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INSTRUCTIONS

1. Attempt ALL questions in this paper. Write your answers in the spaces provided in this Question-
Answer Book.

2. Unless otherwise specified, all workings must be clearly shown.

3. Unless otherwise specified, numerical answers must be exact.

4. The diagrams in this paper are not necessarily drawn in scale.

Suggested solution

Distributed in summer course
S5 – S6 M2 Integration
Phase 1 – Lesson 3
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1. Let G = 4 sin \. Then dG = 4 cos \ d\. 1M∫
G2

√
42 − G2 dG =

∫
(4 sin \)2

√
42 − 42 sin2 \4 cos \ d\

= 44
∫

sin2 \ cos2 \ d\ 1A

=
44

4

∫
(2 sin \ cos \)2 d\

=
44

4

∫
sin2 2\ d\ 1M

=
44

8

∫
(1 − cos 4\) d\ 1M

=
44\

8
− 4

4 sin 4\
32

+ constant

=
44\

8
− 4

4

16
sin 2\ cos 2\ + constant

=
44\

8
− 4

4

8
sin \ cos \ (1 − 2 sin2 \) + constant

=
44\

8
− 4

4

8

(G
4

) (√
42 − G2

4

) [
1 − 2

(G
4

)2
]
+ constant

=
44

8
sin−1 G

4
− 1

8
G(42 − 2G2)

√
42 − G2 + constant 1A

2. (a) 4G − G2 = 4 − (G − 2)2 1A

(b) Let G − 2 = 2 sin \. Then dG = 2 cos \ d\. 1M∫
dG

√
4G − G2

=

∫
2 cos \√

4 − 4 sin2 \
d\

=

∫
cos \
cos \

d\

=

∫
d\ 1A

= \ + constant

= sin−1 G − 2
2
+ constant 1A
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3. G2 + 8G + 17 = (G + 4)2 + 1
Let G + 4 = tan \. Then dG = sec2 \ d\. 1M∫

G

G2 + 8G + 17
dG =

∫ (tan \ − 4) sec2 \

tan2 \ + 1
d\

=

∫
(tan \ − 4) d\ 1A

Let D = cos \. Then dD = − sin \ d\. 1M∫
G

G2 + 8G + 17
dG = −

∫
dD
D
−

∫
4 d\

= − ln | cos \ | − 4\ + constant

= − ln
���� 1
√
G2 + 8G + 17

���� − 4 tan−1(G + 4) + constant

= ln
√
G2 + 8G + 17 − 4 tan−1(G + 4) + constant 1A

4. Let ln G = sin \. Then
1
G

dG = cos \ d\. 1M∫ √
1 − (ln G)2

G
dG =

∫ √
1 − sin2 \ cos \ d\

=

∫
cos2 \ d\ 1A

=
1
2

∫
(1 + cos 2\) d\ 1M

=
\

2
+ sin 2\

4
+ constant

=
\

2
+ sin \ cos \

2
+ constant

=
1
2

sin−1(ln G) + 1
2
(ln G)

√
1 − (ln G)2 + constant 1A

5. Let 4G = tan \. Then 4G dG = sec2 \ d\. 1M∫
4G dG
(1 + 42G)2

=

∫
sec2 \

(1 + tan2 \)2
d\

=

∫
cos2 \ d\ 1A

=
1
2

∫
(1 + cos 2\) d\ 1M

=
\

2
+ sin 2\

4
+ constant

=
\

2
+ 1

2
sin \ cos \ + constant

=
1
2

tan−1 4G + 1
2

(
4G

√
1 + 42G

) (
1

√
1 + 42G

)
+ constant

=
1
2

tan−1 4G + 4G

2(1 + 42G)
+ constant 1A
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6. Let G =
√

3 sin \. Then dG =
√

3 cos \ d\. 1M∫ √
1 − G

2

3
dG =

1
√

3

∫ √
3 − 3 sin2 \ ·

√
3 cos \ d\

=
√

3
∫

cos2 \ d\ 1A

=

√
3

2

∫
(1 + cos 2\) d\ 1M

=

√
3\
2
+
√

3
4

sin 2\ + constant

=

√
3\
2
+
√

3
2

sin \ cos \ + constant

=

√
3

2
sin−1 G

√
3
+
√

3
2

(
G
√

3

) (√
3 − G2
√

3

)
+ constant

=

√
3

2
sin−1 G

√
3
+ G

√
3(3 − G2)

6
+ constant 1A

7. (a) G2 + 2G sin
5c
12
+ 1 = G2 + 2G sin

5c
12
+ sin2 5c

12
+ cos2 5c

12

=

(
G + sin

5c
12

)2
+ cos2 5c

12
1A

(b) Let G + sin
5c
12

= cos
5c
12

tan \. Then dG = cos
5c
12

sec2 \ d\. 1M∫ cos 5c
12

G2 + 2G sin 5c
12 + 1

dG =
∫ cos 5c

12

cos2 5c
12 tan2 \ + cos2 5c

12
· cos

5c
12

sec2 \ d\

=

∫
d\ 1A

= \ + constant

= tan−1

(
G + sin 5c

12

cos 5c
12

)
+ constant 1A

= tan−1

(
G csc 5c

12 + 1
cot 5c

12

)
+ constant

= tan−1 G(
√

6 −
√

2) + 1
2 −
√

3
+ constant 1A
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8. (a) G2 + 2G cos
7c
12
+ 1 = G2 + 2G cos

7c
12
+ sin2 7c

12
+ cos2 7c

12

=

(
G + cos

7c
12

)2
+ sin2 7c

12
1A

(b) Let G + cos
7c
12

= sin
7c
12

tan \. Then dG = sin
7c
12

sec2 \ d\. 1M∫
1

G2 + 2G cos 7c
12 + 1

dG =
∫ sin 7c

12 sec2 \

sin2 7c
12 tan2 \ + sin2 7c

12
d\

= csc
7c
12

∫
d\ 1A

= csc
7c
12
\ + constant

= csc
7c
12

tan−1
(
G csc

7c
12
+ cot

7c
12

)
+ constant 1A

= (
√

6 −
√

2) tan−1
[
(
√

6 −
√

2)G +
√

3 − 2
]
+ constant 1A

9. (a) G2 + 2G + 5 = (G + 1)2 + 4 1A

(b) Let G + 1 = 2 tan \. Then dG = 2 sec2 \ d\. 1M∫
dG

(G + 1)2(G2 + 2G + 5)
=

∫
2 sec2 \

(2 tan \)2(4 tan2 \ + 4)
d\ 1M+1A

=
1
8

∫
cot2 \ d\

=
1
8

∫
(csc2 \ − 1) d\ 1M

= −1
8

cot \ − \
8
+ constant

= −1
8

(
2

G + 1

)
− 1

8
tan−1 G + 1

2
+ constant

= − 1
4(G + 1) −

1
8

tan−1 G + 1
2
+ constant 1A
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10. (a) Let D = tan G. Then dD = sec2 G dG. 1M∫
sec4 G tan3 G dG =

∫
(D2 + 1)D3 dD 1M

=

∫
(D5 + D3) dD

=
D6

6
+ D

4

4
+ constant

=
tan6 G

6
+ tan4 G

4
+ constant 1A

(b) Let G = 5 tan \. Then dG = 5 sec2 \ d\. 1M∫
1

G2
√

25 + G2
dG =

∫
5 sec2 \

25 tan2 \
√

25 + 25 tan2 \
d\

=
1
25

∫
sec \
tan2 \

d\

=
1
25

∫
cos \
sin2 \

d\ 1M

Let F = sin \. Then dF = cos \ d\. 1M∫
1

G2
√

25 + G2
dG =

1
25

∫
dF
F2

= − 1
25F

+ constant

= −
√

25 + G2

25G
+ constant 1A

11. (a) Let G = sin2 \. Then dG = 2 sin \ cos \ d\∫
5 (G)√
G(1 − G)

dG =
∫

5 (sin2 \) · 2 sin \ cos \√
sin2 \ (1 − sin2 \)

d\

= 2
∫

5 (sin2 \) d\ 1

(b)
∫

dG√
G(1 − G)

= 2
∫

d\

= 2\ + constant

= 2 sin−1 √G + constant 1A∫ √
G

1 − G dG =
∫

G√
G(1 − G)

dG

= 2
∫

sin2 \ d\ 1A

=

∫
(1 − cos 2\) d\

= \ − 1
2

sin 2\ + constant 1A

= sin−1 √G −
√
G(1 − G) + constant 1A
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12. (a) Let G = 0 tan \. Then dG = 0 sec2 \ d\.∫
1

G2 + 02 dG =
∫

0 sec2 \

02 tan2 \ + 02 d\ 1M+1A

=
1
0
\ + constant

=
1
0

tan−1 G

0
+ constant 1

(b) (i) C = tan
\

2

1 = sec2 \

2
× 1

2
d\
dC

1A

d\
dC

=
2

1 + tan2 \
2

=
2

1 + C2
1

(ii) Let C = tan
\

2
. Then d\ =

2
1 + C2

dC.

cos \ = 2 cos2 \

2
− 1 =

2
1 + C2

− 1 =
1 − C2
1 + C2

.∫
1

2 + cos \
d\ =

∫ 2
1+C2

2 + 1−C2

1+C2

dC 1M

=

∫
2

2 + 2C2 + 1 − C2
dC

= 2
∫

1
C2 + 3

dC

=
2
√

3
tan−1 C

√
3
+ constant 1M

=
2
√

3
tan−1 tan \

2√
3
+ constant 1A
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13. (a) (i)
�

D2 +
�

D − 1
+ �

D + 1
=
�(D + 1) (D − 1) + �D2(D + 1) + �D2(D − 1)

D2(D − 1) (D + 1)
Therefore, we have 1 ≡ �(D − 1) (D + 1) + �D2(D + 1) + �D2(D − 1). 1M

Put D = 0, then � = −1; put D = 1, then � =
1
2
; put D = −1, then � = −1

2
. 1A+1A

(ii)
∫

dD
D2(D − 1) (D + 1)

dD =

∫ (
− 1
D2 +

1
2(D − 1) −

1
2(D + 1)

)
dD

=
1
D
+ 1

2
ln |D − 1| − 1

2
ln |D + 1| + constant 1M+1A

=
1
D
+ 1

2
ln

����D − 1
D + 1

���� + constant
(Remarks) pp −1 if � is used.
� is used in the question and cannot be used to represent constant.

(b) (i) Let G = 3 tan \. Then dG = 3 sec2 \ d\.∫ √
G2 + 9
G

dG =
∫ √

9 tan2 \ + 9
3 tan \

× 3 sec2 \ d\ 1A

= 3
∫

sec3 \

tan \
d\

= 3
∫

d\
sin \ cos2 \

1

(ii) Let D = cos \. Then dD = − sin \ d\.∫ √
G2 + 9
G

dG = 3
∫

d\
sin \ cos2 \

= 3
∫ − sin \
(cos \ + 1) (cos \ − 1) cos2 \

d\

= 3
∫

dD
D2(D + 1) (D − 1)

1M

=
3
D
+ 3

2
ln

����D − 1
D + 1

���� + constant 1M

= 3 ÷ 3
√
G2 + 9

+ 3
2

ln

������
3√
G2+9
− 1

3√
G2+9
+ 1

������ + constant
=

√
G2 + 9 + 3

2
ln

�����3 −
√
G2 + 9

3 +
√
G2 + 9

����� + constant 1A
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