (2 sin 𝜃 − 1)

When
d𝑁
d𝜃

= 0,

sin 𝜃 =
1
2

𝜃 =
𝜋

6
1A

𝜃 0 < 𝜃 <
𝜋

6
𝜋

6
< 𝜃 <

𝜋

2

d𝑁
d𝜃

− +
1M

𝑁 attains its minimum when 𝜃 =
𝜋

6
.

Required cost = 50 sec
𝜋

6

(
2 tan

𝜋

6
− sec

𝜋

6

)
= $50(

√
3 + 1) 1A

(c) (i) tan 𝜃 =
𝐵𝑃

𝐵𝐶
<

𝐴𝐵

𝐵𝐶
=

1
√

3
1

When tan 𝜃 <
1
√

3
, 0 < 𝜃 <

𝜋

6
and so

d𝑁
d𝜃

< 0 by (a). 1

(ii) Since ℎ = 100 > 50
√

3, we have
d𝑁
d𝜃

< 0. 1M

𝑁 is minimum when 𝜃 is maximum, which means the truck goes to 𝐴 directly. 1A
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