Dexter Wong & His Mathematics Team
Summer Course 2022 — 2023
MATHEMATICS Extended Part
S5 — S6 M2 Differentiation  Assignment

Name: Centre:

Lesson date: SUN/MON/TUE/WED/THU/FRI/SAT

INSTRUCTIONS

1. Attempt ALL questions in this paper. Write your answers in the spaces provided in this Question-

Answer Book.
2. Unless otherwise specified, all workings must be clearly shown.
3. Unless otherwise specified, numerical answers must be exact.

4. The diagrams in this paper are not necessarily drawn in scale.

Suggested solution

oo

Distributed in summer course
S5 — S6 M2 Differentiation
Phase 1 — Lesson 4
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d
1. (a) ay = 1+2c0s2x

d2
&y _ —4sin 2x
dxz

dy
b) When — =0,
®) en dx

1+2cos2x=0
1
2x = —=
coSs 2x 5
2w dr
2x = — —
X 3 or 3
n or 2
xX== —
3 3
n d%y . . n
When x = 302 =-2V3 <0. So, y attains maximum when x = 3
T 2t 1 V3
M i 1 f = — 4+ mn — — — + —
aximum value 20 y 3 sin 3 3 5
2 d 2
When x = ?ﬂ, 5)2) =2V3 > 0. So, y attains minimum when x = ?ﬂ

Minimum value of y = 2n + sin dr _ 2 V3
T3 33 2

2. (@ Inf(x) =xlnx —6In(2x + 13)

fx) 1 2
T mxAx 26058

f’(x):(lnx+1— 12 )f(x)

2x+13

Inx + 2x + 1 x*
= |Inx
2x+13) (2x +13)6
2x + 1 X
(b) Forx > 1,wehave1nx>0,x—>0 al

and —— > 0
2x+ 13 (2x +13)°
So, f’(x) > 0 and hence f(x) is an increasing function.

3. f/(x) =2cosx—1

When f/(x) =0,
_1
cosx = 5
o
T3
|
X O<x<§ §<x<7r
rol| e |-

f0) =05 £ (5) = V3= Z and f(m) = .
The greatest value of f(x) is V3 - g

The least value of f(x) is —.
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4 () dy i [(x+h)>=3(x+h)]-(x>=3x)
. (@ = =lim
dx h—0
_ lim (x3 +3hx® + 3h%x + h3) — Bx +3h) — (x> = 3x)
o0 h
= lllin%(3x2 +3xh + h* = 3)
=3x*-3
. . dy
(b) When C is decreasing, i <0.
3x2-3<0
-1<x<1
d
5. (a) ay =CcoSx +2sinx
d2
SY__ sinx + 2 cosx
dxz
() When 2 =0
dx - B
tan !
xX=-=
2
1 1
x=m—tan ! = 27 —tan”! 3
1 1 4
When x = 7 — tan”! - ——=—-—-—x<0.
2 V5 V5
1 d 1 4
When x = 27 — tan”! - ——=——+—>0
27 dx? vV5 \{5
y attains its minimum at x = 27 — tan”" 7
Minimum value of y = —sin (tan_l —) —2cos (tan_1
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6 @ dy _ lim [2(x + h)? = (x + h)?] — [2x3 — x?]
' dx  h—0 h
~ lim 203 +3x2h + 3xh? + h3) — (x? + 2xh + h?) = 2x3 + X2
T hs0 h
. 6x%h+6xh*+2h3 —2xh — K?
= lim
h—0 h

= lim (6x? + 6xh + 2h* — 2x — h)
h—0
= 6x2 - 2x
(b) 6x2=2x >0

1
<0 > =
X or x 23

d
© 2 = 6(~2)? = 2(=2) = 28
dx |5 20
Required equation is
y+20=28(x+2)

28x—y+36=0

7. (a) f'(x)=12x>+2mx +n
—33 = 4(6)* + m(6)> + n(6) + 615
0=12(6)> +2m(6) +n

Solving, m = —30 and n = —72.
(b) When f’(x) =0,
12x* = 60x =72 =0
x=6 or -1
f"(x) = 24x — 60
f7(6) =24(6) —60=84 >0

f(-1)=-84<0
When x = -1, y = 653.

Thus, the minimum value is —33 and the maximum value is 653.
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(x+h)? x2

8. (a) jx_y _ ]llg(l) (x+h)+;l x+1
xR+ D) =x2(x+h+1)
= lim
h—0 hix+1D(x+h+1)
— lim hx* + (h?> + 2h)x + h?
>0 h(x+1)(x+h+1)
o x*+(h+2x+h
= lim
=0 (x+1)(x+h+1)
_x(x+2)
Co(x+1)2
x(x+2) 5
(x+1)2

x(x+2)>0

0

(b)

x<=-2 or x>0
(Acceptx < =2 orx > 0)

- 1
9. (a) Slope of the given line = 75
Therefore, f'(x) = —%C +2
1 3
Required slope = f'(1) = -3 +2= X

(b) There is only one turning point, with x-coordinate = 4.

It is a maximum point as the f’(x) changes from positive to negative.

1 1
0. @ f/(0)=- %

When f'(x) =0,

Inx=1

x=e
X O<x<el|lx>e
f'(x) + -

1
The maximum value of f(x) is f(e) = —.
e

(b) By (a), f(x) < f(e).
Inx 1

N S —

X e

Inx® <x

e* > x°
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1. (a) jx_y = 3sin’ (x+ %) cos (x+ f)

3
dy b
Whena —O,x—g. i
The stationary point is (8’ 1+ 71).
| 4
x [0<x< r i <x< 5
(b)
dy
= -

by . . .
(E’ 1+ 71) is a maximum point.

dy
12 — x+1 + x+1
(a) e xe
=" (1 +x)
dy
When — =0,x =-1.
en X
Stationary point is (=1, —1).

X |x<—1 |x>—1

dx

+

(=1, =1) is a minimum point.

;3. @

= (1-3x%)77 [2x(1 - 3x%) - 3x°]
= (1 = 3x%) 77 (=93 + 2x)

2
When% =O,x=00ri§.

_ a2 (L) eyt
E—Zx(l 3x9)2 +x (2)(1 3x%)72(—-6x)

X —£<x<—£ —£<x<0 0<x<E ﬁ<x<£
3 3 3 3 3 3
dy
dx N ‘ + ‘ -
Maximum points are —ﬁ & and ﬁ &
P 37 27 37 27|

Minimum point is (0, 0).
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M

d
= 2 34% — dkx — 4k2

14.
(a) o
= (x —2k)(3x + 2k)
d2
—2 = 6x -4k
dy
When — =0, x =2k or 3
d2
SX1 —6(2k)—4k =8k >0 M
dx2 x=2k
Thus, y attains its local minimum at x = 2k. 1
(b) (2k)? = 2k(2k)? - 4k*(2k) = —1000
—8k3 = -1000
k* =125
k=5 1A
1A

15. (a) f'(x) =12x> +4kx + 15
(b) Since f(x) is continuous and there are no turning points, we have f’(x) > 0 or f'(x) < 0 for

all x e R.
A = (4k)* - 4(12)(15) < 0 M
16k*> —=720 < 0

-3V5 <k <3V5

1A

M
6(x + h)? — 6x2
IM

1A

12
=3
d 12
(b) When the curve is increasing, & = 2 0. 1M
X
1A

Required range is x > 0.
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17. @ y=1+—2
X

dy _ ,lc(x) —Inx(1)

dx x2

B 1-1Inx

22

a2y xz(—%)-—(l-—lnxﬁ(Zx)
dx2 x4

_ —3x+2xInx

4
B 2Inx -3
3

dy
b) When —= =0,
(b) en =~

1-Inx=0
Inx =1
x=e
1 1
Whenx:e,y:e+ ne e+
) ) ( e+1)
Stationary point is | e, .
e
d? -
dy :21ne 3:_i<0
dx?|,_, e’ e’

e+1)\. . .
e, is a maximum point.
e

dy _ 2x(x+1) = (x* +p)

18. (a) —
@ dx (x+1)2
_ x4+ 2x — p
o(x+1)2
17+2-p
b ) —— =
® O 5
p=3
(i) x> +2x=3=0
x=-3 or 1
X |x<—3 | 3 <x<-1 | -1<x<1 |x>1
d
4 + - - +
dx
When x = -3,y =-6; whenx =1,y =2.
The local maximum is —6 and the local minimum is 2.
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19. (a) f'(x)=3x*>+2ax+b
«a and g are roots of f’'(x) =0

Thus, a + 8 = _Z?a and aff = g
(b) Since f’(x) = 0 has two real roots,
A= (2a)* -4(3b) > 0
4a* - 12b > 0

a®>3b

(©)

fla) - f(B) _ (@ +aa’>+ba+c)— (B +ap>+bB+c)

a-p a-pB
(@ -B)+a(e® - B +b(a-p)
= o
=(®+aB+B>) +ala+pB)+b
:(oz+,8)2—cx,8+a(a/+,3)+b

_4a2 b 2a2+b
9 3 3
2

=§(3b—a2)

(d) Since a® > 3b, we have %(3;; —a?) <0. 50, LD =SB)

a-p
So, f(a) - f(B) <0ifa—B>0

That is, f(a) < f(B) ifa > B.
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